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Abstract. In the present article, an equality is established for the case of differentiable convex
functions associated with the conformable fractional integrals. With the help of this equality, sev-
eral parameterized inequalities are proved by using the conformable fractional integrals. More
precisely, some inequalities are obtained by taking advantage of the convexity, the Holder in-
equality, and the power mean inequality. Moreover, previously achieved results and new results
are given by using special cases of the obtained theorems.
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1. INTRODUCTION & PRELIMINARIES

Convex theory is an effective methodology in the case of considering the great
issues that origin in several areas of the pure and applied sciences. This theory has
a rich history and also has been the motivation of special mathematical research.
Moreover, convexity theory has a critical place in the advancement of the idea of
inequality. There are several types of convexity in the literature.

Definition 1 ([17]). Let I be an interval of real numbers. Then, a function ¥ :
I — R is said to be convex, if

F (wx+(T=p)y) Spf () +(1—p) F (v)
is valid Vx,y € I and Vu € [0,1].

The inequalities, introduced by C. Hermite and J. Hadamard for the case of convex
functions, are significant subject in the literature. These inequalities state that if
F:I— Ris aconvex function on the interval I of real numbers and ¢,d € I with
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G < 9, then the following double inequality holds:

i)
F <G;5) < S_I(S/T(x)dxg 7(");7(5) (1.1

Trapezoid-type and midpoint-type inequalities for various types of convex func-
tions have been studied extensively by many mathematicians. To be more precise, an
upper bound for which is the right-hand side of inequality (1.1) first was established
by Dragomir and Agarwal in paper [6]. An upper bound for which is the left-hand
side of inequality (1.1) first was proved by Kirmaci in paper [16]. Qaisar and Hussain
[18] investigated several generalized midpoint-type inequalities. Moreover, Sarikaya
et al. and Igbal et al. proved some fractional trapezoid-type and midpoint-type in-
equalities to the case of convex functions in papers [20] and [12], respectively.

Large numbers of papers are focused on the results of Simpson-type inequalities
for the case of convex functions. For example, several Simpson-type inequalities
proved by the case of s-convex differentiable functions [2]. Moreover, Sarikaya et al.
[19] presented the new variants of Simpson-type inequalities based on differentiable
convex function. Some recent results connected with these type of inequalities, see
[3] and the references cited therein.

Bullen [4] proved the inequality which is known as Bullen-type inequalities for
the case of convex function. Erden and Sarikaya presented the generalized Bullen-
type inequalities for the case of local fractional integrals on fractal sets in paper [8].
Moreover, Du et al. [7] used the generalized fractional integrals to get Bullen-type in-
equalities. In paper [5], several generalizations of integral inequalities of Bullen-type
inequalities were obtained for the case of twice differentiable functions including
Riemann-Liouville fractional integrals.

Kilbas et al. [15] presented fractional integrals, also called Riemann-Liouville
integrals as follows:

Definition 2 ([15]). Let ¥ € L;[0,9], 6,8 € R with 6 < 8. The Riemann-Liouville
integrals J E+ F and Jg, F of order B > 0 are defined by

J2+ F(x) = 1“(1[3)/: (x—p)P ' F(u)dy, x>0 (1.2)
and
S
170 = g [ =0 Fedn x<5 (13)

respectively. Here, I" denotes the Gamma function defined by I'(B) = ;"¢ “uP~'du,
where 3 > 0.
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Jarad et al. [13] established the fractional conformable integral operators and they
also provided some characteristics and relationships between these operators and sev-
eral other fractional operators in the literature. The fractional conformable integral
operators are defined as follows:

Definition 3 ([13]). Let § > 0 and o € (0,1]. For ¥ € L[c, 9], the generalized
fractional Riemann-Liouville integrals E JEF and P Js' F are defined by

Eﬂé*fmzr(lﬁ) /:<<x—<’>°°—<ﬂ—6>“>“‘l( 7 ()

du, x>0, (1.4

o u—o)l-o
and
b gogiy_ L [(B=0 =B\ Fw
]af(x)—r(B)/x< . G gradn x<d ()
respectively.

