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ON COFINITELY (Dj,)-MODULES
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Abstract. In this paper, concepts of (cofinitely) (DTz) -modules which are a proper generalization
of concept of Bg-supplemented modules are studied. We say that M is a (DTZ)-module if for
every submodule A of M, there exists a direct summand B of M and an epimorphism f : B — %
such that ker (f) <5 B. The module M is called cofinitely (D},)-module if for every cofinite
submodule A of M, there exists a direct summand B of M and an epimorphism f: B — % such
that ker (f) <5 B. In this paper, various properties of these modules are given. In addition, a new
characterization of 8-semiperfect rings is given using cofinitely (D’fz)-modules.
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1. INTRODUCTION

Throughout this paper, all rings are associative with identity and all modules are
unitary right modules, unless otherwise specified. Let R be such a ring and M be
such a module. By the notation X < M, we mean that X is a submodule of M. A
submodule X of M is called small in M if M # X +Y for any proper submodule Y of
M, denoted by X < M, and we denote that Rad(M), the sum of all small submodules
of M. Dual to this concept, a submodule X of M is called essential in M, denoted by
X < M, if the intersection of X is non-zero with the other submodules of M, except
for {0}. It is known that the set Z(M) = {m € M | Ann(m) < R} is the singular
submodule of M. The module M is called singular in case Z(M) = M. A submodule
X of M is called cofinite whenever % is finitely generated. A supplement submodule
T of X in M is minimal element of the set {Y < M| M = X + Y} that equivalents
M=X+Tand XNT < T. A module M is called supplemented if every submodule
of M has a supplement in M [19]. A module M is called cofinitely supplemented
if every cofinite submodule of M has a supplement in M [3]. A generalization of
supplement submodule is defined as a Rad-supplement submodule (according to [ 18],
a generalized supplement submodule). For a module M and a submodule A of M,
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a submodule B of M is called a Rad-supplement of A it M = A+ B and ANB C
Rad (B). An R-module M is called GS-module (or briefly Rad-supplemented) if each
submodule of M has a Rad-supplement in M. A module M is called &-cofinitely
radical supplemented (according to [8] generalized ®-cofinitely supplemented ) if
every cofinite submodule of M has a Rad-supplement that is a direct summand of M.
In[15], itis used a cgs®-module.

Small submodules are generalized to 8-small submodules in [20]. By [20], a sub-
module A of M is called 8-small in M (denoted by A <5 M ) if for any submodule B
of M with % is singular, M = A+ B implies that M = B. The sum of d-small submod-
ules of a module M is denoted by &(M). It is easy to see that every small submodule
of a module M is d-small in M, so Rad (M) C §(M) and Rad (M) = (M) if M is
singular. Also any non-singular semisimple submodule of M is -small in M and any
d-small submodules of a singular module are small submodules. For more detailed
discussion on &-small submodules we refer to [20].

Let A be a submodule of a module M. A submodule B of M is called a 8-
supplement of A in M provided that M = A+ B and M # A + X for any proper sub-
module X of B with % singular; or equivalently, M = A+ B and ANB <5 B in [7].The
module M is called 3-supplemented if every submodule of M has a d-supplement in
M by [7]. Some properties of this modules class are investigated in [16]. Also, M is
called @ — d-supplemented (or @g-supplemented) if every submodule of M has a d-
supplement which is a direct summand of M in [12]. According to [13], an R-module
M is called B-cofinitely §-supplemented (or & — co fg-supplemented) if every cofinite
submodule of M has a d-supplement that is a direct summand of M. A module M is
called d-lifting, if for every submodule A of M there exists a direct summand K of M
with K C A and % <5 % . Equivalently, for any A < M, there exists a decomposition
M = K&B such that K <A and ANB <5 B by [7].

(D12)-modules are generalized to &-supplemented modules. To addition cofinitely
(D12)-modules as a generalization of cofinitely @- supplemented modules are intro-
ducedin [1,5] and [17], respectively. M is called a (D;)-module if for every submod-
ule A of M, there exists a direct summand B of M and an epimorphism f: B — %’1 such
that ker (f) < B. M is called a cofinitely (D12)-module if for every cofinite submod-
ule A of M, there exists a direct summand B of M and an epimorphism f: % — %/1
such that ker (f) < %. Similarly, (cofinitely) Rad—Dj;-modules are studied and
some features are obtained in [6] and [11].

