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CONVERGENCE OF MATRIX TRANSFORM MEANS WITH
RESPECT TO VILENKIN SYSTEMS
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Abstract. In this paper we discuss the convergence of matrix transform means of Vilenkin-
Fourier series of integrable functions in Vilenkin-Lebesgue points, where the elements of the
matrix rows are monotonic. We also prove convergence in L (G, ) norm concerning these means.
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1. NOTATIONS AND DEFINITIONS

We give a brief introduction to the theory of Vilenkin-Fourier analysis (for more
details see [1,24]). Denote by P the set of the positive integers, N := P U {0}. Let
m = (mg,mp,...) be a sequence of positive integers not less than 2. Denote by
Zm, :=1{0,1,...,m, — 1} the additive group of integers modulo m,. Define the group
G, as the complete direct product of the groups Z,,, with the product of the discrete
topologies of Zj,, ‘s.

The direct product u of the measures

tn ({7}) == 1/my (j € Zn,)

is the Haar measure on G, with u(G,,) = 1.

If the sequence m is bounded, then G,, is called a bounded Vilenkin group,
otherwise, it is called an unbounded one. In this paper, we only deal with the bounded
situation. For results on unbounded Vilenkin groups see e.g. [5, 15—17].

We mention, that in case of m = (2,2,...) we get G, the so-called Walsh group.
The elements of G,, are represented by sequences

X = (X0,X1,5- -y Xny o) (Xn € Zp,).
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It is easy to give a base for the neighbourhoods of G, :
Iy (x) = Gma

L(x):={y€Gn|yo=x0,.--,Yn-1 =Xn_1} (x € Gp,n €P).
We define the so-called generalized number system based on sequence m in the fol-
lowing way:
My:=1, My :=m,M, (n € N).
Then every n € N can be uniquely expressed as n =Y., ni My, where ny € Z,,, (k €
N) and only a finite number of n; ‘s differ from zero. Let us denote by |n| a natural
number such that My, <n <M, ;.

Let L,(G,,) denote the usual Lebesgue spaces on G,, with corresponding norms
||l.|, and C(G,,) denote the space of continuous functions on G,, with the norm
£l = sup{[ £ ()] x € Go}.

Next, we introduce on G, an orthonormal system which is called Vilenkin system.
At first, we define the complex-valued functions ry (x) : G,, — C, the generalized
Rademacher functions, by

r (x) := exp (2mxy /my) (12 =—1,x€Gy, keN).
Let us define the Vilenkin system y := {y,,: n € N} on G, as:

W, (x) == ﬁrzk (x) (neN, xe€Gy).
k=0

Specifically, we call this system the Walsh-Paley system, when m = (2,2,...). The
Vilenkin system is orthonormal and complete in L, (G,,) (see [25]). Exactly, the
elements of the Vilenkin system are the characters of G,,. Namely, f: G, — C
continuous,

fx+y)=fx)f)
and |f(x)| =1 for all x,y € G,,. Moreover, it holds if and only if f(x) = y,(x) for
some n € N (see [24]).
Let B, be the collection of Vilenkin polynomials of order less than n, that is, func-
tions of the form

n—1
P(x) =Y awyi(x),
k=0

where n € IP and {a;} is a sequence of complex numbers. Let P denote the set of
Vilenkin polynomials.

The nth Vilenkin-Fourier-coefficient, the nth partial sum of the Vilenkin-Fourier
series, the nth Vilenkin-Fejér mean and the nth Vilenkin-Dirichlet kernel is defined
by

n-1 n n—1
foyi= [ it $,0) = X F0we, 0u(f) = Y Sif), D= X e
Gm k=0 nk:1 =0
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where n € P, and Dy := 0. It is well-known, that

Su(fx) = /G F(0)D(x — u)du(u). (1.1
Fejér kernels are defined as the arithmetical means of Dirichlet kernels, that is,
1 n
K,:=—=Y Dy
=

Let {gx: k € N} be a sequence of non-negative numbers. The nth Norlund mean of
the Vilenkin-Fourier series is defined by

1 n
N n— S ; 3
angq Sk(f3x)

where Q,, := Zz;é gr (n € P). It is always assumed that go > 0 and

lim Q,, = oo.
n—soo

In this case, the summability method generated by {gx} is regular (see [28]) if and
only if

lim qn—1
n—oo Q

=0.

n
Let {px: k € P} be a sequence of nonnegative numbers. The nth weighted mean 7,
of Vilenkin-Fourier series is defined by

1 n
N S > I
P, k;lpk (f3x)

where P, :=Y}_, pk (n € P). It is always assumed that p; > 0 and

lim P, = oo,
n—yoo

which is the condition for regularity.

