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Abstract. Fractional fourth-order partial differential equations find various applications such as
image denoising, electrostatics, and geometric modeling. In this paper, we propose a new su-
pervised machine learning algorithm for such problems. To do so, we develop a simulation
method based on least squares support vector regression (LS-SVR). A polynomial kernel is used
to approximate the solution in the training process by considering an inverse viewpoint to the
residual function. For minimizing the loss function, we use the Petrov-Galerkin method for the
constraints in the proposed LS-SVR. We study the stability and convergence of the method by
providing some numerical examples and illustrating the error behavior as the degree of the solu-
tion increases.
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1. INTRODUCTION

Fractional partial differential equations (FPDEs) are used to model a variety of
physical phenomena in fluid dynamics, material science, and chemical engineer-
ing such as anomalous diffusion, wave propagation, and viscoelasticity. Especially,
fourth-order FPDEs play an important role in the study of phase transitions and
chaotic phenomena in complex systems. Furthermore, they can be used to repres-
ent the dynamics of some nonlinear systems, such as the long time behavior for
population models. By modeling physical phenomena with FPDEs, it is possible
to obtain a more accurate description of the system, which can improve the predic-
tion and decision-making. On the other hand, FPDEs are typically more difficult to
solve than traditional partial differential equations, so they require more specific nu-
merical methods to handle the singularity in the kernel of the integral in the fractional
derivative [2, 31, 34, 36].
© 2025 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
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Classic numerical methods have been implemented for solving fourth-order FP-
DEs, including the finite difference [10, 41], finite element [8, 18, 19], finite volume
[3, 9, 30], and the Spectral method [11, 15, 17]. The choice of method depends on
the specific problem and desired accuracy. The Finite difference is widely used and
known for its simplicity, as it involves discretizing the equation and solving the res-
ulting algebraic system. Finite element is more accurate and efficient for complex
geometries, while finite volume suits non-uniform grids. The Spectral methods are
highly accurate but computationally expensive.

On the other hand, machine learning (ML), neural networks, and deep learning
algorithms have become increasingly popular for a wide range of problems in recent
years, for instance in pattern recognition, recommender systems, health care, the-
orem proving, cybersecurity, financial services, and more. ML algorithms use some
training data to recognize the objects in groups, detect similarities and give the target
in classification, clustering, and regression problems [21].

Recently, ML techniques have been developed to approximate the solution of or-
dinary, partial, and integral equations (IEs). For instance, Mall et al. [26] presented
Chebyshev neural networks for solving Lane-Emden type equations. Lu et al. [25]
used deep learning to solve some PDEs numerically. Jafarian et al. [25] used neural
networks to solve IEs and Mall et al. [15] used radial basis function neural networks
to solve elliptic PDEs. These works show the efficiency of ML for solving complex
mathematical problems, especially differential and integral equations.

Support Vector Machines (SVM) is a well-known learning algorithm that was first
introduced by Cortes and Vapnik in 1995 for classification problems [6]. It was
initially designed as a binary classification algorithm. The SVM model has since been
further refined and is now used for a variety of classification and regression tasks.
The original goal of the SVM algorithm was to find a maximum margin hyperplane
that could separate two sets of data points in a high-dimensional space using kernel
functions [39].

Support Vector Regression (SVR) was first proposed by Cortes and Vapnik in 1995
as a revision of SVM for regression problems. The main idea behind SVR is to find
a function or hyperplane that best fits the data while keeping the error within a cer-
tain margin, called the epsilon-insensitive tube, a range around the true target values
where errors are considered acceptable and do not contribute to the loss function
[38]. Least Squares Support Vector Machines (LS-SVM) is an extension of the SVM
algorithm introduced by Suykens et al. that transforms the problem into a convex
optimization task with equality constraints, so it is faster for large datasets and com-
plex regression problems. A revision of this algorithm for regression tasks, LS-SVR
has been also extended for solving ODEs [25, 27], PDEs [1, 28], IEs [12, 32, 35], and
differential equations on unbounded domains [5, 24].
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The superior performance of these methods has motivated us to develop an ML
method for solving fourth-order FPDEs. To present the problem and the method, we
need some notations.