In this paper, inspired from the definitions given above, we introduce the concept
of (D},) and cofinitely (D7},)-modules, as follows. We say that M is a (D7,)-module
if for every submodule A of M, there exists a direct summand B of M and an epi-
morphism f: B — % such that ker (f) <5 B and M is a cofinitely (D7,)-module if
for every cofinite submodule A of M, there exists a direct summand B of M and an epi-
morphism f: B — %’I such that ker (f) <5 B. We give some results related with these
concepts. We give an example which is a cofinitely (D7, )-module but not a cofinitely
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(D12)-module. We have given a new characterization of d-semiperfect rings using
cofinitely (D7,)-modules and we have shown that every free right R— module over
a d-perfect ring R is (D7,)-module. By the definitions given above, we can get the
following implication on modules:

0 — lifting module = cofinitely 8 — lifting module
4 4
@5 — supplemented module = cofinitely ®g—supplemented module
4 4
(D7},) — module = cofinitely (Dj,)—module

2. (COFINITELY) (D},)-MODULES

Definition 1. M is called a (D},)-module if for every submodule A of M, there ex-
ists a direct summand B of M and an epimorphism f: B — %’I provided that ker (f) <5
B.

Example 1. For n > 1 consider the left Z-module M = Z,» where p is an arbitrary
prime integer. Since M is local, it is clear that M is a (Dj,)-module. So Z-module
Z4, Zg and Z - are (D7,)-modules.

Proposition 1. Let M be a ©s-supplemented module. Then M is a (D7,)-module.

Proof. Suppose that A be a submodule of M. There exist direct summands B and
By of M suchthat M =A+B=B®B; and ANB <5 B as M is a Gs-supplemented
module. From here, we have the epimorphism o: B — %’I, o(b) = b+A for every
b € B. Note that ker (o) = BNA < B. Finally M is a (D7},)-module. O

Corollary 1. Let M be a ©g-supplemented module and A be a submodule of M
such that ¥ is projective. Then A is a (D},)-module.

Proof. By Theorem 2.7 in [12], A is a ®g-supplemented module. If we use Pro-
position 1, then we get that A is a (D7},)-module. O

The notion of I — @-supplemented modules are introduced in [14], where [ is an
ideal of R. A module M is called I — &—supplemented if for every submodule A
of M, there exists a direct summand B of M such that M = A+ B, ANB C IB and
ANB <5 B. I — ®-supplemented modules are characterized in [14]. It is clear that
every I — @-supplemented module is ©g-supplemented, for every ideal  of R.

Corollary 2. Let M be an I — &-supplemented module. Then M is a (D7,)-module.

Example 2. Let R be a discrete valuation ring with maximal ideal m and any ideal
I of R. By Proposition 3.7 in [14], gR is I — @-supplemented module if and only if
I=mand I =R. So gR is a (D},)-module.
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Recall from [10] that a submodule A < M is called weak d-supplement of a
submodule B of M it M = A+ B and ANB < M. The module M is called weakly
S-supplemented if every submodule A of M has a weak d-supplement.

Recall from [19] that a module M is called refinable if for, every submodules
A, B <M with M = A + B, there exists a direct summand B; of M with B; < B and
M=B;+B.

Proposition 2. Let M be a weakly 3-supplemented refinable module. Then M is a
(D7,)-module.

Proof. Suppose that A < M. Since M is weakly 8- supplemented, there exists a
submodule B of M such that M = A+ B and ANB <5 M. Since M is a refinable
module, then there is a direct summand A; of M suchthat M =A;+A and A; <B. If

we consider the natural epimorphism y: A} — A?—r'm, we have ker (y) = A; NA. As

A1 <B,A1NA <BNA <5 M. Since there exists an isomorphism 6: Aﬁ%A — %’, say

f=0y: Ay — Y Hereker (f) = ker (6y) =y~ ! (kerf) = y~1(0) = kery = A; NA.
From here A|NA <5 A because A is a direct summand of M. Therefore M is a
(D7,)-module. O

Recall from [12] that a module M is called §-radical if (M) = M and the sum
of all 8-radical submodules of the module M is denoted by Ps (M), that is, Ps (M) =
{U<M|d(U)=U}. Itis clear that, for any submodule M, Ps(M) is the largest
d-radical submodule of M.

Proposition 3. Let M be a (D},)-module. If Ps(M) is a direct summand of M,
then Ps(M) is a D},-module.

Proof. Since Ps(M) is a direct summand of M, there exists a submodule A of M
such that M = P5(M) @ A. By the hypothesis, there exists a direct summand B of
M and an epimorphism @: B — -2 such that ker (¢) <5 B for any submodule T

T®A
~ Ps(M
of Ps(M). Note that Tﬁlﬁ & 5(T ). Hence & (ﬁ@) = ﬁ}q’). We have &(B) = B
because ker () <5 B and so B < Ps(M). O

Theorem 1. Let M = M, & M,. Then M, is a (D},)-module if and only if for every
submodule A of M containing M, there exists a direct summand B of M, and an
epimorphism f: M — % such that B is a 8-supplement of ker (f) in M.

Proof.