If we assign o = 1, then the fractional integral in (1.4) and (1.5) equals to the
Riemann-Liouville fractional integral in (1.2) and (1.3), respectively.

Several midpoint-type inequalities are proved by using the conformable fractional
integrals in paper [10]. Set et al. [21] establish a new generalization of Hermite-
Hadamard inequality for fractional conformable integrals. In addition to these, con-
formable derivative is improved in paper [14] by using the derivative’s fundamental
limit formulation. Some important requirements that cannot be fulfilled by the
Riemann-Liouville and Caputo definitions are fulfilled by the conformable derivat-
ive. In paper [ 1], Abdelhakim indicates that the conformable approach in [14] cannot
yield good results when compared to the Caputo definition for the case of specific
functions.

2. MAIN RESULTS
Throughout the paper, we assume that o € (0,1], € R*, and A € [0, 1].

Lemma 1. Let ¥ : [0,0] — R be a differentiable mapping on (G,8) with 3 > 0 and
o€ (0,1]. If F' € L[o,d], then the following equality for fractional integrals hold:
d i)
(1-2)F <0+ ) +x(7(0)+9r( ))
2 2
aBzOLBfl

_WF(BJA) [E]%T(S)Jr E]%_r}'(c)}

_#@-0) ©=0) O/] ((33 - (1_(10:“)a>3> 7 <‘2‘c+ 2;“5) du
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_/1 (07:3_ <1—(1a—u)°‘>ﬁ> Y <2;“c+§5> dy] , @1
0

where I (B) is Euler Gamma function.
Proof. Assume that [ is the integral on the right side of (2.1) and consider
1:=1 1— 12.

Using integrating by parts and changing variables with x = §6 + 2%“8, we get
1
A (1= (1—p)*\P 2
1 (B (20 (2
0
2 (a1 (o 2ng|
- (L (=8 Lo+
d-o0 (ocﬁ ( o ))7(26+ 2 >
1 o
u _

0

2 5 A
(é(_lc)o?ﬂ((;; >+( 2 )aﬁﬂa‘»

o, ()
< ) Bcé (x_02+6>1_ogdx
2(1-2) 5 2.

:(5—0)045?(6; )+(8—6)0c3?(8)

1+af
~(525) BT,

Similar to foregoing process, changing variables with x = 2%“(5 + 50 and integrating
on [0, 1], we have
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2, () (e

2(A—1) (o438 22
_(50)a67< 2 ) Go)ab’ O
S48 RN a\ B-1
2\ (550) - (%50 ) 7 ()
+ d—o B/ o o
\ G
~2(1-%) _[c+8 20
(S—G)OCBT< 2 ) (8 G)OCBT(G)
) 1+af 5
- o
+(525) BT
Finally, if we multiply 7, — I, by ©“®=°) then we have (2.1). This completes the
proof of Lemma 1. U

Remark 1. If we choose A = 0 in (2.1), then the equality reduces to

(o5 g o1 o)

S () (o)
(1-p)
(0

(Y ﬁzs)d,,]

This coincides with [9, Lemma 1].

Remark 2. Let us consider A =1 in (2.1). Then, we have

F(o)+F () ab2%b!
2 —(5_0>GBF(B+1)[+JHJ( + ]Mf

o)]
() ) (o)
B / (;ﬁ_ <1—<1a—u>>5> p (27(”;5) dy] ,

which is investigated by E. Set et al. [22, Lemma 2.1 (for x= #)]
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Corollary 1. Consider A = 3 in (2.1). Then, (2.1) becomes to

éLﬂ@+¢@+M(

0+8>] B ofooB-1
2 (3—0)%

V@@ (= mejfgm}zgw

r+1) 22,7 3)+ L 7 (o)

0

+O/((1—<106—z1>‘*)ﬁ_3;ﬁ> , (2/“55)@] |

Remark 3. For A = equahty (2.1) reduces to
1 {T (G—i—S) N T(c)+f(6)}  ofoeb]
2 2 2 (85— G)GB

_oP(d-0)
-T2

Z(zé&_(l(la#)“f) {7 <§G+22,u )_f/ (22“0#2’8)}@.