In particular case Norlund and weighted means are Fejér ones (for all k set p :=1
and g :=1).

Let T := (t;, j)szl be a doubly infinite matrix of numbers. It is always supposed
that matrix 7 is triangular. Let us define the nth linear mean (or matrix transform
mean) determined by the matrix 7

ol (fix) = Z 1k nSk(f3x).
k=1

Since, the nth column of the matrix T’ determines the linear mean 67 and its definition
contains only finite number of entries, for the simplicity we say {fx,: 1 <k <n, k €
[P} is a finite sequence of numbers for each n € P. We also use the notation

Al‘k,n = tk,n - tk+l,n-
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In the further part of this paper, let {fy, : 1 <k <n, k € P} be a finite sequence of
non-negative numbers for each n € P. The nth matrix transform kernel is defined by

n
K (x) =Y tiaDi(x).
k=1
Based on (1.1) it is easily seen that

of (i) = [ fu)K] (x—w)du(u). (1.2)

m

2. HISTORICAL OVERVIEW

Matrix transform means are common generalizations of several well-known sum-
mation methods. It follows by simple consideration that the Norlund and weighted
means, the Fejér (or the (C, 1)) and the (C, o) means are special cases of the matrix
transform summation method introduced above. For matrix transform means with
respect to trigonometric system see e.g. results of Chandra [13] and Leindler [20],
to Vilenkin system see paper of Blyumin [12]. This paper [12] of Blyumin gives an
estimate of the approximation by general linear means of Vilenkin-Fourier series in
terms of best approximations and some integrals similar to Lebesgue constants.

In recent years several papers were published with respect to the matrix transform
means based on work of Méricz and Siddiqi [22] on the Walsh-Norlund summation
method and the result of Moéricz and Rhoades [21] on the weighted mean method. A
common generalization of these two results of Moricz and Siddiqi [22] and Méricz
and Rhoades [21] was given by K. Nagy and the first author [7]. For other results
on Walsh-Paley system see [10, 11], on bounded Vilenkin systems [8, 9]. In their
paper [19], Goginava and K. Nagy improved these results (for the Walsh-system),
introducing the definition of the so-called matrix transform variation.

Other aspects of these methods with respect to Walsh-Fourier series are treated
in the papers [14,27]. Avdispahi¢ and Pepi¢ proved some results also for Vilenkin
system in their paper [2].

In their paper [18] Goginava and Gogoladze introduced the concept of Vilenkin-
Lebesgue point generalized the definition of Walsh-Lebesgue point which was intro-
duced by Weisz [26]. A point x € G, is a Vilenkin-Lebesgue point of f € L (G,),
if

A—1 mg—1
lim M, / t)— f(x)|du(t) =0,
A%S;) Z:‘,l e £ () = f(x)|du(r)

where ¢, := (0,...,0,1,0,...) € G, (only the sth coordinate is 1, the others are 0).
An important result of the Vilenkin-Fourier analysis, that if f € L;(G,,), then
Su,(f) — f and 6,(f) — f, as n — oo almost everywhere on G,. Moreover, it
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is known for any integrable function that almost every point of G, is a Vilenkin-
Lebesgue point and for any such point x

S, (f3x) = [ (x) 2.1)

asn — oo forany f € Li(Gy,).

Also with respect to Vilenkin systems D. Baramidze, Dvalashvili and Tutberidze
[3] for Norlund means, D. Baramidze, Gogolashvili and Nadirashvili [4] for weighted
means proved theorems connected to Lebesgue points. Our main aim is to generalize
statements of papers of D. Baramidze, Dvalashvili, Tutberidze [3] and of D. Baram-
idze, Gogolashvili, Nadirashvili [4], to matrix transform means.

3. AUXILIARY RESULTS

It is well-known that if G, is a bounded Vilenkin group, the L;(G,,) norm of the
Fejér kernels are uniformly bounded. Namely, there exists a positive constant ¢ that
depends only on sup,, .y m, such that

|1Kalli <c (3.1)

holds for every n € P.
It is also a famous result, that the M,,th Dirichlet kernel has the following closed

form
0 if x € I,(0
Dy () =4 HXERO) (3.2)
M,, ifxel,(0).
To prove our corollaries we also need the following result.

Theorem 1 (Goginava and Gogoladze [18], see also Nadirashvili, Persson, Teph-
nadze and Weisz [23]). If f € Li(Gp,), then

lim 6, (f;x) = f(x)
n—oo
holds for all Vilenkin-Lebesgue points of f.

For the Walsh version of the next Lemma (more general, with Y}, , = O(1)
assumption instead of (3.3)) see [0]. See also [19].

