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Abstract. In this paper, we prove significant results related to the Hermite-Hadamard inequality
for convex functions in the framework of Riemann-Liouville fractional integrals with variable or-
der. Two novel equalities are proved to have new fractional trapezoid and midpoint-type inequal-
ities for the differentiable convex functions. This work provides a computational analysis of these
inequalities, with numerical examples for convex functions. Additionally, it is demonstrated that
the newly identified inequalities represent a generalisation of the comparable inequalities in the
literature.
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1. INTRODUCTION

Convexity is a basic math concept important for learning function geometry and
finding the optimal solutions. It has roots in ancient cultures; however, to the best of
our knowledge, in the late 19th century, the German mathematician Karl Hermann
Amandus Schwarz made a revolutionary contribution by introducing the notion of
convex functions [9]. It can be used to describe real-world phenomena in optimiza-
tion, economics, and physics because it has both theoretical and practical applications
[11, 22].

The Hermite-Hadamard (H-H) inequality is a key concept in convex function the-
ory and was independently established by two renowned mathematicians, C. Hermite
and J. Hadamard [7, 17]. The inequality is stated as follows: If a function ψ : I→ R
is a convex on the interval I, then for any µ,υ ∈ I with µ ̸= υ, we have the following
© 2025 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
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double inequality:

ψ

(
µ+υ

2

)
≤ 1

υ−µ

∫
υ

µ
ψ(z)dz ≤ ψ(µ)+ψ(υ)

2
. (1.1)

If a function is convex, the H-H inequality states that the average of the function
values at the endpoints of an interval, weighted by their respective distances from
the midpoint, is greater than or equal to the value of the function at the midpoint.
This inequality finds extensive utility across various domains of mathematics and
economics, where convexity also plays a significant role. The fractional integral
variants of the inequality (1.1) given by Sarikaya et al. [21] using the integral identity
as follows:

ψ

(
µ+υ

2

)
≤ Γ(α+1)

2(υ−µ)α

[
Jα

µ+ψ(υ)+ Jα

υ−ψ(µ)
]
≤ ψ(µ)+ψ(υ)

2
, (1.2)

with α > 0. It is obvious that the inequality (1.2) turn into (1.1) as α = 1.
In order to establish various bounds for the right-hand side of the inequality (1.1),

Dragomir and Agarwal [8] initially derive a specific identity.

Lemma 1. Let ψ : I◦ ⊆ R → R be a differentiable mapping on I◦,µ,υ ∈ I◦ with
µ < υ. If ψ′ ∈ L[µ,υ], then the following equality holds:

1
υ−µ

∫
υ

µ
ψ(z)dz− ψ(µ)+ψ(υ)

2
=

υ−µ
2

∫ 1

0
(1−2τ)ψ′((1− τ)µ+ τυ)dτ. (1.3)

Kirmaci [15], introduces a particular identity and then uses it to establish a variety
of bounds for the left-hand side of the inequality (1.1).

Lemma 2. If ψ : I◦ → R is differentiable on I◦ and ψ′ ∈ L[µ,υ], then we obtain

ψ

(
µ+υ

2

)
− 1

υ−µ

∫
υ

µ
ψ(z)dz (1.4)

= (υ−µ)
[∫ 1/2

0
τψ

′((1− τ)µ+ τυ)dτ+
∫ 1

1/2
(τ−1)ψ′((1− τ)µ+ τυ)dτ

]
,∀ µ,υ ∈ I◦.

In 1998, Dragomir and Agarwal [8] presented two inequalities applicable to differ-
entiable convex functions. They established a link with the well-known H-H integral
inequality that holds for convex functions and addressed error estimation concerns
related to the trapezoidal formula. Aamir et al. [3] have presented two new frac-
tional H-H type inequalities for convex functions. They also derived new Simpson’s
type inequalities for differentiable convex functions and proved two more Simpson’s
type inequalities using power mean and Hölder’s inequalities. Xie et al. [24] have
established H-H type inequalities for Riemann-Liouville fractional integrals and de-
rived some new Simpson’s and Ostrowski’s type inequalities for differentiable con-
vex mapping. Abbas et al. [1] have presented H-H type inequalities for exponentially
sub-additive functions by utilizing Riemann-Liouville fractional integrals. Budak et
al. [5] have derived certain q-H-H type inequalities and build a new q-H-H type
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inequalities using the product of two coordinate convex functions. You et al. [25]
have introduced a new version of H-H-Mercer inequalities for harmonically convex
functions, and discusses special means for addressing newly discovered inequalities.
Jleli and Sameet [14] have established new inequalities of the H-H type, these in-
equalities involve fractional integrals in relation to another function. Such fractional
integrals are generalisations of the Riemann-Liouville and Hadamard fractional in-
tegrals. Iscan has formulated the H-H-Fejér type inequality for fractional integrals.
As well as derived an integral identity for H-H-Fejér type integral, which is associ-
ated with fractional integrals [13]. By using fractional Riemann-Liouville integrals
for functions whose absolute values of the second derivatives are convex, Bayraktar
has defined the identity and derived several generalised inequalities of the H-H type
[4]. Kunt et al. [16] presented a novel method for establishing new fractional H-H
type inequalities using only the right Riemann-Liouville fractional integral. They
also proved two additional equalities for fractional trapezoid and midpoint-type in-
equalities for differentiable convex functions. For an in-depth analysis of the various
applications arising from the H-H inequality, readers are encouraged to explore ref-
erences [2, 6, 12, 19, 23].