This coincides with [1 1, Lemma 1].

r(B+1) [Ey::‘;sf(sw [iﬂ%af(c)}

Theorem 1. Assume that all assumptions of Lemma 1 hold. Moreover, let | F'| be
a convex function on [G,9]. Then, we have

07 (557) 2 (7057)

af20f-1 B a 5
_WF(B+1) [J%ET(SH j(,;sf}’(o)}|
Brs_
5a(iG)Al(a75=7~)(\f’(0)\+\?’(8)), 2.2)
where
o 1= (1—w)*\P
mepn = [ |- ()
0

_ O:B {7»(20— D+ <f3 (BH,;) 2% <B+1,é,m

)
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1
with C =1— (1 —k%> * | the functions B (-,-) and B(-,-,-) are the Beta function
and the incomplete Beta function defined as

1

B(x,y) = [u (1 -u)'du,

0
r

B (x,y,r) = fux_l(l —u)y_ldu
0
forx,y>0andre|0,1].

Proof. By Lemma 1, integrating by parts and convexity of | F’|, we get

‘(1—7»)7<62+8> +x<7(">;7(5)>

(xﬁz(xﬁfl
(3—0)*

<00 [ (- () ) (10250
o o o

0
[(5- (252 )7 (e )
1 07:[3_ (1—(1)(—#)0‘)3 ‘55/ <MG+H8>‘dy

2 2
$_<Lw:wwf

i (2—H_ M
4 (z"*ﬁ‘”’]

C(R+1) [E]%?(SH BJ%&T(G)H

_ ab (5—0)

T A B (1 @)+ | @)

That is the desired result. O
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Remark 4. If we consider (2.2) as A = 0, then the inequality reduces to

|7("§8)— (Of_zf);ﬁ B+ 1) 2257 (3)+2 127 (o)

<% (p+1.1) (17 @) +17 @),

This coincides with [9, Theorem 2].
Remark 5. If we select A = 1 in (2.2), then we obtain
F(o)+F(8) ab2ob-!
2 (5o

< 5;" [1_(1% <B+1,;)] (|7 ()| +]F'(®)]).

which is established by E. Set et al. [22, Theorem 2.1 (for x= #)].

Corollary 2. Let us consider . = 3 in inequality (2.2). Then, it follows

1{7(0)4_7( )+4f(c+8)] _aBF(§+1) (836)&5 Pij%sf(s)ju B]%sf((i)H

)2 oz ) Jorarro
Here, D=1 — <1(é)l>a.

rB+1) [} 557 (3)+ Ey%sf(c)}‘

@)}

<

Remark 6. For A = 5, inequality (2.2) reduces to

i
o (o57) 2z

(5—0)%

DB+ 1) 2287 6)+ 29857 (0) |

1
1 1 1 1\B , ,
BT [% (B+1’a> 2% (B+l’a’(2> )] } (|7 (o) +]F (3)]).
This coincides with [1 |, Theorem 1].

Theorem 2. Suppose that all assumptions of Lemma | hold. Moreover, let | F'|*
be a convex function on [G,d] where % +% = 1 with p,q > 1. Then, we have

1-n7 (232) 4 (212220
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af20P-1 B 0 B g0
gl B+ Pass 7 )+ _J%J(G)H
B
< C0 4 @b
177 (0)[ 14317 (8)"]¢ . [3|F (o)) +|F (8)]"]7
([t O, preltr or
Brs_ 1
< 020 by @B p ) (17 (@) + |7 B))). 23)

where

;_<Lw:wwf”

Proof. If we consider Lemma 1, then we get

‘(1—k)7(62+8> +x<“‘>;7(5)>

ab 2! B ja B ga
—WF(B+1) |:+.7(57+8T(8)+ jw?(ﬁ)}‘

o [ (e )

1
Ao (1= NPl 2mu u
+O/ ocﬁ(oc) <26+28>d,u]. (2.4)

Now, we consider the integrals on the right side of (2.4). Using the convexity of | F'|*
and the well-known Holder inequality, we have

[ (=) (e 2) o
(s (=) ([l o

| 1
<A} (o, B, p,\) (/ <f2‘ }7/(6)‘Q+2%“ ‘7/(5)‘4) d,,z)
0

1
Ax(B.p) = [

0

du.