Lemma 1. Foreveryn € P, {t;,: 1 <k <n} be a finite sequence of non-negative
numbers such that

n
Y tn=1 (3.3)
k=1

is satisfied.
a) Let the finite sequences {ty,,: 1 < k < n} of nonnegative numbers be non-
increasing for all n, or
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b) let the finite sequences {ty,: 1 < k < n} of nonnegative numbers be non-
decreasing for all n and we suppose that

1
thn=0 (> (3.4)
n
holds.

Then in both cases there exists absolute constant c, for which
1K |, <e
holds for every n € P,

Proof. From Abel transformation we get

n n—1
KnT = Z tk,nDk = Z (tk,n — l‘k+1’n)kKk —}—l‘n’nl’lKn,
k=1 k=1

so using (3.1)

n

n—1 —1
IKr ||, < Y [ Atn kI Kl + tn ]| K1 < C( !Alk,n!kﬂn,nn) :
k=1 =1

k

It is easy to see that

n—1 n
Y Ateuk =Y tin—ntyp. (3.5)
k=1 k=1

In case a) from (3.3) and (3.5)

—1 n

n
Z |Ati |k + tyun = Z ten = 1.
=1 =1

In case b), using conditions (3.3), (3.4) and (3.5) we have

n—1 n
Y Atk Aty on =20t — Ytk =20ty —1 <2c— 1 <c.
k=1 k=1

U
4. CONVERGENCE IN CONTINUITY OR VILENKIN-LEBESGUE POINTS, ALMOST
EVERYWHERE CONVERGENCE

Theorem 2. Foreveryn € P, {tx,: 1 <k <n} be a finite sequence of non-negative
numbers such that

Y tn=1 4.1)
k=1

is satisfied. Suppose that f € L1(Gy,) and for some x € G, lim,,_,0. G,(f3x) = f(x).
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a) Let the finite sequences {t,: 1 < k < n} of nonnegative numbers be non-
increasing for all n and condition

lim#, =0 4.2)
n—soo
is satisfied, or

b) let the finite sequences {ty,: 1 < k < n} of nonnegative numbers be non-
decreasing for all n. We also suppose that

thn=0 <1> 4.3)
n

lim o, (f3x) = f(x).

n—yoo

holds.
Then in both cases

Proof. From Abel transformation it is easy to get equality

i -1
Z kn = Z Aty nk +17 41, “4.4)
k=1 k=1
where 1 </ < n and a connection between T and Fejér means
n—1
o (fix) = Y. At ukoi(fx) + ty anGn(f;). (4.5)
k=1

Using (4.1), (4.4) and (4.5) we can conclude
n—1
S, (f10) = f(x) = Y Atiak(0k(f1x) = f(x)) + taan(On(f1x) = f(x))-
k=1

Fix f € L1(Gy) and x € Gy, for which lim 6, (f;x) = f(x).

n—yoo
Let us see case a). Then |Afy | = Aty .

n—1
|6 (f3%) = F(0)] < Y At uklow(f3x) = F(0)| + tnan|Cn(f3%) = f(X)| =y + 11,
k=1

Since lim |6,(f;x) — f(x)| =0, for any € > O there exits n,; € P such that
n—oo ’

€
ou(fix) — )] < 5, 4.6)
when n > n, 1, and there exists A > 0 constant, that
on(f3x) — f(¥)[ <A (4.7)

for every n. Then

n—1
In - Z Atk,nk‘ck(f;x) _f(x)’

k=1
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na.lfl n—1

= Y, Angklor(fix) = f()|+ Y Ancaklow(fix) — f(x)]
k=1 k:na,l

= In,l +In,2-

For the first part using (4.4), (4.7) and the non-increasing monotony of sequence

Na,1
In,l <A (Z tkn — tna‘l,nna‘l) < Ana,ltl,n-
k=1

From condition (4.2) it follows that for any € > 0 there exits n,> € P such that
tin <€/(2Ang) as ngp < n, so if n, := max(ng,,n.2) <n, thenl, ; <e/2.
Using (4.4), (4.6) and condition (4.1)

n—1

In,2 — Z Atk,nk|6k(f;x) _f(x)‘

k=ng |

€ n—1

k=ngy 1

n—1
< Z Al‘k,nk
k=1

€
(I —tyun) <

N, N m

Summarising our result we get 0 < I,, <¢, if n, < n, so lim [, = 0.
n—soo
On the other side, since the sequence is non-increasing, we obtain from condition
(4.1), that
n
0 <1y < Y tialSn(f3x) = F(x)] = [Oa(f12) = f(2)] = O
k=1

asn — oo, so lim 11, = 0.
n—soo

It yields that I, + I, = ‘G; (fix)—f (x)‘ also tends to zero in every point x € G,
for which lim 6, (f;x) = f(x).
n—soo
Let us see case b). Then |Afy ,| = —At .
Assumption (4.3) means, that there exists absolute constant ¢, for which nt,, , < c.
Now since lgn |6,(f5x) — f(x)| = 0, for any € > O there exits n; ; € [P such that
n—yoo

