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Abstract. In this work, we establish existence results for distributional solutions of anisotropic
nonlinear elliptic equations with variable growth, L' —data, and degenerate coercivity involving
natural exponential function, where the nonlinear anisotropic differential operator is well defined
between 7 (x)—anisotropic Sobolev space W70 (Q) and its dual, yet it lacks coercivity as |u|
becomes large, i.e., when el s large.
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1. INTRODUCTION

In this paper we will prove the existence of distributional solutions to a class of
anisotropic nonlinear elliptic equations with variable exponents

ND~ a(x,u)|Diu|P™~2Du
= ' 1+ elul

N
+uY P2 = inQ,
; (1.1

u=0, onodQ,

where Q is a bounded open subset of RY (N > 2) with Lipschitz boundary 0Q, f is a
function in L!(Q), and a: Q x R — R is a Carathéodory function, such that

O<oa<a(x,s) <P, VxeQ, VseR, (1.2)

where o and [3 are positive constants.
The nonlinear anisotropic operator A defined between the space Wiz 0) (Q) (will
be mentioned later in Section 2) and its dual by

Al a(x,u)|Diu|P®) 2D

Alu)=-Y) D,
(u) l:Z] i l—l—e‘“‘
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it fails to be coercive if |u| is large (i.e., el*l is large). This difficulty arises in proving
the existence of solutions to the approximate problems, as well as when taking the
limit, and classical existence theorems cannot be applied. The existence and regu-
larity results for distributional solutions of degenerate anisotropic nonlinear elliptic
problems with variable exponents given (for example, but not limited to) in the works
[10-12,14,20].

In our proof we establish uniform anisotropic estimates on the sequence of solu-
tions (u,) and its derivative, where we have proven the a.e. convergence of the par-
tial derivatives Dju,,i = 1,...,N, which can be turned into strong L'-convergence.
Equipped with this convergence we pass to the limit in the strong L! () sense in

an(x, u,,)\D,-u,,]p"(")_zDiun N

and MnZ |4y [P 2,
1 + elunl =~

finally conclude that the approximate solutions u,, converge to the solution of (1.1).

The work has been organized in the following form: Section 2 for some mathem-
atical preliminaries, where we remind the p(x)-anisotropic Lebesgue-Sobolev spaces.
The main theorem and its proof are in Section 3.

2. MATHEMATICAL PRELIMINARIES

In this section we recall the Lebesgue-Sobolev spaces with variable exponent in
both cases isotropic and anisotropic, with mentioning some of its properties and facts

(see [4,5,8]).
Let Q be a bounded open subset of RV (N > 2), we denote

C+(Q) = {continuous function p(-): @+ Rsuchthat 1 < p~ < pT < oo},

where

p" =maxp(x) and p~ = minp(x).

xX€Q xeQ

We define the Lebesgue space with variable exponent LP(") (Q) by
L) (Q) := {measurable functions u: Q > R;p (1) < oo},

where

Pp(y(u) := / |u(x)|”™dx the convex modular.

Q
The space L") (Q) equipped with the norm
i il 2= Nl s @y = inf {3 > 0y (/) < 1}

becomes a reflexive Banach space. L” () (Q) symbolizes to the dual of LP()(Q) where

1 1
wtrw =1
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Yu e LPO(Q), Vv € L7 () (Q) the Holder type inequality

1 1
Jomax < (S ) oy < 2l bl

holds true.
The variable exponents Sobolev space W'7()(Q) is defined as follows:

wirt(Q) = {u e L"O(Q) : |Dul € Lp(')(Q)} ,
it becomes a Banach space when equipped with the norm
= [[ullyroo @) = [1Dul|p.)- (2.1)
We define also the Banach space Wol’p © (Q) by

—whrO)
W) =@

I

endowed with the norm (2.1). Moreover, it is reflexive and separable if p(-) € C(Q).
The following lemma will be used later.
Lemma 1 ([4,5]). If (u,), u € LP)(Q), then the following relations hold:
() [Jullpy <1 (respectively =1, > 1) <= pp(.)(u) < 1 (respectively =1, > 1),
e 1 1 1
(i) min () ()7 Py ()7 ) <l < max (pyy ()77 py ()7 ).
“ee . - + - +
Gii) min (7 ) ) <y () < max (a2 a2 )
@iv) Hqu(.) < pp(.)(u) +1,
V) g —ullpy = 0 <= pp(.) (tty — u) — 0.

