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Abstract. Tolerance relations were investigated by several authors in various algebraic structures,
see e.g. the monograph [1]. Recently G. Czédli [5] proved that two 2-uniform tolerances on a
lattice containing no infinite chain permute if and only if they are amicable. We extend this result
to tolerances on posets. Since in posets we have no lattice operations, we modify the notion of
amicability in such a way that in case of lattices it coincides with the original definition. With
this new definition we can prove that two 2-uniform tolerances on a poset containing no infinite
chain permute if and only if they are amicable.
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1. INTRODUCTION

By a rolerance on an algebra A = (A, F) is meant a reflexive and symmetric binary
relation on A having the Substitution Property with respect to all operations of F.
For the theory of tolerances see e.g. the monograph [1]. Important are in particular
tolerances on lattices since G. Czédli showed in [4] that every lattice L = (L,V,A)
can be factorized in a natural way by any tolerance T on L, i.e. the set L/T of all
blocks of 7" forms a lattice again. Such a situation is rather exceptional and does not
hold for other types of algebras in general, but many varieties whose members have
this property were described in [2].

Recall that a block of a tolerance T on an algebra (A, F) is a maximal subset B of
A satisfying B> C T.

Recently G. Czédli proved in [5] that so-called 2-uniform tolerances on a lattice
containing no infinite chain permute if and only if they are amicable.
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The concept of a tolerance on a lattice was generalized to posets by the present
authors [3]. Despite the fact that we do not have explicit operations on a poset, the
concept was defined in a way that the blocks are convex again and that posets can
be factorized by these tolerances. For other interesting properties of tolerances on
posets the reader is referred to [3]. Hence the natural question arises if also the result
of G. Cz£&dli concerning the permutability of 2-uniform tolerances can be extended
to posets. This is the topic of the present paper.

2. BASIC CONCEPTS

At first we recall several concepts introduced in [3] and [5].
Let P = (P, <) be a poset. A tolerance on P is a reflexive and symmetric binary
relation 7" on P satisfying the following conditions:

(1) If (x,y),(z,u) € T and xVz and y V u exist then (xVz,yVu) € T.

(2) If (x,y),(z,u) € T and x Az and y A u exist then (x Az, yAu) € T.

(3) Ifx,y,z€ Pand (x,y), (y,z) € T # P? then there exist u,v € P with u < x,y,z <
vand (u,y),(y,v) €T.

(4) If (x,y) € T # P? then there exists some (z,u) € T with both z < x,y < u and
(v,2),(v,u) € T for all v € P with (v,x),(v,y) € T.

Conditions (3) and (4) are quite natural since they are satisfied by every tolerance on
a lattice. In condition (3) one can take u :=xAyAzandv:=xVyVz, and in condition
(4) one can take z:=xAyand u :=xVy.

A block of a tolerance T on P is a maximal subset B of P satisfying B> C T. Let
P/T denote the set of all blocks of 7. Clearly, T = U B2. In [3] we proved

BEP/T

that every block of T is convex. According to Zorn’s Lerr/lma every subset A of P
satisfying A> C T is contained in a block of T. Following [5] a tolerance is called
2-uniform if every of its blocks consists of exactly two elements. Let a,b € P. We
call a a lower T-neighbor of b and b an upper T -neighbor of aif a < b and (a,b) € T.

3. A CHARACTERIZATION OF PERMUTABILITY OF 2-UNIFORM TOLERANCES ON
POSETS

It is evident that 2-uniform tolerances on a poset are very specific. Their basic
properties are as follows.

Lemma 1. Let P = (P, <) be a poset, a,b € P and T be a 2-uniform tolerance on
P. Then the following holds:

(i) The element a has at most one lower T-neighbor and at most one upper T-
neighbor.
(ii) If (a,b) € T thena="bora<borb < a.

Proof. Without loss of generality, assume |P| > 2. Then T # P?.
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(i) Assume a to have two distinct lower T-neighbors ¢ and d. Then (c,a), (a,d)
€ T. According to (3) there exists some e € P with ¢ < ¢,a,d and (e,a) € T.
Let B € P/T with e,a € B. Since ¢ < ¢,d < a and B is convex we conclude
¢,d,a € B contradicting |B| = 2. This shows that a can have at most one
lower T-neighbor. The second assertion follows by duality.