Definition 1 ([20]). A function ψ defined on the interval [µ,υ], where µ ≤ υ, and
assuming ψ ∈ L1[µ,υ], the Riemann-Liouville fractional integral of order α > 0 with
µ ≥ 0 is defined as follows:

Jα
µ+ψ(κ) =

1
Γ(α)

∫ κ

µ
(κ− τ)α−1

ψ(τ)dτ, κ > µ

and

Jα
υ−ψ(κ) =

1
Γ(α)

∫
υ

κ
(τ−κ)α−1

ψ(τ)dτ, κ < υ.

Here, Γ(α) is the well-known Gamma function and J0
µ+ψ(κ) = J0

υ−ψ(κ) = ψ(κ).

Definition 2 ([10]). Let 0 < α(κ)< 1 for all κ ∈ [µ,υ] and ψ ∈ L1[µ,υ]. Then the
left and right Riemann-Liouville integrals of variable fractional order α(κ) defined
by

L
α(κ)
µ+ ψ(κ) =

1
Γ[α(κ)]

∫ κ

µ
(κ− τ)α(κ)−1

ψ(τ)dτ, ℜα(x)> 0

and

L
α(κ)
υ− ψ(κ) =

1
Γ[α(κ)]

∫
υ

κ
(τ−κ)α(κ)−1

ψ(τ)dτ, ℜα(κ)> 0.

The classical Riemann-Liouville fractional integral has a fixed constant order of
integration α, while the variable order definition allows the order of integration α(κ)
to vary as a function of another variable κ. In this case α(κ) is depend on the in-
tegral domain, resulting in different values at distinct points within this domain. This
dynamic interplay between α and the position within the interval provides increased
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flexibility and paves the way for graphical analysis, ultimately enhancing our un-
derstanding of the applicability of newly introduced generalized inequalities. The
variability of the function α(κ) is greatly impacted by the integral domain, resulting
in a wide range of values for α over the domain. Consequently, the interplay between
the integration order and the place inside the interval offers a degree of versatility that
is absent in fixed-order fractional integrals.

The main goal of this study is to generalize H-H inequality by using Riemann-
Liouville fractional integral with variable order α(κ), depending upon the function
and interval point, which vary simultaneously. Our method precisely explains how
functions behave at specific points within intervals. Additionally, we introduce two
novel identities applicable to differentiable convex functions, which give fractional
trapezoid and midpoint-type inequalities.

2. RESULTS

The following lemma is required to prove the next result.

Lemma 3. For any integrable mapping ψ : [µ,υ]→ R and let f be a convex map-
ping, the following inequality is true:

α(µ)
(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1 f (ψ(κ))dκ≥ f

(
α(µ)

(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1

ψ(κ)dκ
)

(2.1)
with α(µ)> 0.

Proof. Since f is a convex mapping, therefore for every point (κ0, f (κ0)) on the
graph of f there is a line y= β(κ−κ0)+ f (κ0) such that f (κ)≥ β(κ−κ0)+ f (κ0)
for all κ in the domain of f . Now, we assume that

x0 =
α(µ)

(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1

ψ(κ)dκ

and integrate the inequality

f (ψ(κ))≥ β(ψ(κ)−κ0)+ f (κ0) ,∫
υ

µ
(κ−µ)α(µ)−1 f (ψ(κ))dκ ≥ β

∫
υ

µ
(κ−µ)α(µ)−1 f (ψ(κ))dκ

−βκ0

∫
υ

µ
(κ−µ)α(µ)−1dκ

+ f (κ0)
∫

υ

µ
(κ−µ)α(µ)−1dκ.