Now, we present the anisotropic Sobolev space with variable exponent which is
used for the study of problem (1.1).

Let pi(-): Q— [1,4o0) foralli=1,...,N be continuous functions, and we set for
allxe Q

P @) =(p1(x),....pn(x), pi(x)= max pi(x), p_(x)= min p;(x),

1<i<N 1<i<N
pl=maxp(x), p_=minp (x),
xeQ xeQ
N Np(x) _
; — l 1 , ﬁ*(x) — N*ﬁ()C)’ fOI' p(x) < N,
px) N pilx) +oo,  for p(x)>N.

The anisotropic variable exponent Sobolev space whPe) (Q) is defined as follows:

WLPO/(Q) = {u e L 0(Q),Du e LPO(Q), i=1,... ,N} ,
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which is Banach space with respect to the norm
N
ll 50y = ull )+ X 1Dl -
i=1
We define the spaces W()1’7(')(Q) and W17 () (Q) as follows:
L7 e WITO@) e : 1,1
W@ =G@" ", WO = w T g (@),
Remark 1 ([7]). If Q is a bounded open set with Lipschitz boundary d<, then
WT0@) = {ue W' 70(Q), uaa =0},
where, uj5q denotes the trace on 9Q of u in W (Q).

We have the following embedding results.

Lemma 2 ([7,8]). Let Q C RN be a bounded domain and P (-) € (CL(Q))N. If
re Cr(Q) andVx € Q, r(x) < max(p4(x), p*(x)). Then the embedding

WP (Q) — L' (Q) is compact. (2.2)

Lemma 3 ([7, 8]). Let Q C RN be a bounded domain and P (-) € (C+(Q))V.
Suppose that

Vx € Q, pi(x) < pr(x). (2.3)
Then the following Poincaré-type inequality holds
N
lully, i) < CY 1Dl Vi€ WTO(Q), (2.4)
i=1

where C is a positive constant independent of u.
Remark 2. 1f (2.3) holds, then (2.4) implies that

N
ut— ”D,'qui(,)
i=1

is an equivalent norm on W17 ()(Q).

For any ¢ > 0, the standard scalar truncation function 7; : R — R (at height ¢ > 0)

is defined as
Try=1" if |r| <1, 2.5
FT) = ity if > '

This function will be used to derive a priori estimates for our approximate solutions.
We also need its derivative (see [20]):

(DT})(")—{ 0 2.6)
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We need further the following function defined for s € R by
0, iflsl<t,
Gi(s)=<(s—t, ifs>t, t>0,
s+t, ifs<-—t,
as a test function in the approximate weak formulation.

3. STATEMENT OF RESULTS

Definition 1. We say that u is a distributional solution for problem (1.1) if u €
W, (Q), and for all ¢ € C(Q),

(x,u) | Diu| P2 D;u / =
Dipdx pil¥)=2 dx:/ dx
/Z o @dx+ Qu;\u! ¢ e

Our main result is the following.

Theorem 1. Let p;(-) > 1,i=1,...,N, are continuous functions on Q such that
(2.3) holds and p < N. Assume that f is in L'(Q), and a: Q xR — R" is a
Carathéodory function satisfying (1.2). Then the problem (1.1) has at least one solu-
tionu € Wl’m')(Q) in the sense of distributions.

3.1. Approximate solutions

We are going to prove the existence of solution to problem (1.1). We define

fx) a(x,u) 5

o)=L ) = 22 e N 3.1)

Lf ()] €]

1+ BT 1 2
We first notice that since @(x) = 1= is increasing and a,(x,u) = O(a(x,u)), (1.2)

implies that
o

—<q,< 3.2
1+o an > B (3.2)
Lemma 4. Let p;(-) > 1,i =1,...,N, are continuous functions on Q such that

P < N, and (2.3) holds. Assume that f is in L'(Q), and a: QxR — R" is a
Carathéodory function satisfying (1.2). Then, there exists at least one weak solu-
tion u, € W7 0)(Q) 1o the approximated problems

an(x,u,)|Diu pilx 2D,‘u N ) .
ZD < B e n>+“"2|unl”'<x> P=fu inQ,
i=1

1 _|_eu;1(un (33)
u, =0, ondQ,

in the sense that

an(x, ) | Ditty | 2Dt N s
Di dx—|—/ ” n pi(x) dx:/ - dx (34
,Zi/ 1 + elTn(un)l ¢ o i;’” | ? Qf<P (3.4
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forevery ¢ € le(')(ﬂ) NL=(Q).