(ii) Assume (a,b) € T. First suppose a || b. According to (4) there exist c,d € P
with (¢,d) € T and ¢ <a,b <d. Let B€ P/T with ¢,d € B. Since B is convex
we conclude c¢,a,b € B. Now we have a || b and ¢ < a,b and hence ¢ # a,b
contradicting |B| = 2. This shows a <borb <a. LetC € P/T with a,b € C.
Since C is convex we obtain [a,b] C Cif a < b and [b,a] C Cif b < a. Now
|C| =2 impliesa=bora<borb<a.

O

Let P be a poset, a,b € P and T, S be 2-uniform tolerances on P.

In what follows we adopt some key concepts from [5] for 2-uniform tolerances on
posets.

The element a is called a split (T, S)-bottom if there exists some upper T-neighbor
b of a and some upper S-neighbor of a being different from b. Further, a is called
an adherent (T,S)-bottom if there exists some common upper 7-neighbor and S-
neighbor of a. Finally, a is called a (T,S)-bottom if it is either a split (7, S)-bottom
or an adherent (7,S)-bottom. The notions split (T,S)-top, adherent (T,S)-top and
(T,S)-top are defined dually. A T-top (T-bottom) is an upper (a lower) T-neighbor
of some element of P.

The tolerances 7 and S are called amicable if the following four conditions hold:

(5) If a # b and there exists some lower T-neighbor of a being a lower S-neighbor
of b then there exists some upper S-neighbor of a being an upper 7-neighbor
of b.

(6) If a # b and there exists some upper T-neighbor of a being an upper S-
neighbor of b then there exists some lower S-neighbor of a being a lower
T-neighbor of b.

(7) Ifaisa(T,S)-top and b is either an upper T-neighbor or an upper S-neighbor
of athen bis a (T,S)-top, too.

(8) If a is a (T,S)-bottom and b is either a lower T-neighbor or a lower S-
neighbor of a then b is a (T, S)-bottom, too.

Let us note that any two 2-uniform tolerances on a lattice (L, V/, A) satisfy (5) and (6).
Namely, G. Cz&dli [5] showed that if a # b and there exists some lower T-neighbor
of a being a lower S-neighbor of b then aV b is an upper S-neighbor of a being an
upper T-neighbor of b, and if a # b and there exists some upper T-neighbor of a
being an upper S-neighbor of b then a A b is a lower S-neighbor of a being a lower
T-neighbor of b.
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Remark 1. Note that (7) and (8) coincide with conditions (A1) and (A2) from
[5], respectively. Hence, for lattices the concept of amicable 2-uniform tolerances as
defined in [5] coincides with the one defined above.

The proof of our main theorem will broadly use the ideas from [5].

Theorem 1. Let T and S be 2-uniform tolerances on a poset (P, <) containing no
infinite chain. Then T and S permute if and only if they are amicable.

Proof. Leta,b € P. First assume T and S to permute.

(5) Suppose a # b and suppose ¢ to be some lower T-neighbor of a being a
lower S-neighbor of b. Because of (ii) of Lemma | we have a || b and hence
(a,b) ¢ SUT again according to (ii) of Lemma 1. Now (a,b) € ToS=SoT.
Hence there exists some S-neighbor d of a being a T-neighbor of b. Because
of a || b we have d < a,b or d > a,b. Now d < a,b would imply (a,b) =
(avd,cVb) €T according to (1) since (a,c), (d,b) € T. But this contradicts
(ii) of Lemma 1. Therefore d is an upper S-neighbor of a being an upper
T-neighbor of b proving (5).

(6) follows from (5) by duality.