1
q q
d,u)

q
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|f/<o>|‘f+3|f/<8>|‘f]5

—af (0.pp) [ @)

and similarly
2—p_u
" —=—0o+23])|d

[l5-(=42
([13- (=) ) ([l Shat

1 4
< A2 (0B, p, >(/<22“5ﬂ<o>q+gsﬂ<a>q)dy)

0

1

q q
du

IN

/ q / q %
3| F (0)|1+|F (3)] ] (2.6)

—af (@.pp) | PO

If we consider (2.5) and (2.6) in (2.4), then we get
'(IX)T <0+5) +x<ﬂ")+ﬂ8)>
2 2
oP20h! B ja B qa
_WF(B—H) [+LT+57(5)+ 77%57(0)]
B(s
< X005 @pp)

| { [WGWHW@)W] " [3!T’(0)!"+IT’(6)IT }

4 4

The remaining part of Theorem 2 can be easily seen by setting a; = 3| %' (0)|7,
a, =|F'(0)|7, by =3|F'(8)|7, by =|F'(8)|? and applying the well-known inequal-
ity
n n n
Z ar+ bk Z Z by,
k=1 k=1 k=1
with 0 < s < 1. This finishes the proof of Theorem 2. O

Corollary 3. If we take A = 1 in (2.3), then we obtain

Flo)+F @) a2 B o B o
5 ool 01 (8T O+ _]G;ET(G)}
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B S— 1 / q / S q % / q / S q é
Ry G)A;(a’&p’l){[lf (0)] J;MT()I} +[3T(G)I 4+|7()} }
B(s— 1
< 0= s (@ p. )7 (1 (0)| |5 O]
where

Remark 7. If we consider (2.3) as A = 0, then (2.3) reduces to

S poap—1
5 (2220) - LG [Fre 7 0+ P87 o)
(5-0) : ;
1

B S— 1 / q 1§14 / q 1§14 %
Ry G)Aﬁ’(oc,ﬁ,no)ﬂm (o)l +43|f<>|} +{3f<c>| 4+|f(>} }

B(s— » / /
<0 (4w (i1 l)) (7@ 7O

This coincides with [9, Theorem 4].

Corollary 4. Note that the inequalities (2.3) become to

- [T(G)+?(6)+4f (";5”

_ocBF(E+1) <SEG>QB [EJ%T(S)JV [ij%af(ﬁ)w

[ () )

.{[‘f’wﬂqflf’(ﬁ)\q] ' {37'(0)‘1:17'(6)11 5}

< af (5 —o)
- 4
for A = %

R <a,B=P’;>F 17 @]+ |7 ®)]

Remark 8. For A = 5, the inequalities (2.3) equal to

1
2’

1 {7 (c—;é) N ¥ (o —;T(S)} B (0;5_2(;5)—;[31"(5+1) [E](‘%B_‘}'(S)+ Ejg‘;af(c)}

2




646 H. BUDAK, C. UNAL, AND F. HEZENCI

gaﬁ(fl—ﬁ) %(aﬁn >{[7( )|q+35"’(5)|1‘1’+[3IT’(6)|"+T’(6)|‘1]31}

4 4

B(s— 1 (=™ % / /
Soc<4 o) (40/ ZQB_CUOL#)) d,,) [|F' ()] +|F'(3)]].

which is presented in [1 |, Theorem 2].