By utilizing the value of κ0, we observe that∫
υ

µ
(κ−µ)α(µ)−1 f (ψ(κ))dκ ≥ β(κ0 −κ0)

(υ−µ)α(µ)

α(µ)
+

(υ−µ)α(µ)

α(µ)
f (κ0) .
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Thus,

α(µ)
(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1 f (ψ(κ))dκ ≥ f

(
α(µ)

(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1

ψ(κ)dκ
)

and the proof is completed. □

Theorem 1. Let ψ : [µ,υ] → R be a positive function with 0 ≤ µ < υ,
α(µ) > 0 and ψ ∈ L1[µ,υ]. If ψ is a convex function on [µ,υ], then the following
inequalities for fractional integrals hold:

ψ

(
α(µ)υ+µ
α(µ)+1

)
≤ Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)⩽
α(µ)ψ(υ)+ψ(µ)

α(µ)+1
. (2.2)

Proof. Since ψ is convex, therefore by using Lemma 3, we have

ψ

(
α(µ)

(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1κdκ

)
≤ α(µ)

(υ−µ)α(µ)

∫
υ

µ
(κ−µ)α(µ)−1

ψ(κ)dκ.

(2.3)
One can easily observe that

ψ

(
α(µ)υ+µ
α(µ)+1

)
≤ Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ). (2.4)

Thus the first inequality of (2.2) is proved.
To prove the second inequality, we again use the convexity and we have

ψ(κ)≤ ψ(υ)+
ψ(υ)−ψ(µ)

υ−µ
(κ−υ). (2.5)

Multiplying both sides of (2.5) by 1
Γ(α(µ))(κ−µ)α(µ)−1, then integrating the resulting

inequality with respect to κ over [0,1], we obtain

Jα(µ)
υ− ψ(µ)≤ (υ−µ)α(µ)

Γ(α(µ)+1)

[
ψ(υ)− ψ(υ)−ψ(µ)

α(µ)+1

]
,

after simplification, we have

Γ(α(µ)+1)
(υ−µ)α(µ)

Jα(µ)
υ− ψ(κ)≤ α(µ)ψ(υ)+ψ(µ)

α(µ)+1
, (2.6)

by adding equations (2.4) and (2.6), we get the desired inequality (2.2). □

Remark 1. If we assign α(κ) = 1, in Theorem 1, then we find inequality (1.1).

Remark 2. If we choose α(κ) = β (constant), then we have Theorem 2.1 proved
by Kunt et al. in [16].



802 W. HAIDER, H. CHEN, M. A. ALI, A. SHEHZADI, AND H. BUDAK

Lemma 4. Let ψ : I◦ → R be a differentiable mapping on I◦, µ,υ ∈ I◦ with µ < υ

and α(µ) > 0. If ψ′ ∈ L[µ,υ], then the following equality for the right Riemann-
Liouville fractional integral holds:

Γ(α(µ)+1)
(υ−µ)α(µ)

Jα(µ)
υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)

α(µ)+1
(2.7)

=
υ−µ

α(µ)+1

∫ 1

0

[
1− (α(µ)+1)τα(µ)

]
ψ
′((1− τ)µ+ τυ)dτ.

Proof. If we apply the integration by parts to the right hand side of (2.7), we have

υ−µ
α(µ)+1

∫ 1

0

[
1− (α(µ)+1)τα(µ)

]
ψ
′((1− τ)µ+ τυ)dτ

= (υ−µ)
[

1
α(µ)+1

∫ 1

0
ψ
′((1− τ)µ+ τυ)dτ−

∫ 1

0
τ

α(µ)
ψ
′((1− τ)µ+ τυ)dτ

]
=

[
ψ(µ)−ψ(υ)

α(µ)+1
+ψ(υ)−α(µ)

∫ 1

0
τ

α(µ)−1
ψ((1− τ)µ+ τυ)dτ

]
=

Γ(α(µ)+1)
(υ−µ)α(µ)

Jα(µ)
υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)

α(µ)+1
.

This completes the proof. □

Remark 3. If we take α(κ) = 1, in Lemma 4, then we obtain Lemma 1.

Remark 4. If we choose α(κ) = β (constant), then we will get [16, Lemma 3.1].