(7) Suppose b to be either an upper T-neighbor or S-neighbor of a. Without loss
of generality assume (a,b) € T. First suppose a to be a split (7, S)-top. Let
c and d denote the lower T-neighbor and S-neighbor of a, respectively. Then
c || d. Since (d,b) € SoT =T oS there exists some e € P with (d,e) € T
and (e,b) € S. Now b < e would imply d < a < b < e which together with
(d,e) € T would contradict (ii) of Lemma 1. Again according to Lemma 1
we have e < b. Now a and e are a lower T-neighbor and S-neighbor of b,
respectively, showing b to be a (T,S)-top. Next assume a to be an adherent
(T,S)-top. Let ¢ denote the common lower T-neighbor and S-neighbor of
a. Since (¢,b) € SoT =T oS there exists some d € P with (¢,d) € T and
(d,b) € S. Now d < ¢ would imply d < ¢ < a < b which together with
(d,b) € S would contradict (ii) of Lemma 1, and b < d would imply ¢ < a <
b < d which together with (c¢,d) € T would again contradict (ii) of Lemma 1.
Thus a further application of (ii) of Lemma 1 yields ¢ < d < b. Now a and d
are a lower T-neighbor and S-neighbor of b, respectively, showing b to be a
(T,S)-top.

(8) follows from (7) by duality.

Hence T and S are amicable.

Conversely, assume 7 and S to be amicable. Suppose (a,b) € T oS. Then there
exists some ¢ € P with (a,c) € T and (c,b) € S. We want to show (a,b) € SoT.
If a = b then (a,b) = (a,a) € SoT. If c = a then (a,b) = (¢,b) € S and (b,b) € T
and hence (a,b) € SoT. If ¢ = b then (a,a) € S and (a,b) = (a,c) € T and hence
(a,b) € SoT. So we can assume that a,b, ¢ are mutually distinct. According to (ii)
of Lemma 1 we consider the following four cases.
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¢ < aand c < b: Because of (5) there exists a common upper S-neighbor d of a and
T-neighbor of b and hence (a,d) € S and (d,b) € T showing (a,b) € SoT.

a < cand b < c¢: This case is dual to the previous one.

a<c=<b:Putay:=a,a; :=cand ap :=b. For i > 3 define a; as follows: If i is
odd and a;_ is a T-bottom then define a; to be the unique upper 7-neighbor
of a;—1. If i is even and a;_ is an S-bottom then define g; to be the unique
upper S-neighbor of a;_;. Note that ag is a T-bottom, a; is the unique upper
T-neighbor of ag, a; is an S-bottom and a, is the unique upper S-neighbor of
of a;. Since ar < az < a4 < ---, but P has no infinite chain, there exists some
n > 2 such that as,...,a, are defined, but a,,. | is not. First assume »n to be
even. Then a, is not a T-bottom. Since every element of P belongs to at least
one 2-element block of 7', a, is a T-top. But it is also an S-top and therefore
a (T,S)-top. If n is odd then a similar reasoning shows that a, is a (7, S)-top.
So a, is a (T,S)-top in any case. Now assume a, to be an adherent (7,S5)-
top. Then, according to (i) of Lemma 1, a,_; is an adherent (7,S)-bottom.
Now (8) shows that a,,_; is a (T,S)-bottom, too. Next assume a, to be a split
(T,S)-top. Suppose n is even. Then a,_; is the unique lower S-neighbor of
an, a, has a unique lower T-neighbor d and a,,_1 # d. According to (6) there
exists some lower S-neighbor e of d being a lower T-neighbor of a,,_;. Since
an—» is a lower T-neighbor of a,_, too, (i) of Lemma 1 yields e = a,_».
Therefore a,_ is a (T,S)-bottom. With roles of T and S interchanged, one
can prove that a,_ is a (T, S)-bottom also in the case when 7 is odd. Hence in
any case a,_ is a (7, S)-bottom. Applying (8) finitely many times yields that
ap=aisa(T,S)-bottom, too. First assume a to be a split (7,5)-bottom. Then
there exists some upper S-neighbor f of a being distinct from ¢. According
to (5) there exists some upper S-neighbor g of ¢ being an upper T-neighbor
of f. Since b is an upper S-neighbor of ¢, too, (i) of Lemma 1 yields g = b.
Hence (a, f) € Sand (f,b) = (f,g) € T showing (a,b) € SoT. Now suppose
a to be an adherent (7,5)-bottom. Then c is a (7, S)-top. According to (7), b
isa (T,S)-top, too. Hence b has a unique lower 7-neighbor 4. Assume ¢ # h.
According to (6) there exists some lower S-neighbor i of / being a lower T-
neighbor of c. Since a is a lower T-neighbor of ¢, too, (i) of Lemma 1 yields
i = a. On the other hand, i = a is a lower S-neighbor of 4. Hence ¢ and &
are two distinct upper S-neighbors of a contradicting (i) of Lemma 1. This
shows ¢ = h. Now (a,c) € S and (c,b) = (h,b) € T proving (a,b) € SoT.

b < c < a: This case is dual to the previous one.