In this article, the fourth-order FPDE with Caputo time fractional derivative is
considered as

∂
α
t u(x, t)+∂

4
xu(x, t)+ηu(x, t) = f (x, t), x ∈ [0,1], t ∈ [0,T ] (1.1)

subject to the following initial condition

u(x,0) = g(x), x ∈ [0,1] (1.2)

and boundary conditions

u(0, t) = 0,u(1, t) = 0,uxx(0, t) = 0,uxx(1, t) = 0, t ∈ [0,T ] (1.3)

where parameter 0 < α ≤ 1 describes the order of the fractional time derivatives in
the Caputo sense given in Eq (1.4), u(x, t) is the unknown function which represents
the concentration of the drug at the location x in the tissue at time t, in biological
and drug release applications, T is the final time at a given period, η is a nonnegative
constant, and f (x, t) is the given source function [16, 31].

The fractional derivative has been defined in many different ways, Caputo and
Riemann-Liouville definitions are frequently used in modeling and applications [4,
29]. Caputo’s derivative seems to be more suitable to model some physical phenom-
ena, especially in anomalous diffusion in crowded environments, because it allows
boundary and initial conditions to be included in the formulation of the problem. The
Caputo time-fractional derivative of order 0 < α ≤ 1 denoted by ∂α

t u(x, t) in Eq (1.1),
is defined by

∂
α
t u(x, t) =

{
1

Γ(1−α)

∫ t
0

∂u
∂t (x,s)
(t−s)α ds, 0 < α < 1,

∂tu(x, t), α = 1.
(1.4)

The novelty of this work is to develop an LS-SVR algorithm with a polynomial kernel
based on Petrov-Galerkin for the numerical solution of Eq (1.1)-(1.3).

The rest of the paper is organized as follows. Some preliminaries and notations for
polynomial spaces, orthogonal kernels, and SVMs are presented in Section 2. Least
squares support vector regression for a general differential operator is then presented
in Section 3. Section 4 is devoted to the development of a LS-SVR algorithm for
the fractional FPDEs (1.1)-(1.3). Furthermore, numerical examples are provided in
Section 5 to demonstrate the accuracy of the proposed method.

2. PRELIMINARIES

In this section, we collect some results on the orthogonal polynomials and the least
squares support vector regression required later in the formulation of the proposed
method.
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2.1. functional spaces and function approximation

We begin by introducing some notations about functional spaces that will be ad-
opted in the subsequent discussion [13, 21, 24].

Let Ω ⊂ Rn, C(Ω) and Ck(Ω) denote the set of all continuous functions and func-
tions with continuous derivative up to order k on Ω, respectively. L2 be the set of
square integrable functions on Ω such that∫

Ω

| f |2dµ < ∞,

with the standard inner product

⟨ f ,g⟩=
∫

Ω

f gdµ.

Definition 1. [21] Let Ω ⊂Rn be an open set, m be a positive integer and 1 ≤ p ≤
∞. The sobolev space W m,p(Ω) is defined by

W m,p(Ω) = {u ∈ Lp(Ω) | Dαu ∈ Lp(Ω), ∀|α| ≤ m},

endowed with the norm ∥ · ∥m,p,Ω as

∥u∥m,p,Ω =
(

∑
|α|≤m

∥Dαu∥p
Lp(Ω)

) 1
p

if 1 ≤ p < ∞ and
∥u∥m,p,Ω = max

|α|≤m
∥Dαu∥L∞(Ω).

Let w(x) be a positive weight function on Ω = [0,1]. We use the weighted Sobolev
spaces Hk

w(Ω) =W k,2(Ω) whose norm is denoted by ∥·∥k,w. To accommodate homo-
geneous boundary conditions, we introduce the following definition:

H2
0,w(Ω) = {v ∈ H2

w(Ω) : v(0) = v(1) = v′(0) = v′(1) = 0},
where p = ∞.

