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Abstract. In the theory of univalent analytic functions, the properties and characteristics of con-
vex functions and starlike functions are widely studied, such as the estimates on Schippers’
higher-order Schwarzian derivatives at zero. In this paper, we consider the bounds for Schippers’
higher-order Schwarzian derivatives of f(z) at z = 0 when the function f belongs to the class
of a kind of combination of convex functions and starlike functions, which consists of analytic
functions f in the open unit disk D with the normalized conditions given by

0 =f(0)-1=0

and satisfying the following inequality:

EK<1zf’<z)+1(Hz.;f"(z))) 50 (zeD)
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1. INTRODUCTION AND THE MAIN RESULT

We denote by D the open unit disk given by
D={z:z€C and |z|<1}.
Let A4 be the class of all analytic functions f in D with

(0)=f'(0)~1=0.
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Hence, f € A4 can be expanded in the following form (see, for details, [1] and [4])
fR)=z+am +azz +---. (1.1)

The subclass of A4 consisting of univalent functions is denoted by §.
The Schwarzian derivative of a locally univalent function f is defined by

AN 17N\ 2
1
5o (ZY -1 (LY
I 2\/f
It is well known that Sy plays an important role in the study of univalent functions.
Nehari [16] proved that, if f € S, then

Il = sup |S(2)|(1 - |z]*)* <6.
zeD

For some subclasses of S, the upper bounds for ||S¢|| have been widely studied (see,
for example, [8] and [17]).

Owing to the importance of the Schwarzian derivatives, several different higher-
order Schwarzian derivatives are given (see, for details, [5, 6, 17,20]). Among these
different higher-order Schwarzian derivatives, the following kind defined by Schip-
pers was also widely studied.

Let f be locally univalent analytic in D. Schippers [ 7] introduced a higher-order
Schwarzian derivative 6, (f) as follows:

LN

f/

where 63(f) = Sy. The norm ||G,,41(f)|| of 6,41 (f) is defined as follows:
641 ()l = supGuet (N)()I(1=[2)" (0 22).

zeD

Sui1(f) =6, (f) = (n—=1)Su(f) (n=3),

The sharp upper bound for ||c,(f)|| of f € S was given by Schippers [17]. Analog-
ously, for subclasses of .S, the upper bounds for |6, (f)(0)| (rn = 3,4,5) have also
been investigated. For instance, Dorff and Szynal [3] derived the bounds of 6, (f)(0)
for convex functions. Cho ez al. [2] investigated the bounds of 6,(f)(0) (n=23,4,5)
in general forms of these classes consisting of the Janowski classes satisfying the
following subordination conditions (see also [2] and [19]):

z2f'(2) - l—i—Az}
flz) 1+Bz

{f:feS and

and

. zf"(z)  1+Az
{f.fES and 1+f’(z) 1+Bz}’

where —1 < B < A < 1, which generalized the results in [3]. Recently, Kumar et
al. [10] studied the bounds on the first three consecutive higher-order Schwarzian
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derivatives for the class given by
!
z2f'(z i
( ) < et 1} )

{f:fe.S and %)

More recently, for some subclasses of close-to-convex functions, the upper bounds
for |64(f)(0)| were considered by Hu et al. (see [7]).

In order to introduce the aims of this paper, we first recall the definitions of starlike
and convex functions as follows. A function f € § is said to be starlike if

z2f'(2)
‘Ji(f(z) ) >0 (zeD). (1.2)
A function f € § is said to be convex if
z2f”(2)
9{(1—1— ) > >0 (zeD). (1.3)

Let $* and C be the classes of starlike functions and convex functions, respectively.
A well-known generalization of these classes is the class M, of a-convex functions,
which was given by Mocanu [15]. It is shown in Mocanu [15] that My C S* for all
real a.. Moreover, if o = 1, then My C C (see, for details, [15]). A great deal of at-
tention has been given to problems concerning functions in the class M, particularly
relating to the coefficient problems (see [9, 13, 14, 18,21]).

Let f € 4 be given by (1.1) and let f € M% if

1zf'(z) 1 2f"(2)
9%(2 Q) +2(1+ 70 )) >0 (zeD).

We see from [15] that M| 1 C §*. Motivated by the above-cited papers [2, 3,7, 10, 17],
the following question arises naturally.

Question. Can we give the upper bounds on |63(f)(0)| and |c4(f)(0)| if f € M% ?

In this paper, we investigate the bounds for |63(f)(0)| and |c4(f)(0)| of analytic
functions f in D at zero if f € M 1. We will also give a positive answer to the above
question.

We now state our result as follows.

Theorem 1. If f € M 1 then

lo3(f)(0)] <3 (1.4)
and
32 /18
l64(f)(0)] < SV (1.5)

The inequality (1.4) is sharp.
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The paper is organized as follows. In Section 2, we give the preliminaries and the
proof of Theorem 1. In the concluding section (Section 3), we present our concluding
remarks and observations.

2. PROOF OF THEOREM 1

In order to prove Theorem 1, we need each of the following lemmas.

Lemma 1 ([4]). Let P be the class of analytic functions p in D with positive real
part and given by

p)=1+ciz+c +c+---. 2.1)
If p(z) € P, then the following sharp inequality holds true:
ol <2 (k=1).
Lemma 2 ([11,12]). If p € P with ¢y > 0, then
200 =ct+¢(4—c})
and
des=ci+2e1(4—c)l—cr(d— ) +2(4 ) (1 - L[
for some C and n such that
max {[C], |} < 1.
We next prove our main result (Theorem 1 above).