(=): Assume that M, is a (D7, )-module and A is a submodule of M with M <
A. Consider the submodule AN M, of M,. Since M, is a (D7,)-module, there
exists a direct summand B of M, and an epimorphism g: B — A%X/Iz such that

ker (g) < B. On the other hand, we have M = A+ M, and for any submodule

B; of M, M = B® B, because B is a direct summand of M,. Consider the

projection map h: M — B and the isomorphism u: A%%/Iz — %’I defined by
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u(my +ANM,) =my+A. Thus f=pogoh: M — ¥ is an epimorphism. It
is clear that ker (f) = ker(g) + By = A+ B;. Hence M = B+ ker (f). From
here, BNker(f) = BNA =ker(g) <s B. Finally, B is a §-supplement of
ker (f) in M which is a direct summand of M.

(«<): Conversely, suppose that every submodule of M containing M, has the
stated property. Suppose that X be a submodule of M;. Note that X & M, <
M. By the hypothesis, there exists a direct summand B of M, and an epi-
morphism f: M — - such that M = B +ker (f) and BNker(f) <5 B.

XEM,

Assume that g: B — %M be the restriction of f to B. We can take the
M

isomorphism h: = — % defined by h(m;+my+ (X BM,)) =my + X.
From here, u = hog: B — % is an epimorphism. Clearly,

ker () = ker (hog) = {b € Bl (g (b)) = {X}}

X P M,
(beBlsb)=f oy} = e Blbeer(e))
Since ker (g) = ker (u) = BNker(f) <s B. Finally, M, is a (D},)-module.

0

Recall from [19] that a submodule X of M is called fully invariant if ¢ (X) is
contained in X for every R-endomorphism ¢ of M. In [4], a module M is called a duo
module if every submodule of M is fully invariant.

Theorem 2. Let M; be a (D7,)-module for everyi € I and M = ®ic/M; . If M is a
duo module, then M is a (D7},)-module.

Proof. Suppose that A < M. Since M is a duo module, we have A = @;c; (ANM;)
by Lemma 2.1 in [4]. Now, we consider the submodule A N M; of M; for every i € 1.
As M; is a (Dj,)-module, we have a direct summand B; of M; and an epimorphism

Q;: DictBi — Dier (A%M) = @ig’ﬁ(%@ by bi, +biy + -+ +bi, = @i, (bi,) + @i, (biy) +
~-+@;, (b;,) with bi; € B, forevery j =1,2,...,n. Itis so easy to check that ¢ is an
epimorphism with ker (P;c;9;) = Dicsker (@;) and @®;e/B; is a direct summand of M.

For every i € I, since ker (¢;) <5 B;, we can get that @, ker (¢;) <5 Dic;B;. Hence,
M is a (D7,)-module. O

Definition 2. M is called a cofinitely (D7, )-module if for every cofinite submodule
A of M, there exists a direct summand B of M and an epimorphism f: B — % such
that ker (f) < B.

Now, we give examples which are (D], )-modules but not a (D1, )-modules. Since
rR is finitely generated, the module in the following example is (cofinitely) (D7,)-
module but not (cofinitely) (Dj,)-module.

Example 3.



762

(i) (See [2, Example 3.10]) Let S be a field, U = [

F. ERYILMAZ

S S
0 S

R={(x1,x2,...,Xn,x,x,...)|n € N,x; € M (S)},

} and

with component-wise operations. The Jacobson radical Rad (R) =0 and R is
not regular ring, hence R is not semiperfect. Since

S(R) ={(x1,x2,...,Xn,x,x,...)|[n €N x; € M (S),x €V},

0 S
WhereV—[O 0

is (D7, )-module by Theorem 8. But zR is not (Dj3)-module by Theorem 4.7
in [5].

] , R is &-semiperfect. From here, R as a right R-module

(ii) (See [15, Example 2.2]) Let M be a uniform module and S = End (M). Con-

sider the projective S-module P with dim(P) = (1,0). So P is a indecom-
posable w-local module. Since dim(P) = (1,0), P is not finitely generated.
By [15], P is a cgs®-module but not cofinitely supplemented. Therefore P is
a @-cofinitely d-supplemented module. It follows from that P is a cofinitely
(D7,)-module. Since P is not @-cofinitely supplemented, P is not a cofinitely
(D12)-module by [6, Example 2.4].

Proposition 4. Let M be a cofinitely ®5-supplemented module. Then M is a cofin-
itely (D7,)-module.

Proof. The proof can be made similar to Proposition 1. O

Theorem 3. Let M be a quasi-projective module.

(i) If M is a (D7,)-module, then M is &g-supplemented.
(ii) If M is a cofinitely (D7,)-module, then M is cofinitely @g-supplemented.

Proof.