Proof. Consider the problem

Djtty, [P 2D, -
7ZD ( x unk)| unk| )| tunk) +ZT;< (unk|unk‘pi(X)_2) :fnv in Q’

1 +€|T (1tn i=1

up, =0, onoQ.
(3.5)
Let’s prove that the operator defined between W70 (Q) and its dual space by

. a" Xy Uny, |D u”k|p Diunk i u pi(x)—2
Aty — V|—>Z/ AT D,vdx—!—ig1 QTk (unk|unk\ )vdx),

is bounded, pseudomonotone and coercive.
First of all we put A = B+ C, with B,C: W 70) Q) — (WL?(‘)(Q))* defined
by

(u / an(x,uy,)|D; unk| )=2p; M”kD v,
n, 2
k - 1—|—e|T”(””k)|

Mnk Z/Tk unk|unk| )

Here (-,-) denotes the duality pairing between WP (Q) and its dual.
From (3.2), the fact that 1+ ¢TI > 2 Lemma 1, the fact that p% < 1, Remark
(2) (due (2.3)) and Holder inequality, we obtain

|(B(un,), V)| < 5 Z/ Dty [P~ |Dyv| dx
< an H|Diunk|pi(x)71H Dl
= Pi(')
N _ Pl
<pry (14 [ Panl W ax)” E 0
4 i=1
N
Z (1 +/Q |Ditt, |1 dx) Y D
_ i=1

N
.
n 3 (24 1Dl ) 10
i=1

<PBn (2N+ letn, 1175, ) VI3 0):

which implies the boundedness of B.

| N

HM2|
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On the other hand, thanks to the Holder inequality and Lemma 1, we have

N
Vit € WP (@)1 [(Clutn) ) < Y. [ T3 (s i) 72) vl
=178

u 2
SZZ 17k <”'1k‘”nk|pi(x)7 ) Hp@(')”VHm(')
i=1
<1+ [ 1409
Q

<C(1+KP 1) )50

Hence C is bounded.
Through (3.2), the fact that 1 +elTnlun)l < o the fact that Ty (unk\unk |l"'(x)*2) Up, >
0, and Lemma 1, we have

<A(unk)7u”k> > o 25\1:1 fQ‘Diuﬂk|pi(x)dx

ltn |5y — n(1+a) ln ]l
o L HDi”nkHZ;(.) -N
~n(l+a) [Jum Ml
o (%va:l HDi”nkai('))h —N
~n(l+a) ot [l
= 15—
n(L+)NP= PO [l

This implies that A is coercive.

Let us prove the pseudo-monotonicity of A. Let (uy, ) be a sequence in WP (Q)
such that

Up, — Up in VOVL?()(Q‘)L

limsup(A (up, ), up, — tn) < 0.
k—yoo

We have to prove that
li]?linf<A(unk),unk —v) > (A(up),up—v), Vve Vi/l"?(')(Q)L
—»00

Here we need the following known inequalities, that hold for all two real vectors &, &’
((§,&") #(0,0)) and areal p > 1:

- - 2Pl -¢g'r, if p>2,
(JgP2e—1g1P2E) (& -8) > ep (3.6)
(P =g fl<p<2
Like in [14, 19] with using (3.6) we can easily prove the required result. Then,

the main Theorem on pseudo-monotone operators (Theorem 27.A in [22] and see
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also [3, 6, 13]) applies and ensures the existence of at least one weak solution u,, €
VCVI’?(')(Q) to problem (3.5) in the sense that

a"(x’u”k)|Diu”k‘pi(X)_2Di”ﬂk . N/ ( pi(X)*2>
;/Q 1+e‘Tn(’4nk)‘ Dl(de+l:Zl QTk u"k’unk‘ (de

3.7
_ / fiody, Vo e WO Q).
Q

Now, we choose ¢ = u,, as a test function in (3.7) and using (3.2), the fact that
1+l <147, and after dropping the nonegative term (due 7 (unk\unk |1"'(x)*2) Up,
> 0), we obtain

a N
S EE— Ditty, |P™) dx < / | . :
(1+a)(1+en),§/g‘ il | o G

Using the fact that |Djuy, [P~ < 1+ |Djuy, [P, i =1,... N, Poincaré inequality and
Young’s inequality for all € > 0, we obtain