Proof of Theorem 1. Let the function f € M% be of the form (1.1). Then, by ap-
plying (2.1), we can write

lzf'(z) 1 < Zf”(Z))
= +-(1+ = p(2), (2.2)
2 flz) 2 f'(2)
where p € P. Equating the coefficients in (2.2), we have
2c
a = 71 (2.3)
IOC% +9¢;
=177 2.4
as 6 (2.4)
and
3, 189
o — 33cy + S7cica + 54c3 . 25)

405
We first estimate the upper bound for |63 (f)(0)|if f € M 1. Since My, and 63(f)(0)

are rotationally invariant, by Lemma 1, we assume that ¢; € [0,2]. Moreover, by
Lemma 2, and the equations (2.3) and (2.4), we have

63(f)(0) =6(a3 —a3) = —c + %cz = % [—ci+3(4-c}){]. (2.6)
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where [{| < 1.
Let x = |{|. Then, by (2.6), we have
1
[o3(NO)] < g [l +3(4—cD)] <3 2.7)

for f € M, 1. The equality in (2.7) holds true for
c1=0, =2 and {=1.
Therefore, the equality in (2.7) holds true for
1zf'(z) —1—1 (1 zf”(z)) _ 1+zz.
2 flz) 2 () 1—22
We next estimate the upper bound for |64(f)(0)] if f € M, 1. Indeed, noting that
M, 1 and G4 (£)(0) are rotationally invariant, by Lemma 1, we assume that
cp=:1€10,2].
Furthermore, by Lemma 2, and the equations (2.3), (2.4) and (2.5), we have
64(f)(0) = 24(as — 3azay +2a3)

4
_ o4 (20? — 20102—1— 9C3>

45 2 4
16 /5, 9 9 9
= 5 (G306t Ju-dat s Su-i-1em),

(2.8)

where

max{|g|, [} < 1.
Let x = |{|. Then, by (2.8), we have

04(f)(0)] < 1o <5 ?—i—9(4—6%)c1x—|—491(4—c%)c1x2+Z(4—c%)(l—x2)>

=45\41 72
16

= ET(I’X)’

where
(t,x) € A:=10,2] x [0,1]
and
559 9 9
T(t,x) = Zt3 +504- 2)tx + 2= 2)tx® + 4= 2)(1—x%). (2.9)

In order to complete the proof of Theorem 1, we consider five cases as follows.

Case 1. On the vertices of A, we have
7(0,0)=18, T(0,1)=0 and T(2,0)=T(2,1)=10.
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Case 2. On the side x = 0, the function 7'(¢,x) becomes

5 9
T(1,0) = Zt3 + 5(4—1‘2),

which, upon differentiating with respect to ¢, yields
15
T'(t,0) = th — 9,

so that fo = 12 > 2 is the root of T’(t,0) = 0. Consequently, we have

T'(1,0) <0  (r€(0,2)).
It follows that
T(,0) < T(0,0) = 18.
Case 3. On the side x = 1, the function 7'(¢,x) becomes

5 9 9
T(1,1) = Zt3 + 5(4—t2)t+ Z(4—t2)t.

Therefore, we have
—-33
T'(1,1) = th +27.

A short calculation shows that the root of 77(¢,1) = 0 is given by
18
to=1/—<2.
ST

11 18
T(1,1) < T(t,1) = —7z3 +271 = 184/ T
Case 4. 1t is easy to show that
T(2,x)=10 and T(0,x) < 18.

Case 5. It now remains to consider the interior of A. We first solve the following
equations:

It follows that

T(t,x) = l%tzr <sz+z [(zz)x2+2]> + (4 —1%) (2x+2x2> =0 (2.10)

and
T(t,x) = %(4—t2)(t+tx—2x) ~0. @.11)

Secondly, we will prove that that the equations (2.10) and (2.11) have no critical
points in the interior of A. We thus find from (2.11) that

t
- 2.12
R @12)
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So, putting (2.12) into (2.10), we get

15, 9 ¢t 9 r\’
p(t)_Zt — 2t tz—_t+1 (t—2)<2_t> +2

g
9 ¢t 9/ t \?
-1 22_t+4<2_t> | (2.13)

Calculations show that p(¢) = 0 has no root in ¢ € (0,2). Consequently, the equations
(2.10) and (2.11) have no critical points in the interior of A.
Upon summarizing all of cases which we have considered above, we have the

following inequality:
32 /18
< —4/—.
ANIOIEE=E

The proof of Theorem 1 is thus completed. U

3. CONCLUDING REMARKS AND OBSERVATIONS

The present investigation is motivated essentially by the fact that, in the theory
of analytic and univalent functions, the properties and characteristics of various sub-
classes of such analytic functions as (for example) convex functions, starlike func-
tions and close-to-convex functions are widely- and extensively-studied. Specifically,
there is a great deal of literature on the bounds for the Taylor-Maclaurin coefficients
and the estimates on Schippers’ higher-order Schwarzian derivatives at zero. Here, in
this article, we have successfully derived the bounds for the Schippers’ higher-order
Schwarzian derivatives of f(z) at z = 0 when the function f belongs to the class of
a kind of combination of convex functions and starlike functions, which consists of
analytic functions f in the open unit disk D) with the normalized conditions given by

f(0)=f(0)-1=0
and satisfying the following inequality:
1 / 1 /!
laffe) 1 (1 N Zf/ (z)
2 flz) 2 1)

We have also discussed relevant connections of the results, which we have presented
here, with those available in earlier works on the subject.

) >0 (zeD).
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