Lemma 5. Let ψ : I◦ → R be a differentiable mapping on I◦,µ,υ ∈ I◦ with µ < υ

and α(µ) > 0. If ψ′ ∈ L[µ,υ], then the following equality for the right Riemann-
Liouville fractional integral holds:

ψ

(
α(µ)υ+µ
α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ) (2.8)

= (υ−µ)

[∫ α(µ)
α(µ)+1

0
τ

α(µ)
ψ
′((1− τ)µ+ τυ)dτ+

∫ 1

α(µ)
α(µ)+1

(
τ

α(µ)−1
)

ψ
′((1− τ)µ+ τυ)dτ

]
.

Proof. If we apply the integration by parts to the right hand side of (2.8), we find

(υ−µ)

[∫ α(µ)
α(µ)+1

0
τ

α(µ)
ψ
′((1− τ)µ+ τυ)dτ+

∫ 1

α(µ)
α(µ)+1

(
τ

α(µ)−1
)

ψ
′((1− τ)µ+ τυ)dτ

]

= (υ−µ)

[∫ 1

0
τ

α(µ)
ψ
′((1− τ)µ+ τυ)dτ−

∫ 1

α(µ)
α(µ)+1

ψ
′((1− τ)µ+ τυ)dτ

]

= ψ

(
α(µ)υ+µ
α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(v)
Jα(µ)

υ− ψ(µ).

This completes the proof. □
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Remark 5. If we take α(κ) = 1, in Lemma 5, it becomes Lemma 2.

Remark 6. If we assign α(κ) = β (constant), then we will get [16, Lemma 3.2].

3. MIDPOINT AND TRAPEZOID INEQUALITIES

By using Lemma 4 and Lemma 5, we will obtain some new right Riemann-
Liouville fractional trapezoid and midpoint-type inequalities in this section.

Theorem 2. Let ψ : I◦ →R be a differentiable mapping on I◦,µ,υ ∈ I◦ with µ < υ

and α(µ) > 0. If |ψ′| is convex on [µ,υ], then the following right Riemann-Liouville
fractional integral inequality holds:∣∣∣∣Γ(α(µ)+1)
(υ−µ)α(µ)

Jα(µ)
υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)

α(µ)+1

∣∣∣∣
≤ υ−µ

α(µ)+1
[
A1(α(µ))

∣∣ψ′(µ)
∣∣+A2(α(µ))

∣∣ψ′(υ)
∣∣+A3(α(µ))

∣∣ψ′(µ)
∣∣+A4(α(µ))

∣∣ψ′(υ)
∣∣] ,

where

A1(α(µ)) =
α(µ)

(
2(α(µ)+2)(α(µ)+1)

1
α(µ)−1 −1

)
2(α(µ)+2)(α(µ)+1)

2
α(µ)

,

A2(α(µ)) =
α(µ)

2(α(µ)+2)(α(µ)+1)
2

α(µ)
,

A3(α(µ)) =
α(µ)

(
2(α(µ)+2)(α(µ)+1)

1
α(µ)−1 −1− (α(µ)+1)

2
α(µ)

)
2(α(µ)+2)(α(µ)+1)

2
α(µ)

,

A4(α(µ)) =
α(µ)

(
1+(α(µ)+1)

2
α(µ)

)
2(α(µ)+2)(α(µ)+1)

2
α(µ)

.

Proof. Using Lemma 4 and the convexity of |ψ′|, we acquire∣∣∣∣Γ(α(µ)+1)
(υ−µ)α(µ)

Jα(µ)
υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)

α(µ)+1

∣∣∣∣
≤ υ−µ

α(µ)+1

∫ 1

0

∣∣∣1− (α(µ)+1)τα(µ)
∣∣∣ ∣∣ψ′((1− τ)µ+ τυ)

∣∣dτ

≤ υ−µ
α(µ)+1

[∫ 1
α(µ)√

α(µ)+1

0

(
1− (α(µ)+1)τα(µ)

)[
(1− τ)

∣∣ψ′(µ)
∣∣+ τ

∣∣ψ′(υ)
∣∣]dτ

+
∫ 1

1
α(µ)√

α(µ)

(
(α(µ)+1)τα(µ)−1

)[
(1− τ)

∣∣ψ′(µ)
∣∣+ τ

∣∣ψ′(υ)
∣∣]dτ


≤ υ−µ

α(µ)+1
[
A1(α(µ))

∣∣ψ′(µ)
∣∣+A2(α(µ))

∣∣ψ′(υ)
∣∣+A3(α(µ))

∣∣ψ′(µ)
∣∣+A4(α(µ))

∣∣ψ′(υ)
∣∣] .
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Finally, the proof of Theorem 2 is completed. □

Remark 7. If we take α(κ) = 1, in Theorem 2, then we obtain [8, Theorem 2.2 ].