Function approximation can be achieved through various methods such as least
squares approximation, interpolation, and fitting. Low degree polynomials are the
most widely used functions in approximation theory, due to the easy computations
as well as smoothness properties. Moreover, they provide a guaranteed convergence
for approximating continuous functions on compact sets as stated by the Weierstrass
theorem.

Orthogonal bases allow us to transform the complicated functional equations into
algebraic equations that are computationally efficient. As the most common ortho-
gonal functions, the Jacobi polynomials Jα,β

n (x) are introduced as the eigenfunctions
u(x) of Sturm-Liouville differential equation [20, 37],

− (1− x)−α(1+ x)−β d
dx

(
(1− x)α+1(1+ x)β+1 d

dx
u(x)

)
(2.1)
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= (x2 −1)
d2

dx2 u(x)+(α−β+(α+β+2)x)
d
dx

u(x),

with α,β > −1. When α = β = 0, the Jacobi polynomials reduce to a widely used,
the Legendre polynomials Pn(x), n = 0,1, · · · . These polynomials are orthogonal as
expressed by the inner product

⟨Pn(x),Pm(x)⟩=
2

2n+1
δmn,

where δmn denotes the Kronecker delta and ⟨·, ·⟩ being the standard inner product of
two functions on the interval [−1,1]. The completeness and orthogonality of these
polynomials are further discussed within the framework of Sturm-Liouville theory.
Eq (2.1) is simplified for the Legendre polynomials as

d
dx

((1− x2)
d
dx

Pn(x))+λnPn(x) = 0,

with the eigenvalues λn = n(n+1). An explicit formula is given by [37]

Pn(x) =
1

2nn!
dn

dx
(x2 −1)n, n ≥ 0.

However, it requires higher order derivatives. A simple recursive formula is given by

P0(x) = 1, P1(x) = x,

(n+1)Pn+1(x) = (2n+1)xPn(x)−nPn−1(x), n ≥ 1.

These polynomials enjoy some computational advantages like the following sym-
metry and boundedness relations

Pn(−x) = (−1)nPn(x), n ≥ 0, (2.2)

|Pn(x)| ≤ 1, ∀x ∈ [−1,1], (2.3)

where relation (2.2) reduces the computations and (2.3) keeps the error propagation
small.

2.2. Support vector regression

Let us consider a given training set {(xi,yi)}n
i=1 with xi ∈ Rd as the training input

data and yi ∈ R as the corresponding output. In ε-SVR, the goal is to find a function
u(x) that has at most ε deviation from the obtained targets yi for all the training data,
and at the same time is as flat as possible [38, 40]. The unknown solution u(x) is
expanded in terms of a weighted summation over some basis functions

u(x) = wT
ϕ(x)+b.

To find w and b, the following primal optimization problem is solved [7]

min
w,b,ε

1
2

wT w+
γ

2
ε

T
ε (2.4)

s.t. yi = wT
ϕ(xi)+b+ εi, i = 1, · · · ,n.



772 M. FELAHAT

where w = [w1, · · · ,wd ]
T is a weight vector in Rd and b ∈ R is the bias term, γ is

the regularization parameter that can be related to the Tikhonov regularization, ε =
[ε1, · · · ,εn]

T is error vector where εi is the error of the ith training point. The vector
valued function ϕ(x) ∈ Rd can be a linear or nonlinear function that maps an input
space Rd into a higher dimensional feature space. The following theorem gives the
approximate LS-SVR solution by solving a linear system of equations with explicitly
given matrices. For the support vector machines, we consider dual space and use
the Lagrangian primal method. To find the optimum of the constraint function in the
dual space, we have to use the Karush-Kuhn-Tucker (KKT) conditions (Karush 1939;
Kuhn and Tucker 1951; Fletcher 1987).