N

, 1+o)n(l+€"
Y [ 1D g < WEEAEED [, o
i=1/Q o Q

_ (Fon(i+en <£/Q,unk‘pdx+c(g))

o
1 1 n N B
S( +a)n(l+e") (802/ |D,-unk!”—dx+C(8)>
o o
1 1 n N
< (Fonl+eh (80 (N\Q|+Z/ | Dt |P1 dx> +C(8)>
o i=1/Q
3.9
Choosing € = W‘M, we obtain
N
Ditty, [P dx < c(n). (3.10)
k
=178

On the other hand, by (iii) of Lemma 1, we get
1 19> D

Then, we conclude

N N _
RS WALTNIEETSS y PYATEe
i=1 i=1
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This implies

N " | N P~
;wawtmz D L R G

Since (2.3) holds, Remark 2 gives us Z HD Up, H Hunk H7 thus the last in-

equality is equivalent to

N 0 P~
Z/Q!Diunk\”"(")dxz (””"NHW)) _N. (3.11)
i=1

By combining (3.10) and (3.11), we conclude

p_
(Hu’“H?“) ~N < c(n),
N

[t ||y < Cn). (3.12)

implying that

Relation (3.12) guarantees the existence of a subsequence (still denoted by u,, ) and
u, € WHP0)(Q) such that

Up, — u, weakly in Wl’ﬁ(')(Q) and a.e. in Q. (3.13)

Taking 7;(uy, ) as a test function in (3.7), we obtain

=)
Z/ an (X, Uy, |Dunk|P x) Diuy,,
i=1

N
i(x)—2
1+ elTaling)] DiT; Mnk)dx-i-;/gﬁ(unk!unk\p(x) )E(unk)dx

= [ AiTi,)ax

From (2.6), (3.2) and the fact that 1 +e!Tn)l < 1 41 we get

o N
S — Ditty, [P </,,Tn
(1+oc)(1+en)§/{|unk|<,}‘ S J VallT )10

y 2
+§{/Q‘Tk (Mnk|unk|Pi(X)_ )“E(“nk”dx
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Since fo |Di(T; (1)) dx = [, <0y 1Dt [P0 dx, | Ti ()| < 1, 1] < If] (due
(3.1)), then by Young’s inequality we obtain for any € > 0

3 i) 3 pit)-2) [
)Y [ PTn)Iax <] s gy + €@ L [ [T i)
N
+e) /Qmwnk)w(x)dx.
- (3.14)

Since |T; (up, ) |P'®) < 147+, and Ty (thy |t [P 72) € LPY)(Q) (due uy, |uy, |02 €
LP9)(Q)), we deduce for all 7 > 0 that

T (ttn,) — T; () weakly in W7 )(Q) and a.e. in Q. (3.15)
Now, let’s prove that foralli=1,...,N
Diuyp, — Diuy, a.e. in Q. (3.16)
For that let us define foralli=1,...,N and ¢ > 0 fixed

[;,n.k(x) =
(IDi(T; (10 )7 2Dy (T (10, )) — Di(Ts () |7 Di(T; (100)) ) (Di(Ts (14, )) = Dil(Tr (un))) -
ForO0<B8<1,0<h<t,andalli=1,...,N, we can get

Hpal)" ax= [ pa0)” drt a9 ds
/Q( i) (- o) (- o)

< ([ a1 10T~ T > 1y

)
“f Hoalx)de) (@], (.17
{‘Tt("‘nk)_Tt("‘n)‘Sh} ’
Then, we can write
A(I;,n,k(x))GMSJI+J27 (3.18)

where

= ( /| If,n,k<x>dx)e {1 () — Ta)] > Y[,

0
n=|/ I (x)dy ) Q0.
( {17 )~ T <)

For every fixed A, thanks to (3.15), and the convergence in measure of T; (uy, ), we can
get

lim J; = 0. (3.19)
k—-oo
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Now, choosing Tj,(u,, — T; (1)) (with 0 < h < t ) as a test function in (3.7), we obtain

Z N Rwio 5], 0 ) P2t ) DT (7 )~ )

(X, Uy, -
_Zi/ﬂu fT(u)\<h}1-|-e|7nl(”ik)||Di(Gt(un"))|pl() 2D;(G1 (un, ))Di (T; (1)) dx
i ng t\Un