Remark 8. If we choose α(κ) = β (constant), then we find Theorem 4.1 in [16].

Theorem 3. Let ψ : I◦ → R be a differentiable mapping on I◦,µ,υ ∈ I◦ with
µ< υ. If |ψ′|q is convex on [µ,υ] for q≥ 1, then the following right Riemann-Liouville
fractional integral inequality holds:∣∣∣∣Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)
α(µ)+1

∣∣∣∣≤ υ−µ
α(µ)+1

(
2α(µ)

(α(µ)+1)1+ 1
α(µ)

)1− 1
q

×
(
A1(α(µ))

∣∣ψ′(µ)
∣∣q +A2(α(µ))

∣∣ψ′(υ)
∣∣q +A3(α(µ))

∣∣ψ′(µ)
∣∣q +A4(α(µ))

∣∣ψ′(υ)
∣∣q) 1

q ,

where A1(α(µ))−A4(α(µ)) are the same as in Theorem 2 and α(µ)> 0.

Proof. Using Lemma 4, power mean inequality and the convexity of |ψ′|q, we
establish∣∣∣∣Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)
α(µ)+1

∣∣∣∣
≤ υ−µ

α(µ)+1

∫ 1

0

∣∣∣1− (α(µ)+1)τα(µ)
∣∣∣ ∣∣ψ′((1− τ)µ+ τυ)

∣∣dτ

≤ υ−µ
α(µ)+1

[(∫ 1

0

∣∣∣1− (α(µ)+1)τα(µ)
∣∣∣dτ

)1− 1
q

×
(∫ 1

0

∣∣∣1− (α(µ)+1)τα(µ)
∣∣∣ ∣∣ψ′((1− τ)µ+ τυ)

∣∣q dτ

) 1
q
]

≤ υ−µ
α(µ)+1

(
2α(µ)

(α(µ)+1)1+ 1
α(µ)

)1− 1
q

×
(
A1(α(µ))

∣∣ψ′(µ)
∣∣q +A2(α(µ))

∣∣ψ′(υ)
∣∣q +A3(α(µ))

∣∣ψ′(µ)
∣∣q +A4(α(µ))

∣∣ψ′(υ)
∣∣q) 1

q .

Finally, the proof of Theorem 3 is accomplished. □

Remark 9. If we assign α(κ) = 1, in Theorem 3, then we have Theorem 1 in [18].

Remark 10. If we choose α(κ) = β (constant), then we find Theorem 4.2 in [16].

Theorem 4. Let ψ : I◦ → R be a differentiable mapping on I◦,µ,υ ∈ I◦ with
µ< υ. If |ψ′|q is convex on [µ,υ] for q> 1, then the following right Riemann-Liouville
fractional integral inequality holds:∣∣∣∣Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)
α(µ)+1

∣∣∣∣
≤ υ−µ

α(µ)+1
(A5(α(µ), p)+A6(α(µ), p))

1
p

(
|ψ′(µ)|q + |ψ′(υ)|q

2

) 1
q

,
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where

A5(α(µ), p) =
∫ 1

α(µ)√
α(µ)+1

0

(
1− (α(µ)+1)τα(µ)

)p
dτ,

A6(α(µ), p) =
∫ 1

1
α(µ)√

α(µ)+1

(
(α(µ)+1)τα(µ)−1

)p
dτ,

with 1
p +

1
q = 1 and α(µ)> 0.

Proof. Using Lemma 4, Hölder inequality and the convexity of |ψ′|q, we obtain∣∣∣∣Γ(α(µ)+1)
(υ−µ)α(µ)

Jα(µ)
υ− ψ(µ)− α(µ)ψ(υ)+ψ(µ)

α(µ)+1

∣∣∣∣
≤ υ−µ

α(µ)+1

∫ 1

0

∣∣∣1− (α(µ)+1)τα(µ)
∣∣∣ ∣∣ψ′((1− τ)µ+ τυ)

∣∣dτ

≤ υ−µ
α(µ)+1

[(∫ 1

0

∣∣∣1− (α(µ)+1)τα(µ)
∣∣∣p dτ

) 1
p
(∫ 1

0

∣∣ψ′((1− τ)µ+ τυ)
∣∣q dτ

) 1
q
]

≤ υ−µ
α(µ)+1

(∫ 1
α(µ)√

α(µ)+1

0

(
1− (α(µ)+1)τα(µ)

)p
dτ

+
∫ 1

1√
α(µ)+1

(
(α(µ)+1)τα(µ)−1

)p
dτ

) 1
p

×
(∫ 1

0

[
τ
∣∣ψ′(µ)

∣∣q +(1− τ)
∣∣ψ′(υ)

∣∣q]dτ

) 1
q

≤ υ−µ
α(µ)+1

[
(A5(α(µ), p)+A6(α(µ), p))

1
p

(
|ψ′(µ)|q + |ψ′(υ)|q

2

) 1
q
]
.