Theorem 1. The solution of quadratic programming (2.4) is uniquely given by the
following linear system, [

0 1T
n

1n Ω+ I
γ

][
b
α

]
=

[
0
y

]
(2.5)

where I is the identity matrix, Ω a positive definite matrix, Ωi j =ϕ(xi)
T ϕ(x j) for i, j =

1, · · · ,n, y = [y1, · · · ,yn]
T , 1n = [1, · · · ,1]T and the dual variables α = [α1, · · · ,αn]

T .
Then, for the kernel K(x,xi) = ϕ(x)T ϕ(xi), we get the solution as

u(x) =
n

∑
i=1

αiK(x,xi)+b. (2.6)

Proof. The proof is straightforward and can be found in [39]. □

In the primal form of LS-SVR, we apply kernel ridge regression to find an un-
known function u(x) so we can interpret this as a single hidden layer feed-forward
network extended by the L2-regularization technique. Such a network can be seen in
Figure 1.

FIGURE 1. The function approximation model used in LS-SVR as
a network, u(x) = wT ϕ(x)+b.
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3. LS-SVR FORMULATION FOR A GENERAL DIFFERENTIAL OPERATOR

LS-SVR is a powerful and efficient method for solving functional equations. In
this method, a set of input data points are mapped into a higher dimensional space,
then solves a linear regression problem to make predictions for the new data points
which use the least squares estimate to minimize the cost function.

We first present LS-SVR formulation for a general functional equation. Consider
Lu = f on a spatial domain Ω with some boundary or initial conditions Bu(xi) = ui
where L may be a differential, integral or integro differential operator. To solve this
problem by a learning algorithm, we expand the unknown solution u(x) in terms of a
weighted summation over some basis functions as:

u(x)≃ ũ(x) = wT
ϕ(x), (3.1)

where ϕ = [ϕ1, · · · ,ϕM]T are basis functions, w = [w1, · · · ,wM]T are unknown coef-
ficients vector. To determine the unknown weight coefficients w j in Eq (3.1), we
consider the following form of optimization problem associated with Eq (3.1)

min
w,ε

1
2

wT w+
γ

2
ε

T
ε (3.2)

s.t.
〈
wT Lφ(x),ψi

〉
−⟨ f (x),ψi⟩= εi, i = 1, · · · ,n,

where n is the number of training data point xi in Ω, εi is the redidual at ith train-
ing point, γ is the regularization parameter and ψi the test functions. By using the
Lagrangian multipliers the problem is solved in dual space leading to a linear or non-
linear system of algebraic equations based on the linearity of operator L .

Remark 1. In this formulation, we assumed a steady state problem so we only
have conditions on space. These conditions always can be assumed to be homogen-
eous without loss of generality. The nonhomogeneous problems are first converted
to homogeneous ones. The basis functions are assumed to satisfy the homogeneous
boundary conditions.

Theorem 2. The solution of problem (3.2) is uniquely given by the following linear
system, (

Ω+
1
γ

I
)

α = y, (3.3)

where Ωik =∑
n
k=0
〈
Lφ j,ψi

〉〈
Lφ j,ψk

〉
for k, i= 0, · · · ,n, yi = ⟨ f ,ψi⟩ and α= [α1, · · · ,

αn]
T are unknown Lagrange multipliers and

u(x) =
n

∑
i=1

αiK(x,xi).

Proof. The proof is straightforward and can be found in [33]. □
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Remark 2. Note that the system (3.3) is simpler than the linear system (2.5) for
known data which was in a block matrix. This is due to the inclusion of bias in the
basis functions.

4. SOLVING FOURTH-ORDER FPDES WITH LS-SVR

In this section, we present the LS-SVR for fourth-order FPDE (1.1)-(1.3) using an
orthogonal polynomial kernel. We first discretize the problem in time by using L1

discretization for the Caputo derivative ∂α
t u [14, 22, 23].