(Gn(f3x) — f(x)] < —, (4.8)

2c
whenn > ny, 1.

n—1
‘Gz(f;x) _f(x)‘ < - Z Atlgnk’Gk(f;x) _f(x)| +tn,n”‘0n(f;x) _f(x)| = IIIn +1Vn.
k=1



ON CONVERGENCE OF MATRIX TRANSFORM MEANS. .. 631

Then

n—1
I, = =Y At pk|ok(f3x) — f(x))|
k=1

np—1 n—1
= — Z Atk,nk|(5k(f;x) —f(x)| + <— Z Atk7nk|6k(f;x) _f(x)>

k=1 k=nyp |
= Illn,l +IIIn72.
In this case b) At , < 0 is satisfied for all k € {1,...,n}, therefore 0 < III,; and
0 < I, .
For the first part using (4.3), (4.4), (4.7) and the non-decreasing monotony of se-
quence t

Tp,1

C
Illn,l <A (tnb‘l,nnb,l - Z tk,n) SAnb,ltnbﬂl,n SAnb,ltn,n < ;Anb,l-
k=1

It means, that for any € > 0 let ny, := max(np 1,np2), Where np, > 1= [2cAnp 1 /€] + 1.
(Here [y] denotes the integer part of the real number y.) Then /11, < €/2 holds for
every np < n.

Using (4.3), (4.4) and (4.8) we get

n—1

= — i Aty nk|oi(f3x) = f(x)]

k=ny,

€ n—1
< —— Aty ok
=" k; k,n
=np,1

8nfl
< —— Y Ak
>~ 26/; k,n
€ C €

€
= —(t, -N< ——n=—.
ZC(n’nn )< 2cnn 2

Summarising our result we get 0 < I1I, < ¢, if np, < n, so lim 111, = 0.
n—soo
On the other side, since the sequence is non-decreasing satisfying (4.3), it yields
0 <1V, =ty un|Cn(f3x) — f(x)| < clon(f3x) — f(x)] =0
asn — o0, so lim IV, = 0.
n—soo
Consequently /11, +1V,, = ‘0,{ (f>x)— f(x) ‘ also tends to zero in every appropriate
points x. ([l

Corollary 1. For every n € P, {ty,: 1 <k < n} be a finite sequence of non-
negative numbers such that
n
Z Tkn = 1
k=1
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is satisfied.
a) Let the finite sequences {t,: 1 < k < n} of nonnegative numbers be non-
increasing for all n and condition

lim#, =0
n—soo '

is satisfied, or
b) let the finite sequences {ty,: 1 < k < n} of nonnegative numbers be non-
decreasing for all n. We also suppose that

rof})

lim o, (f3x) = f(x)

n—yoo

for all continuity or Vilenkin-Lebesgue points x of f € Li(Gp,).

holds.
Then in both cases

Proof. This statement is a simple consequence of Theorem 1 and Theorem 2. [J
Remark 1. We get immediately, that with the conditions of Corollary 1

on(f)—f

almost everywhere.

5. CONVERGENCE IN NORM

Theorem 3. Suppose that f € Li(Gy,) and for everyn € N, {ty,: 1 <k <n} be
a finite sequence of non-negative numbers such that

n
Z ten = 1
k=1

is satisfied.
a) If the finite sequence {t;,: 1 < k < n} is non-increasing as a function of k for
all fixed n and we also have
lim #; n= 0
n—soo
is satisfied, or
b) if the finite sequence {t,: 1 < k < n} is non-decreasing as a function of k for
all fixed n and the condition
1
Z‘n,n =0\ - )
n

then we have the Ly-norm convergence 6. (f) — f.
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Proof. The proof is a simple consequence of Lemma 1 and the usual density argu-
ment.

The P set of Vilenkin polynomials is dense in L, (G,,) for each 1 < p < 0. Besides,
for any Vilenkin polynomial P € P we have S,(P) = P for sufficiently large n, say
for n > k.

In both cases we have

lim 74, = 0
n—yoo

for any fixed k, so t , — 0 if k < ko and

n
lim ten = 1.
n—yoo Z e

k=ko
It follows
ko—1 n
6, (P)= Y tcaSk(P)+ ) txuP = 0+P=P
k=1 k=ko
as n — oo, in norm and also everywhere. 0
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