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Abstract. For the even-order nonlinear functional dynamic equations with unbounded neutral
coefficients on time scales, we will establish some oscillation criteria in this paper.

a(t)∆xu(x, t) =
∂

∆t

(
r(t)

(
∂u
∆t

(x, t)
))

+q(t)u∆(x, t)+ p(x, t) f (t,x,u(x, t)) ,

for all (x, t) ∈ Ω× Jt0 , utilizing either the Neumann boundary condition

∇xu(x, t) = 0 for all (x, t) ∈ Γ× Jt0 ,

or the Dirichlet boundary condition

u(x, t) = 0 for all (x, t) ∈ Γ× Jt0 .

We assume throughout this paper that the given time scale T is unbounded above and Jt0 =

[t0,∞)∩T. Here, Ω is a bounded domain in Rn with piecewise smooth boundary Γ = ∂Ω, ∂u
∆t

is the partial dynamic operator with respect to t, ∆x is laplacian operator on Ω, and N is the
unit exterior normal vector to Γ.The purpose of this study is to introduce some fresh, necessary
conditions for the oscillatory solution of partial dynamic equations on time scales.
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1. INTRODUCTION

Stefan Hilger [4] invented the time scale calculus in 1988. It integrates and ad-
vances both continuous and discrete analytic theories. A large portion of time scale
calculus is summarized and organized in the works of Bohner and Peterson, [1, 2],
on the subject of time scale, or measure chain. The study of oscillatory events in
technology, the natural and social sciences, and other fields is connected to the the-
ory of oscillations, a significant subfield of the applied theory of dynamic equations.
Additionally, [3, 5, 6] have examined the oscillatory behavior of dynamic equations
on time scales. We point the reader to the articles in the references because there has
© 2025 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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been relatively little research on the oscillation of solutions to these kinds of partial
dynamic equations on time scales.

We consider the partial dynamic equation.

a(t)∆xu(x, t) =
∂

∆t

(
r(t)

(
∂u
∆t

(x, t)
))

+q(t)
∂u
∆t

(x, t)+ p(x, t) f (t,x,u(x, t)) , (1.1)

for all (x, t) ∈ Ω× Jt0 , with either the Neumann boundary condition

∇xu(x, t) = 0 for all (x, t) ∈ Γ× Jt0 , (1.2)

or the Dirichlet boundary condition

u(x, t) = 0 for all (x, t) ∈ Γ× Jt0 . (1.3)

We assume throughout this paper that the given time scale T is unbounded above and
Jt0 = [t0,∞)∩T. Here, Ω is a bounded domain in Rn with piecewise smooth boundary
Γ = ∂Ω, ∆t is the partial dynamic operator with respect to t, ∆x is a laplacian operator
on, and N is the unit exterior normal vector to. Under the following presumptions,
the equations (1.1)-(1.2) will be examined.

(C1) The function f : Jt0 ×Ω×R→ R such that

f ∈ C (Jt0 ×Ω×R,R) , u f (t,x,u)> 0 for all (t,x,u) ∈ Jt0 ×Ω×R−{0}

and there is b ∈ C (Jt0 , [0,∞)) such that

f (t,x,u)
u

≥ b(t) for all (t,x,u) ∈ Jt0 ×Ω×R−{0} . (1.4)

(C2) The functions r,q,a : Jt0→ [0,∞) and p : Jt0 ×Ω→ R, such as

r,q,a ∈ C (Jt0 , [0,∞)) , p ∈ C (Jt0 ×Ω,R) , r (t)−µ(t)q(t) ̸= 0 for all t ∈ Jt0 .

In order to satisfy (1.1) on Jt0 , a nontrivial real-valued function u ∈ C (Jt0 ×Ω,R)

must satisfy the following conditions: ∂u
∆t ,

(
r
(

∂u
∆t

))∆

, ∂xiu, ∂xi,yiu ∈ C (Jt0 ×Ω,R),
for i, j ∈ {1,2, . . . ,n}. We shall not investigate any solutions that disappear in some
neighborhood of infinity.

If there is a t1 ∈ Jt0 such that u > 0 and
∫

Ω
udx > 0, (resp. u < 0 and

∫
Ω

udx < 0) for
all t ∈ Jt1 , then the function u : Jt0 ×Ω→R is said to be ultimately positive (eventually
negative). If a solution u to equation (1.1) is neither ultimately positive nor ultimately
negative, it is said to be oscillatory; otherwise, it is said to be nonoscillatory. If all
of the solutions to equation (1.1) are oscillatory, the equation is said to be oscillatory.
There haven’t been any oscillatory findings for (1.1) to date. This paper’s goal is to
provide some oscillation criteria for this.
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2. PRELIMINARIES

An arbitrary nonempty closed subset of real numbers is referred to as a temporal
scale. The ideas of differential equations and difference equations are combined in
the theory of dynamic equations. We assume that the reader is already aware with
the fundamental ideas behind dynamic equations’ time scales math. Otherwise, the
majority of the information required to understand this article may be found in the
books [1] and [2].