Let t0 = 0 < t1 < · · · < tN = T be a partition of [0,T ]. By the Caputo derivative
(1.4), in time for function u(x, t) at t = tn+1,n = 0,1, . . . is given by:

∂
α
t u
∣∣∣∣
t=tn+1

=
1

Γ(1−α)

n

∑
j=0

∫ t j+1

t j

∂u
∂t (x,s)

(tn+1 − s)α
ds

by approximating ∂u
∂t (x,s) with a finite difference on the end points, taking τ = t j+1−

t j, and computing the integrals exactly, we have:

∂
α
t u
∣∣∣∣
t=tn+1

≈ 1
τΓ(2−α)

n

∑
j=0

(u j+1 −u j)

[
(n+1− j)1−α − (n− j)1−α

]
. (4.1)

Assume aα
j = (n+1− j)1−α− (n− j)1−α. Also, if we take aα

−1 = 0 and aα
n+1 = 0, Eq

(4.1) can be rewritten as:

∂
α
t u
∣∣∣∣
t=tn+1

≈ 1
ταΓ(2−α)

n+1

∑
j=0

(
aα

j−1 −aα
j
)
u j (4.2)

By taking µα
τ := 1

ταΓ(2−α) , bα
j := aα

j−1 −aα
j and bα

n+1 = 1 in Eq (4.2), we get:

∂
α
t u
∣∣∣∣
t=tn+1

≈ µα
τ un+1 +µα

τ

n

∑
j=0

bα
j u j. (4.3)

This is an discrete approximation of fractional derivative as a weighted sum of func-
tion values from t0 to tn+1.

Now, for the fourth-order FPDE (1.1)-(1.3), suppose u0,u1, · · · ,un are known and
the aim is to find an approximation for u(x, t) at t = tn+1. In order to solve the problem
approximately with LS-SVR, we apply Crank-Nicolson scheme for θ= 1

2 to Eq (4.3),
so we get:

µun+1 +
n

∑
j=0

b ju j +
1
2
(
∂

4
xun+1 +ηun+1 − f n+1)+ 1

2
(
∂

4
xun +ηun − f n)= 0. (4.4)
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Let us assume that the general approximate solution to Eq (4.4) in t = tn+1 is of the
following form with the weights trained during the learning process

un+1
M (x)≃

M

∑
j=0

wn+1
j ϕ j(x) = wT

ϕ(x), (4.5)

where M+1 is the number of basis functions, ϕ = [ϕ̃0, · · · , ϕ̃M]T is the vector of or-
thogonal basis function that we considered to be modal shifted Legendre polynomials
as:

ϕ̃i(x) = Pi(x)+aiPi+1(x)+biPi+2(x)+ ciPi+3(x)+diPi+4(x), (4.6)

ϕi(x) = ϕ̃i(2x−1), i = 0,1, · · · ,M,

where the weights of the polynomials are enforced such that the homogeneous con-
ditions are satisfied, ai, bi, ci and di are updated for any M by imposing ϕi(0) = 0,
ϕi(1) = 0, ϕ

′
i(0) = 0 and ϕ

′
i(1) = 0, and w = [w0, · · · ,wM]T are unknown weights to

be determined in the learning process as described below. In Eq (4.5), for the sake
of simplicity, we omit the superscript in un+1

M (x) and wn+1
j . So by replacing (4.5) in

(4.4) we have:

µun+1 +
1
2

∂
4
xun+1 +

1
2

ηun+1 =
1
2
( f n+1 − f n)− 1

2
(∂4

xun +ηun)−
n

∑
j=0

b ju j. (4.7)

This is written as

Lun+1(x) = Fn(x) n = 0,1, · · · ,N, (4.8)

where L is the operator on the left and Fn(x) is the right side of Eq (4.7).

Remark 3. The weights w j in Eq (4.5) are updated at each time step by (4.14) and
(4.19).

The variational formulation for Eq (4.7) is given by

a(u,v) = ⟨Fn,v⟩ , ∀v ∈ H2
0,w(Ω), (4.9)

where

a(u,v) := µ
〈
un+1,v

〉
+

1
2
〈
∂

2
xu,∂2

xv
〉
+

1
2

η
〈
un+1,v

〉
, ∀v ∈ H2

0,w(Ω),

Since a(u,v) is a continuous coercive bilinear form in H2
0,w(Ω)×H2

0,w(Ω) and ⟨Fn,v⟩
is a bounded linear function, the Lax-Milgram Lemma [30], guarantees the existence
of solution for Eq (4.9).