Theorem 3. Let us consider that all assumptions of the Lemma 1 hold. If | F'| is
convex on |G, 0] where q > 1, then we have the following inequality

a-n7 (250) (O30

2

af20f-1 B ga P g
_mr(ﬁﬂ) [J%J(SH J«%sﬂ")]
of(3-0) 1

Q=

<A ‘(o B%){(As(ot,ﬁ,?»)}T’(G)\”M(O@BJ»)}T’(S)\q)

+ (A4 (0, B,A) | F' (0)|" + A3 (0, B, A) | F (8)]7) ] } , (2.7)

where A1 is defined in Theorem [ and

1
As(apr)= [ 4 du
0

2213_(1_(10:!1)0()5
zz;ﬁ{x@_;)_;[z@(ﬁﬂ,(‘x,x%) z%([ﬂ ik)
m(peng)em (g
T e
ol 2) (i) aefoon )

2(pend) 2]}

d:u :Al ((X’Ba}\') _A3 (O('a 677\‘)
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Proof. If we consider the convexity of

obtain
(1—)™\"
o

2
(e

—u

2

647

| |7 and power mean inequality, then we

5) 'du

(- (=)
(1 (Y o))

Ay (@B (/1 5 (1_00:”){)6 ‘T <gc+2;y§> qdﬂ)q
0
<A (0B (0/1 O?B_<1<1aﬂ>>ﬁ [’2’!?'<o>\"+2f}7'<c>\q] dy)q

and

_‘u)oc>[3

o

. (1—(10;/«0“‘)B dﬂ>1;
( |

1-(1

_'u)oc)ﬁ

o

1 o
— A (o) (/ ;B_<1—(L—u)
0
1 o
<AV (o) (/ ;B_<1—(1a—#)
0

2TH M
5o+

(2.8)

o \7
s

o \7
(i)

e

2—u

Jii
—~O0
+2

2

1
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1=1 1
=A; 7 (0uB,1) (A4 (0, BA)[F' (0)]" + A3 (0, B, A) |77 (8)|) 7. (2.9)
If we consider (2.8) and (2.9) in (2.4), then the proof is completed. O
Corollary 5. If we take A = 1 in (2.7), then we obtain

Bpop—
Fo)+F(8) a2 035”5“) [Ey%f(sw E]%T(G)]

> 6o
B(s_— _1 1
<00 @ { (@B |7 )+ As(ap) |7 B’

+(A4(OC,[3,1) ’T/(G)‘q+A3((X7I371) }-‘71(6)‘(1);}’

mep =g {18 (pr1 )}
- {3 4[a(o12) 12}
Ag (B, 1) = : {;—(lx[%<B+1,;>+%<B+1,i>]}.

Remark 9. If we consider (2.7) as A = 0, then inequality (2.7) reduces to

where

1

1 2 1 2 q

= { wlﬂ

40
K (B+1.5 1);%(5“ 3) )|5ﬂ(0)q+(%(5+17&);%(5+17§)>|f/(5)qr}.

This coincides with [9, Theorem 3].

Corollary 6. For A = lnequaln‘y (2.7) becomes to

i |7 (c)+7(5)+4f<";5ﬂ (L2 (Sfc)aﬁ s ®)+ P a7 (o]

< (w3 ){ (o e o0 o s ) 0r)
(e ) oo (en ) irar)' |
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Here,D:1—<1—( )'>&,

A1<0c,l3,;> ?-ﬁ-é %(Bﬁ—l,éc)—2%<5+17;7(;>f&>>1’
(oS E o () 2o
+—= %(BH é);%<[3+1,(2x>}7
o) 525210 )

W=

1
of

=
N——

3

Remark 10. For A = mequahty (2.7) reduces to

;[? <<5—2H5>+T(6)42-T(5)] _(0;13_2043)1 C(B+1) {Eygﬁf(sn BJ(‘%J(G)H
aP (8—0)

=S (“’B’D {(A3 (“M) |7 (@) +As (oc,[?»é) |7 (a)lq);
+(A4<oc,B7;)ff’(o)yq+A3<a,B,;),T,(S)‘q)é}

649

) et i)
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~
=
2l-
|
AW

+ﬁ [—SB <B+1,é> _%<B+1,é>

2 (1\P 1 /1"
24 1,—, (= 28 1,—, | =
(o2 () e2a (s ()
This coincides with [1 1, Theorem 3].
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