If a function u : T→ R is continuous at each right-dense point and has a left-
sided limit at each point, it is said to be rd-continuous, and we write u ∈ Crd (T) =
Crd (T,R).

Let T be a time scale, and let u : T→ R be a real valued function. Then, given t ∈
Tk, we define u∆ (t), if one exists, as the integer such that for all ε> 0, a neighborhood
V of t such that for all s ∈ V ,∣∣uσ (t)−u(s)−u∆ (t)(σ(t)− s)

∣∣≤ ε |σ(t)− s| .

where the definition of the forward jump operator σ : T→ Tis defined by

σ(t) = inf{s ∈ T : s > t} for any t ∈ T.

If u∆ (t) exists for every t ∈ Tk = T−{supT}, then we may claim that u is delta
differentiable on T.

The Cauchy integral of u is defined as for a,b ∈ T and a differentiable function u,
then ∫ b

a
u∆ (s)∆s = u(b)−u(a) .

Regressive function p : T→ R is defined as follows

1+µ(t) p(t) ̸= 0 for all t ∈ Tκ,

where the graininess function µ : T → [0,+∞) is defined by µ(t) = σ(t)− t. The
set of all regressive and rd-continuous functions p : T→ R will be denoted by R =
R (T,R).

For p ∈ R (T,R) and t0, t ∈ T, the generalized exponential function is defined by

ep (t, t0) = exp
(∫ t

t0
ξµ(s) (p(s))∆s

)
, ξh (z) =

{
1
z ln(1+hz) , h ̸= 0;
z, h = 0.

Then ep (t, t0) is a nonzero real valued function, and is the unique solution of the IVP{
u∆ (t) = p(t)v(t) for all t ∈ Tk,

v(t0) = 1.

If p,q ∈ R (T,R), then the function p⊕q defined by

(p⊕q)(t) = p(t)+q(t)+µ(t) p(t)q(t) for all t ∈ Tk
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and the function ⊖p defined by

⊖p(t) =
−p(t)

1+µ(t) p(t)
for all t ∈ Tk.

The following result is used frequently in the remainder of this paper, let p,q ∈
R (T,R), and t, t0 ∈ Tk, we have

(i) ep⊕q (t, t0) = ep (t, t0)eq (t, t0),
(ii) eσ

p (t, t0) = ep (σ(t) , t0) = (1+µ(t) p(t))ep (t, t0),
(iii) 1

ep(t,t0)
= e⊖p (t, t0) .

3. OSCILLATION WITH NEUMANN BOUNDARY CONDITION

We create certain necessary criteria in this section that ensure any solution u of
(1.1)-(1.2) oscillates on Jt0 . We present the key findings and note them for simplicity.

P(t) : = min{p(t,x) : x ∈ Ω}> 0 for all t ∈ Jt0 . (3.1)

Theorem 1. Assume that (C1) to (C2) are true. If δ ∈ C1
rd (Jt0 ,R) is a positive

function that exists, then

limsup
t→∞

∫ t

t0

e⊖− q(t)
r(t)

(s, t)

r (s)
∆s = ∞, (3.2)

and

limsup
t→∞

∫ t

t0
Λδ (s, t0)∆s = ∞, (3.3)

where

Λδ (t, t0) : = δ(t)e⊖[− q
r ]
(σ(t) , t0)b(t)P(t)− e⊖[− q

r ]
(t, t0)

r (t)
[
δ∆ (t)

]2

4δ(t)
.

Any (1.1)-(1.2) solution is then oscillatory.

Proof. If (1.1)-(1.2) has a non-oscillatory solution u on Jt0 , then this is assumed.
Without sacrificing generality, we can assume that there is t1 ∈ Jt0 such that u(t,x)≥ 0
and v(t) =

∫
Ω

u(t,x)dx > 0, for t ∈ Jt0 . Since identical justifications can be provided
for the cases u(t,x) ≥ 0 and v(t) =

∫
Ω

u(t,x)dx < 0, for t ∈ Jt0 . Let u be an even-
tual solution of (1.1)-(1.2) that is positive. Green’s theorem and (1.2) provide the
following results: ∫

Ω

∆xu(x, t)dx =
∫

Γ

∇xu(x, t) .dS = 0.