For the method to be practical, we choose a finite dimensional subspace of H2
0,w(Ω)

as W0,M(Ω), including the polynomials with the degree at most M satisfying the
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boundary conditions (1.3) and seek the approximate solution in W0,M(Ω) as Eq (4.5)
such that

µ
〈
un+1

M ,vM
〉
+

1
2
〈
∂

2
xun+1

M ,∂2
xvM
〉
+

1
2

η
〈
un+1

M ,vM
〉
= ⟨Fn,vM⟩ , ∀vM ∈W0,M(Ω).

(4.10)
Note that if in (4.10), we set vM = δ(x− xi) for some learning points on the spatial
interval, then the primal form of LS-SVR for Eq (4.8) is equivalent to

min
w,ε

1
2

wT w+
γ

2
ε

T
ε (4.11)

s.t. Lun+1(xi)−Fn(xi) = εi, i = 1, · · · ,n

with Lu = µu+ 1
2 ∂4

xu+ 1
2 ηu. This is Collocation LS-SVR for the fourth-order FPDE

(1.1)-(1.3). This is well established, however, to take advantage of the orthogonality
of Legendre kernel, we propose an alternative which results in sparse matrices and
less computational cost.

The alternative idea is to apply the orthogonality of the kernel to change the min-
imization problem i.e. vM = ϕi in (4.10) as follows:

min
w,ε

1
2

wT w+
γ

2
ε

T
ε (4.12)

s.t. a(un+1
M ,ϕi)−⟨Fn,ϕi⟩= εi, i = 0,1, · · · ,M.

This is Galerkin LS-SVR for the fourth-order FPDE (1.1)-(1.3).

Theorem 3. The solution of problem (4.11) can be obtained uniquely by the fol-
lowing linear system: (

Ω− 1
γ

I
)

α = y, (4.13)

where Ωki := ∑
n
j=0
〈
Lϕ j(x), ϕ̃i(x)

〉〈
Lϕ j(x), ϕ̃k(x)

〉
for i, j = 0, · · · ,M,

y = [⟨Fn, ϕ̃0(x)⟩ , · · · ,⟨Fn, ϕ̃M(x)⟩]T and α = [α0, · · · ,αM]T are unknown Lagrange
multipliers.

Proof. Introducing Lagrange multipliers αi, i = 0,1, · · · ,M, the Lagrangian func-
tion of problem (4.11) written as:

L(w,ε,α) =
1
2

wT w+
γ

2
ε

T
ε−

M

∑
i=0

αi
[〈

Lun+1(x), ϕ̃i(x)
〉
−⟨Fn(x), ϕ̃i(x)⟩− εi

]
.

Setting the partial derivatives equal to zero, the following sets of equations are ob-
tained:

∂L
∂wk

= 0 ⇒ wk =
M

∑
i=0

αk ⟨Lϕk(x), ϕ̃i(x)⟩ k = 0,1, . . . ,M (4.14)

∂L
∂εk

= 0 ⇒ γεk −αk = 0 ⇒ εk =
1
γ

αk k = 0,1, . . . ,M (4.15)
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∂L
∂αk

= 0 ⇒
〈
Lun+1(x), ϕ̃k(x)

〉
−⟨Fn(x), ϕ̃k(x)⟩− εk = 0 k = 0,1, . . . ,M

(4.16)

By using (4.5) and (4.15) in ∂L
∂αk

= 0, we get:

n

∑
j=0

w j
〈
Lϕ j(x), ϕ̃k(x)

〉
− 1

γ
αk = ⟨Fn(x), ϕ̃k(x)⟩ k = 0,1, . . . ,M. (4.17)

Now if we replace the weights w j from (4.14) in Eq (4.17), we have:

M

∑
i=0

(
n

∑
j=0

⟨Lϕ j(x), ϕ̃i(x)⟩⟨Lϕ j(x), ϕ̃k(x)⟩

)
αi−

1
γ

αk = ⟨Fn(x), ϕ̃k(x)⟩ k= 0,1, . . . ,M.