N
+y /Q T (u,,k|u,,k|1’f<X>*2) Ty (itn, — T, (uty)) dx < ch. (3.20)
i=1

By (3.2), we get

N
Y /Q |D;i(T; () [P 72Dy (T; () ) Di T (T (1) — T () dlx
i=1
N
c1(n c(n ; u iW-2p, u (T (u
=amirel );/{unk—ﬂ iy G *Di(Gi (1)) D1 (T 14r)) dx

N
—em Y /Q T (unk\unkypf“)*2> Ti(it, — Ty (1)) dx. (3.21)
i=1

Then, by using (3.21) and the fact that Ifn (x) > 0 (since (3.6)), we deduce

0< / I, i (x) dx
Z (1T ()~ T ()| <} #)

=

=3 [ (DT ) 2D )

i=1
- \D'w(un»|P"<x>—ZD-<Tt<un>>)D,-Th(T:(un»—n<un>)dx

<ci(n)h—c3(n Z/Tk unk]unk\ )Th(unk—T,(un))dx
S (-2
ramy [ D4t ) 2D 1) D (7 )
z:zl {Jttng |51 30 4, — T (1) | <} ‘ JDi(h

N
_ ; /Q |Di(Tz(un))|P1(x)—2Di(Tt(un))DiTh (Tt(unk) — Tt(un)) dx. (3.22)

Since {|un, — T; (un)| < h} C {Jun,| < h+1t} C {|uy,| < 2t}, the boundedness of both
{|D,~(T2,(unk))|Pi(X)*2D,-(T2t(unk))}k, {Tic (|t |PP92) }, in LPi®)(Q), and the use
of (3.15), we can pass to the limit in (3.22) when k — +o0. So, we get

N

limsup Z

L) i —es(m Y. [ VIi(Glun)
k=400 ;—1/{|Tt(unk)Tt(un)<h} k Z t
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N
+ca(n / T Di(Ti(un)),
2< )l; {r<|un|<t+h} ' ( t( ))
(3.23)
where 1;, v € L7 (Q) are the weak limits of {IDi(Tos (1)) [P "2 Di(Ts (1)) b

and { Ty (14, |un, [P")~2) }, respectively.
After letting 2 — 0 in (3.23), we obtain

lim J, = 0. (3.24)

k— o0

We combine (3.18), (3.19), (3.24) and recalling (3.6), we get

. )
Jim A (I i (x)) " dx =0. (3.25)
From (3.25) we deduce, like in [1], that for every ¢t > O and everyi=1,...,N
Di(T;(un,)) — Di(T;(uy)), almost everywhere in Q. (3.26)

And through the results obtained in [21], we can get (3.16).
By (3.16) we have

Djtty, |2 Djatyy, — | Dt [P 2Dy, weakly in L) (Q).
From (3.13) and Lebesgue’s dominated convergence theorem, we obtain

an(-x’ Mnk) an(xa un)

. . 0 7Pi() -
1+6\Tn(unk)\D’(p_>1+e\Tn(un)\D’(P strongly in L' (Q), i=1,...,N.

N
We will now prove the equi-integrability of { Y Tk (unk |t | P (x)*z) } in L' (Q). First,
i=1 k

let’s prove that

N
Y [T (e O2) [ax [l (3.27)
i=1 \u,,k\>t \unk|>t

For that, we can choose ¢;(uy,, ) as a test function in (3.7), where (¢;); is a sequence
of real smooth increasing functions with ¢} € L*(€), ¢;(0) = 0 and it converges to
the function ¢, t > 0 defined by

1, ifs>t,
d/(s) =<0, if |s|]<t, t>0,
-1, ifs<—t.

Through this choice and following the technique used in [?], we can easily get (3.27).
Let E C Q be any measurable set, using (3.27), we have

3 1l 2, ) e = 2/ Tt 721, |
i=1

ﬂ{\unk\<t}
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N
- / Ti (|t [P 210, )| dx
i:Zl Eﬁ{\unk\>l}‘ k(| ”k‘ nk)|

gN<1+tP¢>|Er+/{ ol dx.

Jety |>1}

Then we deduce the desired result.
From (3.13), we obtain

N N
Y Tt |79 2u) = Y |20, ace. in Q. (3.28)
i=1 i=1

Since (3.28), Vitali’s theorem implies that
N

N
Y T (|7 ) = Y [P0 0, in LN(Q).
i=1 i=1
Therefore, we can get (3.4) by passing to the limit in (3.7). U
3.1.1. A priori estimates
Lemma S. Let f,aand p;,i=1,...,N be restricted as in Theorem 1. Then
uy, is bounded in W1’7(')(Q), (3.29)

where u,, the weak solution to the problem (3.3).