Integrating (1.1) with respect to x over Ω, we obtain∫
Ω

∂

∆t

(
r(t)

(
∂u
∆t

(x, t)
))

dx+q(t)
∫

Ω

∂u
∆t

(x, t)dx+
∫

Ω

p(x, t) f (t,x,u(x, t))dx = 0.
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From (1.4), we have∫
Ω

∂

∆t

(
r(t)

(
∂u
∆t

(x, t)
))

dx+q(t)
∫

Ω

∂u
∆t

(x, t)dx+P(t)b(t)
∫

Ω

u(x, t)dx ≤ 0.

Using Theorem [1, Theorem 1.117], we obtain

∂

∆t

(
r(t)

(
∂

∆t

∫
Ω

u(x, t)dx
))

+q(t)
∂

∆t

∫
Ω

u(x, t)dx+b(t)P(t)
∫

Ω

u(x, t)dx ≤ 0.

Let v(t) =
∫

Ω
u(x, t)dx, for all t ∈ Jt0 , It implies that.(

r(t)v∆ (t)
)∆

+q(t)v∆ (t)+b(t)P(t)v(t)≤ 0 for all t ∈ Jt1 . (3.4)

Let α(t) =⊖− q(t)
r(t) , for t ∈ Jt0 , but, we also have(

eα(t) (t, t0)r (t)v∆ (t)
)∆

= eσ

α(t) (t, t0)
(
r (t)v∆ (t)

)∆
+α(t)eα(t) (t, t0)r (t)v∆ (t)

= eσ

α(t) (t, t0)
[(

r (t)v∆ (t)
)∆

+⊕α(t)r (t)v∆ (t)
]

= eσ

α(t) (t, t0)
[(

r (t)v∆ (t)
)∆

+q(t)v∆ (t)
]

≤−eσ

α(t) (t, t0)b(t)P(t)v(t) for all t ∈ Jt1 .

Thus, eα(t) (t, t0)r (t)v∆ (t) is a nonincreasing function on Jt0 . We now claim that
eα(t) (t, t0)r (t)v∆ (t)> 0, for t ∈ Jt1 . If not, then there exists t2 ∈ Jt1 , such that

eα(t) (t, t0)r (t)v∆ (t)≤−eα(t) (t2, t0)b(t2)v∆ (t2) =−c < 0 for all t ∈ Jt2 .

It means that

v∆ (t)≤−c
e⊖α(t) (t, t0)

r (t)
for all t ∈ Jt2 .

Integrating from t2 to t, we get

v(t)≤ v(t2)− c
∫ t

t2

e⊖α(t) (s, t0)
r (s)

∆s →−∞ as t → ∞,

which defies the assertion tha v(t)> 0 for t ∈ Jt2 exists.
By using the generalized Riccati substitution, define the function w,

w(t) = δ(t)eα(t) (t, t0)r (t)
v∆ (t)
v(t)

for all t ∈ Jt2 . (3.5)

Then w(t)> 0 for t ∈ Jt2 . Differentiating (3.5) and using (3.4), we have

w∆ (t) =
δ∆ (t)
δ(t)

w(t)+
δ(t)
v(t)

(
eα(t) (t, t0)r (t)v∆ (t)

)∆ −δ(t)eα(t) (t, t0)r (t)

(
v∆ (t)

)2

v(t)vσ (t)

≤−δ(t)eσ

α(t) (t, t0)b(t)P(t)+
δ∆ (t)
δ(t)

w(t)− w(t)
δ(t)eα(t) (t, t0)r (t)

.
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Using the inequality, Bx−Ax2 ≤ B2

4A , we have

w∆ (t)≤−δ(t)eσ

α(t) (t, t0)b(t)P(t)+
1
4

eα(t) (t, t0)r (t)

[
δ∆ (t)

]2

δ(t)
.

Integrating the last inequality from t2 to t and taking the limit supremum on both
sides, yields

limsup
t→∞

∫ t

t2
δ(s)eσ

α(t) (s, t0)b(s)P(s)− 1
4

eα(t) (s, t0)r (s)

[
δ∆ (s)

]2

δ(s)
∆s ≤ w(t2) ,

which is in opposition to equation (3.3). The theorem has been fully proven. □

Theorem 2. Assume that conditions (C1) through (C2) are met, in which case, for
all suitably large t1 ∈ Jt0 ,∫

∞

t

1
π(s, t1)

(∫ s

t1
b(τ)P(τ)∆τ

)
∆s > 1 for all t ∈ Jt1 , (3.6)

where

π(t, t1) = r(t)+ e⊖[− q
r ]
(t, t0)r (t)

∫ t

t1
e− q

r
(s,s0)

q(s)
r (s)

∆s for all t ∈ Jt1 . (3.7)

If there exists a positive function δ ∈ C 1
rd (Jt0 ,R), such that (3.3) holds. Then any

solution of (1.1)-(1.2) is oscillatory.