Hence in any case we have (a,b) € SoT. This shows T oS C SoT. By duality, we

obtain SoT CToSand hence ToS=SoT,ie. T and S permute. O
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4. EXAMPLES

Example 1. Consider the poset P depicted in Figure 1

1
f g
d e
C
(
®a
®
0

FIGURE 1. Poset

and put
T:={0,a}*U{a,b}*U{c,e}*U{d,g}> U{f,1}?
S:={0,a}*U{a,b}*U{c,e}*U{d, f}*U{g,1}%
Then T and S are permuting 2-uniform tolerances on P since

ToS=TUSU{(0,b),(b,0),(d,1),(f,8),(8.f),(1,d)} =SoT
and hence they are amicable according to Theorem 1.



PERMUTABILITY OF TOLERANCES 659
Example 2. Consider the poset P visualized in Figure 2
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FIGURE 2. Poset

and put
T:={0,a}>U{a,c}*U{b,d}* U{d,e}* U{f,h}*U{g, j}* U{i,1}?
S:={0,b}*U{a,d}*U{c,e}*U{f,e}* U{h, j}>U{i,1}*.
Then T and S are permuting 2-uniform tolerances on P since
ToS=TUSU{(0,d),(a,b),(a,e),(b,a),(c,d),(d,0),
(d,c),(e,a),(f,]), (&), (h,8),(j,f)} = ST

and hence they are amicable according to Theorem 1.

Example 3. Consider the poset P depicted in Figure 3

FIGURE 3. Poset
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and put
T:={0,a}*U{b,d}*U{c, 1},
S:=1{0,b}>U{a,c}*u{d,1}>.

Then T and S do not permute since (a,b) € (ToS)\ (SoT), and T and S are not
amicable since 0 is a lower T-neighbor of a being a lower S-neighbor of b, but there
exists no upper S-neighbor of a being an upper T-neighbor of b.

ACKNOWLEDGEMENTS

The authors are grateful to the anonymous referee for her/his valuable remarks.

REFERENCES

[1] L. Chajda, Algebraic theory of tolerance relations. ~Olomouc: Univerzita Palackého Olomouc,
1991.

[2] I. Chajda, G. Cz€dli, and R. Halas, “Independent joins of tolerance factorable varieties,” Algebra
Universalis, vol. 69, no. 1, pp. 83-92, 2013, doi: 10.1007/s00012-012-0213-0.

[3] I. Chajda and H. Lénger, “Tolerances on posets,” Miskolc Math. Notes, vol. 24, no. 2, pp. 725-736,
2023, doi: 10.18514/MMN.2023.4033.

[4] G. Czé&dli, “Factor lattices by tolerances,” Acta Sci. Math. (Szeged), vol. 44, no. 1-2, pp. 35-42,
1982.

[5] G. Czédli, “Permuting 2-uniform tolerances on lattices,” J. Mult.-Valued Logic Soft Comput.,
vol. 39, no. 1, pp. 97-104, 2022.

Authors’ addresses

Ivan Chajda

Palacky University Olomouc, Department of Algebra and Geometry, 17. listopadu 12, 771 46
Olomouc, Czech Republic

E-mail address: ivan.chajdaQupol.cz

Helmut Linger

(Corresponding author) Palacky University Olomouc, Department of Algebra and Geometry, 17.
listopadu 12, 771 46 Olomouc, Czech Republic

Current address: TU Wien, Institute of Discrete Mathematics and Geometry, Wiedner Hauptstrafie
8-10, 1040 Vienna, Austria

E-mail address: helmut.laenger@tuwien.ac.at


http://dx.doi.org/10.1007/s00012-012-0213-0
http://dx.doi.org/10.18514/MMN.2023.4033

	1. Introduction
	2. Basic concepts
	3. A characterization of permutability of 2-uniform tolerances on posets
	4. Examples
	Acknowledgements
	References