Proof. By choosing ¢ = u, as a test function in (3.4) and using the same way as
in proving (3.12), we can get (3.29). ]

Lemma 6. There exists a subsequence (still denoted (u,)) such that, for all i =
1,....,N
Diu, — Diu a.e. in Q, (3.30)

where u is the weak limit of the sequence (u,) in Wl’?(‘)(ﬂ).

Proof. From (3.29) we conclude that, there exists a function u € Wipe) () and a
subsequence (still denoted by (uy,)) such that

Uy, —u  weakly in W7 0O(Q). (3.31)

In the same way of proof as in [2] or in [14—19] we can easily get that

N
~ P2 P2 ) e — D —
HETWIZI /Q (1|2 Dty — D2 Di) (Dity — Die) dx = 0. (3.32)

Through (3.6) we conclude that foralli=1,... N

(|Diun|pi(x)_2Diun — |D,’M|pi(x>_2Diu) (Dl-un —Diu) > 0. (333)
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Then, (3.33) and (3.32) givesus forall i =1,...,N

(]Diun]pi(x)*zD,-un — |D,-u\p"()‘)*2Dl~u> (Dju, — Diu) — 0, strongly in L' (Q).
(3.34)
Extracting a subsequence (still denoted by (u,)), we have foralli=1,...,N

<|D,-u,,|l’i<X>*ZD,-u,, - \Diu|Pf<X>*2D,-u) (Ditg—Ditt) 0 ae. inQ.  (3.35)
Then there exists a subset I" of Q of Lebesgue zero measure, such that, for x € Q\I'
|Dju(x)| < oo and
( IDittn ()P 2Dyt () — |D,~u(x)|p"(x)_2D,'u(x)) (Dittn(x) — Diue(x)) — 0.
From (3.35), we have
(1D =2Dit, — DDyt ) (Disty — Di) < ()

for some function A.
Let us prove that there exists a function g such that

| Dittn (x)| < g(x). (3.36)
By inequality (3.6), we obtain

¢ (D] = [Dul)P~ 1), if pi2) > 2,
x) >

- Dju,|—|D; 2 .
¢ <1|+|Du,-u|n\J|r\Du,*|u|) ; if 1 < pi(x) <2
and this implies (3.36).
We are going to prove that
Diuy (x) — Diu(x) in Q\I'. (3.37)

Assume by contradiction that there exists xo € Q\I" such that D;u,(xy) does not con-
verge to Dju(xp). The Bolzano-Weierstrass theorem implies that D;u,(xo) — b, b € R,
up to a subsequence. Passing to the limit in

(D1t (30) 172Dyt (x0) — Dy [0 Dya(x0) ) (D) — Die(x0)),

we get
(16170925 — | D) |0 2Dyu(xo) ) (b = Dyu(x0)) = 0,

which yields b = D;u(xp) using inequality (3.6). Through this we get (3.30). O
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3.2. Proof of Theorem |
From (3.30) and the boundedness of {|Dju,|”"®~2Du,} in L) (Q), we can get,
foralli=1,...,N
\Djtt [P 2Dy, — | Dy "2Dju weakly in L7 (Q). (3.38)

From (3.31), (3.2), and the fact that 0 < T W <! 5 we can apply the Lebesgue’s
dominated convergence theorem to obtain

an(x,un)Di R a(x,u)
1_|_e‘un| —|— | ‘

Now, from (3.31), we conclude that

D;¢ strongly in L”()(Q), 1 <i < N.

N N
n Y [P 72 = u Y uP 2 ae. in Q. (3.39)

With similar arguments as in the proof of (3.27), we obtain
N
[ Y w2 [ fax (3.40)
|un | >t im1 [u| >t
For any measurable set E C Q , by (3.40) we have

N N

. L|Pi)—2 dx:/ , P2 dy
J Xl 2= [ Yl

i=1

IunZIM [P0 de

Eﬂ{\un|>’} i=1

N(1+7) |E\+/ QALY

{ua| >

i=1

N
Then, we conclude the equi-integrability of (un Y ]unlpi(x)2> in L'(Q), and since

(3.39), Vitali’s theorem implies that
N N
Uy Z P2 5 Z u[P=2 strongly in L' (). (3.41)
= i=1

So, we can easily pass to the limit in the weak formulation (3.4). This proves The-
orem 1.
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