Proof. If (1.1)-(1.2) has a non-oscillatory solution u on Jt0 , then this is assumed.
Without sacrificing generality, we can assume that there is t1 ∈ Jt0 such that u(t,x)≥ 0
and v(t) =

∫
Ω

u(t,x)dx > 0, for t ∈ Jt1 . Since similar justifications can be provided
for the cases where u(t,x) ≥ 0 and v(t) =

∫
Ω

u(t,x)dx < 0, for t ∈ Jt1 . Let u be an
eventual solution of (1.1)-(1.2) that is positive. Inequality (3.4) must be satisfied for
all t ∈ Jt1 such that only one of the two following cases occurs, just like in the proof
of Theorem 1.
Case 1: v∆ (t) < 0 and

(
eα(t) (t, t0)r (t)v∆ (t)

)∆
< 0, for t ∈ Jt1 . By integrating the

inequality (3.4) from time t1 to t, we arrive at

r(t)v∆ (t)+
∫ t

t1
q(s)v∆ (s)∆s+

∫ t

t1
b(s)P(s)v(s)∆s ≤ r(t1)v∆ (t1) for t ∈ Jt1 .

Since v < 0 and eα(t) (., t0)rv∆are decreasing on Jt1 , we obtain[
r(t)+ eα(t) (t, t0)r (t)

∫ t

t1

q(s)
eα(t) (s,s0)r (s)

∆s
]

v∆ (t)≤−v(t)
∫ t

t1
b(s)P(s)∆s.

It means that

v∆ (t)≤− v(t)
π(t, t1)

∫ t

t1
b(s)P(s)∆s for all t ∈ Jt1 .
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Integrating the above inequality over [t,∞), we obtain

lim
t→∞

v(t)≤ v(t)−
∫

∞

t

v(s)
π(s, t1)

(∫ s

t1
b(τ)P(τ)∆τ

)
∆s.

Since v is positive and nonincreasing on Jt1 , then limt→∞ v(t) exists and is
positive, we have

0 ≤ v(t)
(

1−
∫

∞

t

1
π(s, t1)

(∫ s

t1
b(τ)P(τ)∆τ

)
∆s

)
for all t ∈ Jt1 .

Since v(t)> 0, for t ∈ Jt1 , what implies∫
∞

t

1
π(s, t1)

(∫ s

t1
b(τ)P(τ)∆τ

)
∆s ≤ 1 for all t ∈ Jt1 ,

which is in conflict (3.6).
Case 2: v∆ (t) > 0 and

(
eα(t) (t, t0)r (t)v∆ (t)

)∆
< 0, for t ∈ Jt1 . The proof in this

instance is identical to that of Theorem 1, so it is omitted. The evidence is
now complete.

□

4. OSCILLATION WITH DIRICHLET BOUNDARY CONDITION

In this section, we establish some sufficient conditions which guarantee that every
solution u of (1.1)-(1.3) oscillates on Jt0 .

Theorem 3. Assume that conditions (C1)− (C2) and (3.2) holds. If there exists a
positive function θ ∈C1

rd (Jt0 ,R) and a constant λ > 0, such that

limsup
t→∞

∫ t

t0
γθ (s, t0)∆s = ∞. (4.1)

where

γθ (t, t0) : = θ(t)e⊖[− q
r ]
(σ(t) , t0) [b(t)P(t)+λa(t)]− e⊖[− q

r ]
(t, t0)

r (t)
[
θ∆ (t)

]2

4θ(t)
,

and P is defined in (3.1).
Then any solution of (1.1)-(1.3) is oscillatory.

Proof. Suppose that (1.1)-(1.3) has a nonoscillatory solution u on Jt0 . We may
assume without loss of generality that there exists t1 ∈ Jt0 such that u(t,x) ≥ 0 and
v(t) =

∫
Ω

u(t,x)dx > 0, for t ∈ Jt0 . Since similar arguments can be made, for the case
u(t,x) ≥ 0 and v(t) =

∫
Ω

u(t,x)dx > 0, for t ∈ Jt0 . Let u be an eventually positive
solution of (1.1)-(1.3). Let ψ : Ω → R be a function defined by

ψ(x) : = ∑
i=n
i=1 e

√
λxi for all x ∈ Ω.
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By Green’s theorem and (1.3), we have∫
Ω

ψ(x)∆xu(x, t)dx =−
∫

Ω

u(x, t)∆ψ(x)dx+
∫

Γ

u(x, t)∇ψ(x)ds

=−
∫

Ω

u(x, t)∆ψ(x)dx =−λ

∫
Ω

u(x, t)ψ(x)dx.