(4.18)
We assume Ωki := ∑

n
j=0
〈
Lϕ j(x), ϕ̃i(x)

〉〈
Lϕ j(x), ϕ̃k(x)

〉
in (4.18), so we get:

M

∑
i=0

Ωkiαi −
1
γ

αk = ⟨Fn(x), ϕ̃k(x)⟩ for k = 0,1, . . . ,M

or equivalently,
M

∑
j=0

Ωi jα j −
1
γ

αi = ⟨Fn(x), ϕ̃i(x)⟩ for i = 0,1, . . . ,M, (4.19)

which gives

un+1
M =

M

∑
i=1

αiK(x,xi), (4.20)

as the appriximation solution at t = tn+1. By solving the system of equations (4.19)
we find α and then by (4.14) we can calculate unknown coefficients w j at each time
step. The matrices present in the structure Ω are sparse matrices due to the utilization
of orthogonal polynomials. □

Remark 4. It is worth noting that the coefficient matrix (Ω− 1
γ
I) remains constant

for all time steps of the proposed algorithm, so a single efficient decomposition makes
it available for all tn.

Remark 5. Choosing the polynomial kernel in (4.20) in terms of shifted Legendre
polynomials in the modal form (4.6), leads to well-conditioned matrices as illustrated
in Figure 2. This figure also depicts a least-squares curve fitting with a second-degree
polynomial and verifies the low-degree polynomial behaviour of the conditioning of
the matrix. For example, for α = 0.5 and η = 1 we get the second-degree poly-
nomial 34.12x2 − 4.03× 102 + 1.39× 103. Moreover, the matrix is well-structured
i.e., displaying a banded pattern as depicted in Figure 3. Additionally, The matrix is
symmetric, positive definite, and diagonal dominant.
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FIGURE 2. The condition number(CN) for the coefficient matrix
and a comparison with a polynomial least squares(LS) fitting.

FIGURE 3. Band structure of the coefficient matrix for some num-
bers of basis functions M = 10,15,20, respectively.

5. NUMERICAL EXPERIMENTS

In this section, we provide some numerical simulation of the proposed method
for the fourth-order FPDE (1.1)-(1.3). The errors at the desired final time t = T are
computed approximately as

L2 ≃

√√√√ N

∑
i=1

| u(xi, tN)−uN(xi) |2
1

N
(5.1)

where u(x, t) and uN(x) are the exact and approximated solution respectivly. We set
N = 100 in all numerical results. In addition to the runtime and convergence of
the proposed method, a measure of the order of convergence is also included in the
numerical results. It is computed approximately as

EOCi =
ln(ei+1/ei)

ln(Mi/Mi+1)
(5.2)
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where ei given by (5.1) corresponding to the M = Mi. The runtime required for each
iteration is likewise tabulated to characterize the computational efficiency, conver-
gence, and practical applicability of our approach.

The computational runtimes reported correspond to the CPU time in seconds re-
quired to execute Mi, i = 1,2, · · · time steps to reach the final solution at the final time
t = T . The numerical algorithms were implemented in Maple 2022 and executed on
a laptop with a Core i7 processor and 8GB of RAM. We also set η = 1.

Example 1. As the first example, we consider the problem (1.1)-(1.3) with f (x, t)
associated to the exact solution u(x) = t3+α sin(2πx) as given in [16]. The goal is to
check the convergence behavior of the proposed method both in spatial and temporal
domains with different numbers of training data and several α. In our investigation
of spatial convergence, we have chosen the value of N = 200. Table 1 reports the L2

errors (5.1) and runtimes for fractional orders α = 0.1,0.25,0.5,0.75,0.9. Note that,
α near 0 and 1 are also added to see how the performance of the method is affected
by limiting values of α. The experimental order of convergence (EOC) (5.2), is also
reported in this table. The spatial convergence of the proposed scheme is reported
in Table 2. The results show the exponential convergence of the proposed Crank-
Nicolson and LS-SVR. This type of convergence for different values of α is well
illustrated in Figure 4. in which The logarithmic scale for the error is linear i.e. the
error is of exponential convergence.