Thus, the proof of Theorem 4 is finished. □

Remark 11. If we assign α(κ) = 1, then we obtain Theorem 2.3 in [8].

Remark 12. If we choose α(κ) = β (constant), then we have Theorem 4.3 in [16].

Theorem 5. Let ψ : I◦ →R be a differentiable mapping on I◦,µ,υ ∈ I◦ with µ < υ

and with α(µ) > 0. If |ψ′| is convex on [µ,υ], then the following right Riemann-
Liouville fractional integral inequality holds:∣∣∣∣ψ(α(µ)υ+µ

α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)
∣∣∣∣

≤ (υ−µ)
[
A7(α(µ))

∣∣ψ′(µ)
∣∣+A8(α(µ))

∣∣ψ′(υ)
∣∣+A9(α(µ))

∣∣ψ′(µ)
∣∣+A10(α(µ))

∣∣ψ′(υ)
∣∣] ,

where

A7(α(µ)) =
2
(

α(µ)
α(µ)+1

)α(µ)+1

(α(µ)+1)(α(µ)+2)
, A8(α(µ)) =

α(µ)
(

α(µ)
α(µ)+1

)α(µ)+1

(α(µ)+1)(α(µ)+2)
,

A9(α(µ)) =
4(α(µ))α(µ)+1 −α(µ)(α(µ)+1)α(µ)

2(α(µ)+1)α(µ)+2(α(µ)+2)
,
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A10(α(µ)) =
α(µ)

(
2(α(µ))α(µ)+(α(µ)+1)α(µ)

)
2(α(µ)+1)α(µ)+2(α(µ)+2)

.

Proof. Using Lemma 5 and the convexity of |ψ′|, we acquire∣∣∣∣ψ(α(µ)υ+µ
α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)
∣∣∣∣

≤ (υ−µ)

[∫ α(µ)
α(µ)+1

0
τ

α(µ) ∣∣ψ′((1− τ)µ+ τυ)
∣∣dτ+

∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)∣∣ψ′((1− τ)µ+ τυ)

∣∣dτ

]

≤ (υ−µ)

[∫ α(µ)
α(µ)+1

0
τ

α(µ) [(1− τ)
∣∣ψ′(µ)

∣∣
+τ
∣∣ψ′(υ)

∣∣]dτ+
∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)[

(1− τ)
∣∣ψ′(µ)

∣∣+ τ
∣∣ψ′(υ)

∣∣]dτ

]

≤ (υ−µ)

 α(µ)
(

α(µ)
α(µ)+1

)α(µ)+1

(α(µ)+1)(α(µ)+2)

∣∣ψ′(µ)
∣∣+ 2

(
α(µ)

α(µ)+1

)α(µ)+1

(α(µ)+1)(α(µ)+2)

∣∣ψ′(υ)
∣∣

+
α(µ)

(
2αα(µ)+(α(µ)+1)α(µ)

)
2(α(µ)+1)α(µ)+2(α(µ)+2)

∣∣ψ′(µ)
∣∣+ 4α(µ)α(µ)+1 −α(µ)(α(µ)+1)α(µ)

2(α(µ)+1)α(µ)+2(α(µ)+2)

∣∣ψ′(υ)
∣∣

≤ (υ−µ)
[
A7(α(µ))

∣∣ψ′(µ)
∣∣+A8(αµ)

∣∣ψ′(υ)
∣∣+A9(α(µ))

∣∣ψ′(µ)
∣∣+A10(α(µ))

∣∣ψ′(υ)
∣∣] .

Thus, the proof of Theorem 5 is finished. □

Remark 13. If we choose α(κ) = 1, then we obtain Theorem 2.2 in [15].

Remark 14. If we choose α(κ) = β (constant), then we get Theorem 4.4 in [16].

