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1. INTRODUCTION

Sturm-Liouville problems are one of the important problems in the theory of
differential equations. When solving partial differential equations with the Fourier
method, encountering such equations increases the importance of Sturm-Liouville
problems. Such problems under various conditions are intensively investigated. Im-
pulsive boundary conditions are one of them. There are many studies in the literature
under such conditions ([2, 5-9, 12—17]). In 1910 Weyl published his famous work
on Sturm-Liouville problems in the singular case [18]. With this study, he made the
famous limit circle/limit point classification.

In 2018, Annaby et al. investigated the Hahn—Sturm-Liouville problems in the
regular case by taking the Hahn derivative instead of the classical derivative in the
Sturm-Liouville problems [4]. The Hahn derivative operator gives the opportunity
to gather two different operators under one roof. These are the g-difference and
forward difference operators. Recently in [16], the author proved a spectral expansion
theorem by constructing the spectral function of the Hahn—Sturm—Liouville equation
in the singular case under impulsive conditions.

In this study, the singular Hahn—Sturm-Liouville problems defined as

1
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are considered under impulsive conditions. Weyl’s classification has been obtained.
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2. PRELIMINARIES

In this context, we provide a concise overview of the Hahn calculus [3,4, 10, 1 1].
Let g € (0,1), wp:=w®/(1—¢), ®> 0, and let ¥ : J/ C R — R is a function such
that @y € J.

Definition 1 ([10], [11]). We define the Hahn derivative D, ,'¥ by

Y(o+q8)-¥(C)
D q¥ (€) = { ?;/((qfl))c J 27’5 Mo,
o), = ).

Definition 2 ([3]). Let a,b,my € J. We define the Hahn integral (®, g-integral) by

b b a
¥ @Dogti= [ ¥ (©dagt- /mw%,qc,

),Ce]

where

/milp(z)dm,qz — (=) Zwy(

provided that the series converges at { = a and { = b.

3. MAIN RESULTS

Consider now the following impulsive boundary-value problem (BVP)

1
[yim [ =D 1D #1030 =1 . 6.
y(00) cos P+ Dy 4y (0)sinP = O, (3.2)
y(d—)—kiy(d+) = (3.3)
D_%Y(d ) —kaD_ o, ;y(d+) (3.4)
1 1
y <q€> cosd+ D 4y <q€> sind =0, (3.5)

where € € (wg,d)U(d,q%), B,0eR, LeC, ce N:={1,2,...}, g >d, kiky =
n > 0; r is a real-valued, continuous function on [®g,d) U (d, o), one-sided limits
r(d+) exist. The same problem has been studied by Allahverdiev and Tuna without
impulsive boundary conditions [1].

H =1L (0,d) —|—L%) 4 (d,°) is a Hilbert space endowed with the following inner

product
d

<y,Z>H = quC—H”I/ y quc

where 0
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Set

yand D_ o 1y are continuous at ®g; one-sided
q

2,
limits y(d+) and D_o 1y(d+) exist and finite,
’q

Pan = 1 ¥ < H y(d-) —kiy(d+) =0,
D_o1y(d—)—hkD_o 191 (d+,1) =0
q'q q'q
andl'ye H

Then the maximal operator Liyax on Dpax is defined by Lyaxy =1y, ¥ € Diax-
The ®, g-Green formula is given by

¢ _
[ [0 =50 T 0] dog
= 12 (€) = 2l (d+) + [y 2 (d=) = [y 2] () , (3.6)
where ¥,z € Diax, § € (d,0) and
s (0 (04 )

Theorem 1. For any A € C, Eq. (3.1) has a solution ¢ (C,\) satisfying conditions
(3.2)-(3.4) which is an entire function of A for every { € [@o,d) U (d,o0).

Proof. According to a study by Annaby et al. [4], the following problem

2D 1Dy +1(0) 50 =A(0) G € o),
y((D()) = - SinB?
Do 1y (00) = cosh,

_o 1
q9°q

has a unique solution ¢(!) ({,A) which is an entire function of A.
Now let us consider the problem

2Dy 1D+ (0| (0 = (D), L& (do), 37
Y@ = o4 (-1, a8
D_o1y(d+)= klsz;,;q)(l) (d=.0). (3.9)
Let
So.q (\/?TC;q)

e
(G = (C ) +a || = Cog (Viara) (3.10)
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Soq (\/Xqv; q)

—Coyg (\/XC; q) 7

) xr(h(Y) un—1(h(Y),\)doqY,

where 4 (Y) = gy + o,
w0 (68) = o [d= A+ - (L= d)D_y 10V (d=), L€ (d,)

wq(\[z; q)
VA

and the functions y Cog <\f qC; q) are the fundamental solutions of ([4])

1
_;D,%éDw,qy(C) =y(Q). (3.11)

It is obvious that u, is the entire function.
The basic estimate

i1 (G2 = (GA)[ < " (k>(AG(WC((Sq;")_°°Dn (3.12)

is proved by induction. Forn =1,
Jur (G, A) — uo (G, )]
Soq(VAL:
[ o (Vagra)