We multiply (1.1) by ψ and integrate with respect to x over Ω and get(
r(t)

(
v∆ (t)

))∆
+q(t)v∆(t)+(b(t)P(t)+λa(t))v(t)≤ 0 for all t ∈ Jt1 . (4.2)

The rest of proof is similar to that of Theorem 1. □

Theorem 4. Assume that conditions (C1)−(C2) holds, such that for all sufficiently
large t1 ∈ Jt0 . If there exists a constant β > 0, such that∫

∞

t

1
π(s, t1)

(∫ s

t1
b(τ)P(τ)+βa(τ)∆τ

)
∆s > 1 for all t ∈ Jt1 ,

where π(., t1) is defined in (3.7) and P is defined in (3.1).
If there exists a positive function θ ∈ C 1

rd (Jt0 ,R) and a constant λ > 0, such that
(4.1) holds. Then any solution of (1.1)-(1.2) is oscillatory.

Proof. Suppose that (1.1)-(1.3) has a nonoscillatory solution u on Jt0 . We may
assume without loss of generality that there exists t1 ∈ Jt0 such that u(t,x) ≥ 0 and
v(t) =

∫
Ω

u(t,x)dx > 0, for t ∈ Jt0 . Since similar arguments can be made, for the case
u(t,x) ≥ 0 and v(t) =

∫
Ω

u(t,x)dx > 0, for t ∈ Jt0 . Let u be an eventually positive
solution of (1.1)-(1.3). As in the proof of Theorem 3, inequality (4.2) is satisfied for
all t ∈ Jt1 , such that only one of the following two cases happens. Case 1. v∆ (t)> 0
and

(
eα(t) (t, t0)r (t)v∆ (t)

)∆
< 0, for t ∈ Jt1 . The proof, in this case, is the same as

that of Theorem 3. Case 2. v∆ (t) < 0 and
(
eα(t) (t, t0)r (t)v∆ (t)

)∆
< 0, for t ∈ Jt1 .

Integrating the inequality (4.2) over [t1, t), we obtain

r(t)v∆ (t)+
∫ t

t1
q(s)v∆(s)∆s+

∫ t

1
(b(s)P(s)+λa(s))v(s)∆s ≤ 0 for all t ∈ Jt1 .

The rest of proof is similar to that of Theorem 2. This completes the proof. □

5. EXAMPLES

We provide an example to demonstrate our major finding in this section.

Example 1. Consider the Neumann boundary problem{
∂2

t u(x, t)+∂tu(x, t)+(∥x∥+ t)u(x, t) = t∆xu(x, t) for (x, t) ∈ Bρ (0,d)×R+,

∇xu(x, t) = 0 for all (x, t) ∈ S (0,d)×R+,

with d > 0 and Bρ (0,d) = {x ∈ Rn : ∥x∥< d}. Here, Ω = Bρ (0,d), Γ = S (0,ρ),
T = R, r (t) = q(t) = 1, p(t,x) = ∥x∥+ t, a(t) = t, and f (t,x,u) = u. Then b(t) =
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t, P(t) = t, e⊖− q(t)
r(t)

(s, t) = et−s and the hypotheses (C1)-(C2) , (3.2) are true. Let

δ(t) = 1, for t ∈ R+. Therefore, (1) is valid. Equation (1) is oscillatory according to
Theorem1.

Example 2. Consider the Dirichlet boundary problem{
∆t (t.∆tu(x, t))+ t

2 ∆tu(x, t)+u(x, t) = t∆xu(x, t) for (x, t) ∈ Ω×Z+,

u(x, t) = 0 for (x, t) ∈ Γ×Z+.

In this case, Ω is a bounded domain in Rn with piecewise smooth boundary Γ = ∂Ω.
Here, T = R, r (t) = t, q(t) = t

2 , p(t,x) = 1, a(t) = t, and f (t,x,u) = u. Then
b(t) = t, P(t) = 1, and

e⊖− q(t)
r(t)

(s, t) = e1 (s, t) = 2t−s for all t,s ∈ Z+.

Then, (3.2) is maintained. By substituting in (4.1) and setting θ(t) = 1, for t ∈ Z+,
we get

limsup
t→∞

∫ t

t0
2s+1 [s2 +λs

]
∆s =+∞ for all λ > 0.

Therefore, (4.1) is valid. Equation (2) is oscillatory according to Theorem 3.
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