Theorem 6. Let ψ : I◦ → R be a differentiable mapping on I◦,µ,υ ∈ I◦ with
µ< υ. If |ψ′|q is convex on [µ,υ] for q≥ 1, then the following right Riemann-Liouville
fractional integral inequality holds:∣∣∣∣ψ(α(µ)υ+µ

α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)
∣∣∣∣≤ (υ−µ)

(
(α(µ))α(µ)+1

(α(µ)+1)α(µ)+2

)1− 1
q

×[(
A7(α(µ))

∣∣ψ′(µ)
∣∣q +A8(α(µ))

∣∣ψ′(υ)
∣∣q) 1

q +
(
A9(α(µ))

∣∣ψ′(µ)
∣∣q +A10(α(µ))

∣∣ψ′(υ)
∣∣q) 1

q

]
,

where A7(α(µ))−A10(α(µ)) are the same as in Theorem 5 and α(µ)> 0.

Proof. Using Lemma 5, power mean inequality and the convexity of |ψ′|q, we
have∣∣∣∣ψ(α(µ)υ+µ

α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψµ
∣∣∣∣
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≤ (υ−µ)

[∫ α(µ)
α(µ)+1

0
τ

α(µ) ∣∣ψ′((1− τ)µ+ τυ)
∣∣dτ+

∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)∣∣ψ′((1− τ)µ+ τυ)

∣∣dτ

]

≤ (υ−µ)

(∫ α(µ)
α(µ)+1

0
τ

α(µ)dτ

)1− 1
q
(∫ α(µ)

α(µ)+1

0
τ

α(µ) ∣∣ψ′((1− τ)µ+ τυ)
∣∣q dτ

) 1
q

+

(∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)

dτ

)1− 1
q
(∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)∣∣ψ′((1− τ)µ+ τυ)

∣∣q dτ

) 1
q


≤ (υ−µ)

(
α(µ)α(µ)+1

(α(µ)+1)α(µ)+2

)1− 1
q
(∫ α(µ)

α(µ)+1

0
τ

α(µ) [(1− τ)
∣∣ψ′(µ)

∣∣q + τ
∣∣ψ′(υ)

∣∣q]dτ

) 1
q

+

(∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)[

(1− τ)
∣∣ψ′(µ)

∣∣q + τ
∣∣ψ′(υ)

∣∣q]dτ

) 1
q


≤ (υ−µ)

(
(α(µ))α(µ)+1

(α(µ)+1)α(µ)+2

)1− 1
q

×[(
A7(α(µ))

∣∣ψ′(µ)
∣∣q +A8(α(µ))

∣∣ψ′(υ)
∣∣q) 1

q +
(
A9(α(µ))

∣∣ψ′(µ)
∣∣q +A10(α(µ))

∣∣ψ′(υ)
∣∣q) 1

q

]
.

Hence, the proof of Theorem 6 is completed. □

Remark 15. If we take α(κ) = 1 in Theorem 6, we obtain the following midpoint-
type inequality∣∣∣∣ψ(µ+υ

2

)
− 1

υ−µ

∫
υ

µ
ψ(z)dz

∣∣∣∣
≤ υ−µ

8

[(
|ψ′(µ)|q +2 |ψ′(υ)|q

3

) 1
q

+

(
2 |ψ′(µ)|q + |ψ′(υ)|q

3

) 1
q
]
.

Remark 16. If we choose α(κ) = β (constant), then we have Theorem 4.5 in [16].

Theorem 7. Let ψ × I◦ → R be a differentiable mapping on I◦,µ,υ ∈ I◦,
µ < υ, α(µ) > 0 with 1

p +
1
q = 1. If |ψ′|q is convex on [µ,υ] for q > 1, then the

following right Riemann-Liouville fractional integral inequality holds:∣∣∣∣ψ(α(µ)υ+µ
α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)
∣∣∣∣

≤ (υ−µ)

[
A

1
p
11(α(µ), p)

(
(α(µ))2

2(α(µ)+1)2

∣∣ψ′(µ)
∣∣q + α(µ)2 +2α(µ)

2(α(µ)+1)2

∣∣ψ′(υ)
∣∣q) 1

q
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+A
1
p
12(α(µ), p)

(
2α(µ)+1

2(α(µ)+1)2

∣∣ψ′(µ)
∣∣q + 1

2(α(µ)+1)2

∣∣ψ′(υ)
∣∣q) 1

q
]
,

where

A11(α(µ), p) =
∫ α(µ)

α(µ)+1

0
τ

α(µ)p dτ, A12(α(µ), p) =
∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)p

dτ.