<lq r(h(Y))uo (h(Y), 1) do.qY
—Cu)q ([C ) qu(quQ)

o
g
/ dog¥
o

— go(n)aa(n) ol =0 =0]
where A € C; 6(A), o (A) and A are positive numbers such that

(1—q)
( o) )

—Cmq (\/XC ) qu(gqu)

and maxce g Ir (C)] = A, uo (W) < 6 (V), L € (d.a].
Based on the induction hypothesis

[t (G A) — 41 (G, M)

< qo()As (V)

<o(r),

swq(fcq)cmq<\fqy, )
i

IN

(i)

xr(h(Y)) [n-1 (R (Y) ;1) = tn—2 (R (V) , )] dovgY
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—s (AS (W) [((1—g) —a))""

<q'o(})
(4:9),1
The remainder of the argument is straightforward. Hence, the series
1EA) + Y {un (GA) —ua (G M)} (3.13)
n=1

is uniformly convergent with respect to the variable { on (d, a], due to the series

i o) (Ao(M)[E(1—q) —a])"

| (4:9),
is convergent.
Let
DEA) = (N + Y i1 (GA) = (G}
n=1
Then we find

lim uy (§,1) = 02 (1),
(3.10) implies
Dm,qun+1 (Cv 7\') — Dy, qUn (C 7\')

Swg(VA
‘ Da), q(fQQ) C(nq (\fCI'Y C])

qucmq<f2; )smq(ﬁqvq)

<rn) | OO dogy
and

1 1
= P-s1Dogins (GR)+ Dy 1 Dogien (L)

q ¢
D 4 Mcwq (fqy, >

C \/7
/
d

<) | _r 0N, dosy= ()l (€)= G

From (3.12), we conclude that the series

Z’ quun+1 (C,A) — Dg qup (GA)

_1p
Do

1
q

1 .\ Soq(VAgra)
+4D_0 1DogCog (\/Xg,q) Y
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and

L (4P sPasten €34 Dy Do ()
are uniformly convergent on (d,e0) with respect to the variable { for every A € C.
From (3.11), we find

1
- gD_g, 1D g9 (C,1)

<

= E <—D_03 lD(D,qul’H-] (C? }\‘) + 7D—9 lDw’qun (C77\’))
n=1 q 4 q o

=A—=v(©) i(un (EA) =1 (E0) = (A= v(£)) 6P (E,A).

It follows easily that ¢(2) satisfies (3.8)-(3.9). Thus, we see that the function
W), Lelod)
A= { o &R, ’ (3.14)
PEN=1 00, Ce ()
satisfies the BVP (3.1)-(3.4). O

A similar theorem can be proved.

Theorem 2. For any A € C, Eq. (3.1) has a solution
W), Celm,d)
0 :{ Vo2 0 (3.1)
VENZ U yegn), tede)
satisfying conditions (3.3)-(3.5) which is an entire function of A for every C € [@g,d)U
(d,e).

Consider

L e@©), Ceond)
“g”{w”@,Ced?>

W(©), ¢elwnd)
7}\’ — W ) )
vERN={ VoD te s
as solutions of the BVP (3.1)-(3.3) satisfying

o) (@, A) = sinB, yV (w9, 1) = cosp,

and

Dquq)(l) (@p,A) = —cosB, Dqu\p(l) (@g,A) = sinf, (3.16)
where 0 < B < T.
Write
W) = W (.07 1= 1.2)
where

Wo.q (9,2) := yDg 42 — 2D 4)- (3.17)
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An explicit calculation shows that Wu(n; T]WU()g Let Wy 4 := W(,(Jlg nW(gzg It fol-

lows from (3.6) that

¢ ¢ _ I -
vzt = [ 5oyt = Wy (5:2) (0 (©) = Wag (22) (@0), (B.18)

where /() = g+ oand { € (wp,d).

Theorem 3. Let ¢ and ¥ be two solutions of the BVP (3.1), (3.3), (3.4). Then,
Weo.q (0,V) is independent of C.

Proof. Let A € C and € € (wp,d). By (3.6), we find

¢ ¢ ¢
" Toya,r— [ orydye = (=2) [ o620t Mgt
= Wm,q (¢,I|I) (h_] (C) ,7\‘) - Wu),q (¢7\|I) (0)0,7\.) . (3~19)
since ') = A¢ and 'y = Ay. Hence
Wm,q (q)aW) (h_l (g) 7>“) = Wu),q (¢,\|I) (0)0, }“) .
Likewise, for { € (d, ), we obtain
1
Woq (0,9) (h7 (§),4) = = (9, ¥) (@0,2).
O

Lemma 1. Let §(C,A) be a solution of the BVP (3.1), (3.3), (3.4) and let 6 = Im A,
where A € C. Then the following relations hold.:
1)

200 [ 100600 P = Wy (0.8) (171 (6).2) ~Woy (08) @02). (320

where b € (@,d) .
2)

2io | [ 0GP g 10062 Pl
=Waq (9,0) (2" (D), X) — Waq (9,0) (wo,A), (3.21)
where b € (d, o).
Proof. The proof is straightforward. O

The solution of (3.1) is given by
B(C,A) := ¢(C,A) +my(C,A),
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where { € [@g,d) U (d,e0) and m is a constant. Then ¥ satisfies (3.5) if and only if

Ecosd+ Qsind
—_— 3.22
®cosd+Ysind’ (3.22)

1 1
Q:qu)(qg,x) Y= Dmg\v( x),
- 1
==0(gr) o= ()

From (3.22), we obtain

m= —

where

Ez+Q
3.23
DT (3.23)
where cotd = z. Thus, m describes a circle C 1 (ceN, g ¢ >d). Now let’s calculate
the radius and center of this circle !