FIGURE 4. The spectral convergence of the proposed method for
some fractional orders

Example 2. As the second example, we consider the problem (1.1)-(1.3) with
f (x, t) and the exact solution as u = (tα+2 +1)cos(2πx) as given in [41]. We set N =
100 when investigating the convergence in space. Note that N must be large enough
to be able to ignore the effects of temporal errors on spatial convergence. Table 3 re-
ports the L2 errors (5.1) and runtimes for fractional orders α = 0.1,0.25,0.5,0.75,0.9
and The spatial convergence of the proposed scheme is reported in Table 4. Also,
convergence for different values of α is well illustrated in Figure 5.
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TABLE 1. The error and temporal order of convergence

α = 0.1 α = 0.25 α = 0.5 α = 0.75 α = 0.9
M Error EOC Error EOC Error EOC Error EOC Error EOC
6 2.77E-01 2.77E-01 2.77E-01 2.77E-01 2.77E-01
8 7.06E-03 12.76 7.06E-03 12.76 7.06E-03 12.76 7.06E-03 12.76 7.06E-03 12.76

10 9.65E-05 19.24 9.67E-05 19.23 9.72E-05 19.20 9.75E-05 19.19 9.69E-05 19.22
12 4.35E-06 17.00 5.12E-06 16.12 6.70E-06 14.68 7.62E-06 13.98 5.54E-06 15.69
14 3.84E-06 0.81 4.64E-06 0.64 6.25E-06 0.44 7.19E-06 0.37 5.07E-06 0.57

TABLE 2. The spatial convergence of the proposed scheme for M = 16

α = 0.25 α = 0.5 α = 0.75
N Error EOC Error EOC Error EOC
40 2.29E-05 2.95E-05 3.07E-05
80 1.16E-05 0.99 1.52E-05 0.95 1.66E-05 0.88
160 5.81E-06 0.99 7.79E-06 0.97 8.85E-06 0.91
320 2.92E-06 0.99 3.96E-06 0.98 4.65E-06 0.93
640 1.46E-06 1.00 2.00E-06 0.98 2.42E-06 0.94

FIGURE 5. The spectral convergence of the proposed method for
some fractional orders

TABLE 3. The error, temporal order of convergence, and CPU time
in seconds

α = 0.1 α = 0.25 α = 0.5 α = 0.75 α = 0.9
M time Error EOC Error EOC Error EOC Error EOC Error EOC
4 16.31 9.45E+00 9.45E+00 9.44E+00 9.43E+00 9.42E+00
6 28.44 1.60E-01 10.06 1.60E-01 10.06 1.60E-01 10.06 1.60E-01 10.06 1.59E-01 10.06
8 48.38 1.61E-03 15.98 1.61E-03 15.98 1.61E-03 15.97 1.61E-03 15.97 1.60E-03 15.97
10 75.61 5.29E-05 15.31 5.75E-05 14.94 6.62E-05 14.31 6.90E-05 14.13 5.36E-05 15.25
12 115.47 3.21E-05 2.74 3.71E-05 2.40 4.65E-05 1.94 4.95E-05 1.82E 3.29E-05 2.67
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TABLE 4. The spatial convergence of the proposed scheme for M = 16

α = 0.25 α = 0.5 α = 0.75
N Error EOC Error EOC Error EOC
40 9.46E-05 1.15E-04 1.16E-04
80 4.76E-05 0.99 5.90E-05 0.96 6.20E-05 0.90
160 2.39E-05 0.99 3.00E-05 0.98 3.27E-05 0.92
320 1.20E-05 1.00 1.52E-05 0.98 1.71E-05 0.94
640 5.99E-06 1.00 7.67E-06 0.99 8.83E-06 0.95

1280 3.00E-06 1.00 3.86E-06 0.99 4.54E-06 0.96

6. CONCLUSION

In this work, we propose a supervised ML algorithm, least squares support vec-
tor regression for the fractional fourth-order PDEs. To enhance computational effi-
ciency, we employ orthogonal polynomial kernels. Through various test problems,
we demonstrate that our proposed approach achieves exponential convergence.
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