Proof. Using Lemma 5, Hölder inequality and the convexity of |ψ′|q, we obtain∣∣∣∣ψ(α(µ)υ+µ
α(µ)+1

)
− Γ(α(µ)+1)

(υ−µ)α(µ)
Jα(µ)

υ− ψ(µ)
∣∣∣∣

≤ (υ−µ)

[∫ α(µ)
α(µ)+1

0
τ

α(µ) ∣∣ψ′((1− τ)µ+ τυ)
∣∣dτ+

∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)∣∣ψ′((1− τ)µ+ τυ)

∣∣dτ

]

≤ (υ−µ)

(∫ α(µ)
α(µ)+1

0
τ

α(µ)p dτ

) 1
p
(∫ α(µ)

α(µ)+1

0

∣∣ψ′((1− τ)µ+ τυ)
∣∣q dτ

) 1
q

+

(∫ 1

α(µ)
α(µ)+1

(
1− τ

α(µ)
)p

dτ

) 1
p
(∫ 1

α(µ)
α(µ)+1

∣∣ψ′((1− τ)µ+ τυ)
∣∣q dτ

) 1
q


≤ (υ−µ)

A 1
p
11(α(µ), p)

(
(α(µ))2

2(α(µ)+1)2

∣∣ψ′(µ)
∣∣q + (α(µ))2 +2α(µ)

2(α(µ)+1)2

∣∣ψ′(υ)
∣∣q) 1

q

+A
1
p
12(α(µ), p)

(
2α(µ)+1

2(α(µ)+1)2

∣∣ψ′(µ)
∣∣q + 1

2(α(µ)+1)2

∣∣ψ′(υ)
∣∣q) 1

q
]
.

This completes the proof. □

Remark 17. In Theorem 7, when α(κ) = 1 is chosen, we get Theorem 2.3 in [15].

Remark 18. If we choose α(κ) = β (constant), then we have Theorem 4.6 in [16].

4. NUMERICAL EXAMPLES

In this section, we represent some examples of variable order functions.

Example 1. We define a convex mapping ψ(κ) = κ2. Then, from inequality (2.2)
for α(κ) = sinκ, µ = 1 and υ = 2, we have

ψ

(
(sin(1))2+1

sin(1)+1

)
= 2

37087
100000

, (4.1)

Γ(sin(1)+1)
(2−1)sin(1) Jsin(1)

2− ψ(1) = 2
4201
20000

(4.2)
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and
sin(1)ψ(2)+ψ(1)

sin(1)+1
= 2

767
6250

. (4.3)

From (4.1), (4.2) and (4.3), we attain

2
37807
100000

< 2
4201

20000
< 2

767
6250

.

Which shows that the inequality (2.2) is valid for convex functions.

Example 2. We define a convex mapping ψ(κ) = κ2. Then, from inequality (2.2)
for α(κ) = cosκ,µ = 0 and υ = 1, we have

ψ

(
(cos(0))1+0

cos(0)+1

)
=

1
4
, (4.4)

Γ(cos(0)+1)
(1−0)cos(0) Jcos(0)

1− ψ(0) =
1
3

(4.5)

and
cos(0)ψ(1)+ψ(0)

cos(0)+1
=

1
2
. (4.6)

From (4.4), (4.5) and (4.6), we achieve
1
4
<

1
3
<

1
2
.

Which shows that the inequality (2.2) is valid for convex functions.

Remark 19. Both Examples 1 and 2 demonstrate the validity of the inequalities
stated in Theorem 1. This conclusion is further emphasized by a comparative study,
as shown in Figures 1 and 2.

FIGURE 1. In 2D-Plot when µ lies between 1 and 2 and υ is fixed.
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FIGURE 2. In 2D-Plot when µ lies between 0 and 1 and υ is fixed.

Remark 20. When we see 2-D plot as ‘µ’ and ‘υ’ lies between 1 and 2 we can
clearly see from Figure 1, inequality stated in Theorem 1 is satisfied.

Remark 21. When we see 2-D plot as ‘µ’ and ‘υ’ lies between 0 and 1, we can
clearly see from Figure 2, inequality stated in Theorem 1 is satisfied.

CONCLUSION

This research has contributed novel findings to the realm of H-H inequalities, par-
ticularly in their application to convex functions and fractional integrals with variable
order. We have established new H-H type inequalities through an examination of
convex functions and fractional integrals, as well as identified innovative fractional
trapezoid and midpoint-type inequalities. Furthermore, we have provided numerical
examples and graphical analysis of these newly established inequalities. Future re-
search endeavors may focus on expanding the scope of these inequalities and explor-
ing their implications in diverse mathematical disciplines. Additionally, researchers
may apply the Riemann-Liouville fractional integral with variable order for different
types of inequalities and explore these results in a real-world scenario.
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