Theorem 4. Let g€ N, q‘g >d and A € C, where 6 = ImA # 0. Then, we have
: (3.24)
W (v ) (qg,%)

-1
<2G/ (G M) quf;+26n/ y(G,A)| quc> ; (3.25)

where @ is the center of the circle C 1 and r¢ is its radius.
q

O (A) =

Proof. Clearly, O (A) is the symmetric point at co. Set m (A,z') =
O (A). Then we conclude that 7 = z”. On the other hand

m(h7) =0t = ’WW

v (&)

m(A,2") =

Hence we find
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o (L 7‘1) Dm,q‘l’(#ax) - W(#vX)Dm,qq) (#770

&
vy (#77“) Duxq‘l’(#vx) _W(%7X)D(DJIW (#,7»)
Wo.q(0,W) (q;,?\.)

Wy (0,7) (;g,%) 7

where ¢ € N. Since Wm7q(¢,\|!)(%) = % (ge N, g% > d) we see that

rn(A) =

By Lemma 1, we deduce that

W (9.9 (52) =20 [ WG A o+ 200 [ WGP

implies
(1
W (.9 ()| =200 [ €2 o 42100 [ 62 Pt
which proves the theorem. g

Theorem 5. Let A = p +iG, where InA = G > 0. Then the exterior of the circle
C L (¢ € N) is mapped onto the upper half-plane of the z-plane.
q

Proof. By (3.21), we conclude that
Im{Dm-,qW (%J) } _ 1i{Dm,qW <%77V> +D(o,q‘|/ (;J) }
v (i) v(@r)  v(E)

2
1leq(ww)(qg,7») 11qu(w,w)(qg,7»)
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</ ‘ch‘quc."i‘n/ Cl\qu(:)
Vi
>(\) (q )|

where ¢ € N. O

Theorem 6. Let ¢ € N, g~ > d and ImA = G > 0. Then m lies on the circles C.
if and only if !

[0 & o+ [ 0 (&g = ", 326)

and m is inside C 1 &
q

Imm

[0 R £ E AP o [ 60670+ my(E0) e <
Proof. Let m € C. Then, we obtain

Wag (0 +my, 0 +my) (@0, 1) = Woq (0,9) (@0, 1) +mWy (,0) (0, 2)

+mW(n,q (q)?\u) ((007 ) + ’m| W(l),q (“r’vW) (0)07)\4)
=—m+m=—2ilmm.

By Lemma 1, we infer that

26 / 0(C,2) + my(C, 1) P do g G+ 201 / 0) -+ my(C W) dogl

== <Wm,q (0 4+ my, d+ my) (qg,?u) —|—2iImm> , (3.27)

where ¢ € N, g% > d. From Theorem 5, for 6 > 0,m is inside C% if Imz < 0. (3.23)
implies !
E74+Q Q+mY

D+Y T T Eime

Hence

I

(z—2) { Q+mY+Q+mT} ,Ww,q(¢+mllfa¢+m‘lf)(#a7»)
A =id L

e E+m® ' Etmd &+ md]

where ¢ € N,4~ > d. Therefore

Imz <0< iW, (0+my,¢+my) (;g,x) >0, (3.28)
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where ¢ € N, ¢~ ¢ > d. By combining (3.27) and (3.28), we see that

Imm
[ o) +my(c ) 2dagCn [ 10ER) £ my(CA) oyt < T, 629
where ¢ € N, g% > d. Since m is on C% < Imz = 0, we infer that
— (1
W@A¢+mm¢+mw)<m):0, (3.30)
qg

where ¢ € N, ¢~° > d. By virtue of (3.30) and (3.27), we get the desired result.  [J
Theorem 7. Let ImA = G > 0 and let k be a point such that d < qik < %. Then
C,CC..

s e

Proof. By (3.27), we see that

[l h) +mytc.2) 2o [ 10 A) +my(E 1)

Imm

< [ o+ my(cn) 2o Cn [ 100ER) £ my(©.1) gt <

which proves the theorem. U

Corollary 1. As ¢ — oo, the circles C 1 contract either to a circle or a point. These
q
represent limit-circle and limit-point cases respectively.

Theorem 8. Let m be a point lying on or inside the limiting circle C, and
Y(C,A) :=0(E,A) +my(L,A),ImA = 6 > 0, be the solution of (3.1). Then we have

d {eo)
NP [ 1PEA oy <
0
ie. P(,\) €H.
Proof. Let ¢ € N(¢g~¢ > d). Since

Imm

[ Ao [ 1961 o <

we arrive at

Imm

A dogon [ ot <

ie.,W(,\)€EH. 0
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