(1) For a submodule A of M, by the hypothesis there exists a direct summand B of

M and an epimorphism ¢: B — % such that ker (¢) <5 B. Now, we consider
oa: M— % be the natural epimorphism. Since M is quasi-projective, we get
that the following commutative diagram for the homomorphism : M — B
with oo = @of3:

M
p
v Ha
B — M — 0

From here (3 (M) = B because (¢oB) (M) = o (M) =Y and ker (¢) <5 B.
And so f is an epimorphism. On the other hand, B splits as B is M-projective.
Therefore, there is a direct summand of B; of M such that B |5, : B; = B and
SO o | g, is an epimorphism. Hence M = B; +A and B NA =ker (. |5,) <5
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M. 1t follows from B} NA <5 By because B; is a direct summand of M.
Finally M is ¢g-supplemented.
(i) The proof can be made similar to (i).

O

Recall from [20] that an epimorphism f: P — M is called &-cover if ker (f) <5 P
and a cover f is called a projective &-cover if P is a projective module. A module
M is called &-semiperfect if every factor module of M has a projective d-cover. A
ring R is called d-perfect (3-semiperfect) if every (finitely generated) right (or left)
R-module has a projective d-cover.

Theorem 4. Let M be a projective module. Then M is d-semiperfect if and only if
M is a (D7,)-module.

Proof.

(=): Assume that M is a projective d-semiperfect module. By Lemma 2.4 in
[9] and Proposition 1, M is &s-supplemented and so M is a (D7,)-module.
(«<): This proof is made using Theorem 3 (ii) and Lemma 2.4 in [9], respect-

ively.

O

Corollary 3. Let R be a d-perfect ring. Then every free right R-module is a (D7, )-
module.

Theorem 5. Let M = M, ® M». Then M5 is a cofinitely (D7},)-module if and only
if for every cofinite submodule A of M containing M, there exists a direct summand
B of M and an epimorphism f: M — %’I such that B is a 8-supplement of ker (f) in
M.

Proof. The proof can be made similar to Theorem 1. O

Theorem 6. Let {M;};.; be any family cofinitely (D7, )-module and M = ®;ciM;.
If every cofinite submodule of M is fully invariant, then M is a cofinitely (D7,)-
module.

Proof. Let A be a cofinite submodule of M. As A is fully invariant, we can write
A = @1 (ANM;). Since % = @ielﬁ, ANM; is a cofinite submodule of M; for
every i € I. The rest of the proof by Theorem 2. O

Recall from [19] that an R-module M has the summand sum property (SSP) if the
sum of two direct of M is again a direct summand of M.

Proposition 5. Let M be a (cofinitely) (D},)-module with the property (SSP) and
A be direct summand of M. Then % is a (cofinitely) (D},)-module.



764 F. ERYILMAZ

Proof. Suppose that g be a submodule of %. Then B is a submodule of M. As
M is (cofinitely) (D},)-module, then there exists a direct summand 7 of M and an
epimorphism f: T — % with ker (f) <5 T. As M has the property (SSP), both A
and T are direct summand of M . Hence, there exists a submodule Y of M such that

AT A YA B

homomorphism g: 4 — M by t+a+A=1+A— g(t) witht € T, a € A. It is
clear that g is an epimorphism with ker (g) < T+A and T+A is a direct summand of
M . Finally, % is a (cofinitely) (D7,)-module. O

= (A+T)&Y. Since the property 14 n 4 [m(TJrA)HKm(TM’LY)] =12, we
M

have ¥ = THA ¢y Y44 From here, we obtam that 4 =M So we can define the
A

Theorem 7. Let M be a (cofinitely) (D7,)-module. If A is a fully invariant sub-
module of M, then % is a (cofinitely) (D},)-module.

Proof. Let % be a (cofinite) submodule of %I. Then B is a (cofinite) submodule
of M. Since M is a (cofinitely) (D7},)-module, there exists a direct summand 7' of
M and an epimorphism f: T — % with ker(f) < 7. From here, we can write
M =T & T, for every submodule 77 of M. As A is a fully invariant submodule of M,

A=(ANT)®(ANT,). Note that ¥ = 4L g A+T‘ It follows from 4 = % that, we
A

can define the homomorphism g: TALA M Fbyt+A—g(t+A)= f( ) Wltht eT.

Therefore g is an epimorphism with ker (g ) <5 T+A . Therefore, 4 is a (cofinitely)

(D7,)-module. O

Theorem 8. R is a d-semiperfect ring if and only if every free right R-module is
cofinitely (D7},)-module.

Proof.

(=): Let R be a d-semiperfect ring. By Lemma 3.5 in [12], every free right
R-module is @5-cofinitely supplemented. Then every free right R-module is
cofinitely (D}, )-module by Proposition 4.

(«<): Asevery free right R-module is a cofinitely (D7, )-module, it is Gs-cofinitely
supplemented by Theorem 3 (ii). If we use Lemma 3.5 in [12], then we get
that R is d-semiperfect.

O
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