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Abstract. In this paper, we use the notion of ideal to obtain two more general concepts and call
them as [-A-statistical convergence and ideal A-summability. We also use the the concept of
I - A-statistical convergence to prove a Korovkin type approximation theorem for double sequ-
ences of positive linear operators and present an interesting example to show that our Korovkin
theorem is stronger than those proved earlier.
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1. INTRODUCTION

In [12], Gadjiev and Orhan has given a more general form of the classical Kor-
ovkin theorem (see [14]) by means of statistical convergence. Later, using different
summability methods, some Korovkin type theorems have been obtained by many
authors in several ways. For instance, see [4], [6-9], [10]. In recent years, the stu-
dies on double sequences has a rapid growth. Some concepts related to the single
sequences have been extended to double sequences. In this work, we first generalize
the concepts of A-statistical convergence and statistical A-summability for double
sequences via ideals, and we call them as J-A-statistical convergence and ideal A-
summability. The another main purpose of this paper is to obtain a Korovkin type
approximation theorem through the concept of J-A-statistical convergence.

We refer the readers to [16] and [3] for more details on statistical convergence and
ideal convergence of double sequences.
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2. Sj (4)-CONVERGENCE AND J2 (A4)-SUMMABILITY

Let A= (a;'}c”) .m,n, j,k € N, be a four dimensional matrix and x = (x;x) be a

double sequence. Then the double (transformed) sequence, Ax := (ymn), is denoted

by
o o0
Ymn =Y >l xjk 2.1
j=1lk=1
where it is assumed that the summation exists as a well-known Pringsheim conver-
gence (or P-limit) for each (m,n) € N x N. Now, let A = (aﬂ”) be a nonnegative
RH -regular matrix (see, [13],[17]), x = (x;&) be a double sequence and (ymn) be
defined as in (2.1). If (y;y) is statistically convergent to L, then x is said to be
statistically A-summable to L (see [1,5]). Note that the concept of statistical A -
summability for single sequences is introduced by Edely and Mursaleen in [11].
In this section, we first generalize the concepts of A-statistical convergence and sta-

tistical A-summability to J-A-statistical convergence and ideal A-summability for

double sequences, when A = (a;'}c”) is a nonnegative R H -regular matrix and d is

an admissible ideal in N x N. We further establish the relation between these more
general forms of summability methods.

Definition 1. A double sequence x = (x 5 k) is said to be J-A-statistically conver-
gent (or briefly Si (d)-convergent) to a number L if for each ¢ > 0 and § > 0

(m,n) € NxN: Z a}’}c"ES ed.
(.k):|xjx—L|ze

In this case we write Sj (§)—limx = L.

Note that J - A-statistically convergence for single sequences has been recently int-
roduced by Savas et al. (see [18]).

Definition 2. A double sequence x = (xjk) is said to be ideal A-summable (or
briefly 42 (A)-summable) to a number L if for each § > 0

{(m,n) e NXN:|ymn—L|>38}ed.
In this case we write 42 (4) —limx = L.

Remark 1. () Letdg:={ACNxN:@m(A)eN) (j,k=m(A) = (j,k) ¢ A)}.
If we take 4 = d in Definition 1, then S j (d)-convergence is reduced to A-statistical
convergence. Also for A = C(1,1), Sj (d)-convergence becomes S (d) -convergence

introduced by Belen and Yildirim in [2].
(i) Let d5, = {K C N x N : §5(K) = 0}, where 6>(K) is the double A-density of K.
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If we take J = J, and A = C(1,1), which is the double Cesaro matrix, in Definition
2, then 42 (A)-summability coincides with statistical C(1, 1)-summability introduced
by Méricz in [15]. But the choice of 4 = d, in Definition 2 gives us the concept of
statistical A-summability (see [1] and [5]).

Recall that a nontrivial ideal of N x N is called strongly admissible if {i } x N and
N x {i} belong to d for eachi € N .

Theorem 1. Let A = (aﬁ”) be a nonnegative RH -regular matrix and J be a
strongly admissible ideal in N x N. If a double sequence is bounded and Sj (d)-
convergent to L, then it is 4% (A)-summable to L but not conversely.

Proof. Let x = (xjx) be bounded and Sj (d)-convergent to L.  Write
M :=sup;; |xjx —L| and K (¢):= {(j.k).j <m.k <n:|xj—L|>¢} for any
& > 0. Then, we have

|[Ymn—L| =
00,00 00,00
|3 @ X ape
J.k=1,1 J.k=1,1
00,00 0,00
| Y | Y ape
j5k=151 .]’k=1’1
00,00
=| X dWlg—L)|+] X @i L)+ Y et
(j.k)EK (e) (R)EK (e) jk=1.1
00,00
<M Z ay +e Z ay +|L| Z apl —1
(J.k)EK (e) (R)EK (e) k=11
00,00
<B] Y dp+| ). a1t +e|A]|
(kK (&) k=11

where [|A[| = sup,, , >; D & ‘a;?}c" < ooand B =max (M,|L|). Now choosea§ >0

such that § —e || A|| > 0. Hence from the last inequality we obtain

{om,n) € NXN: |ymn—L| = &}

d—¢|A ki S—ellA
clrews X ar=tptliuieens) 5 a0
(.k)eK (¢) Jk=1,1

=: K1 UK5.
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By using definition of S j (d)-convergence we get K1 € 4. Also since d is strongly
admissible and A is RH -regular, we obtain that  —limy, » [ ; ¢ a;?}c” —1| =0, so
K> € J. Hence, by definition of an ideal we conclude that 42 (4) —limx = L.
To show that the converse is not true in general, let d be a strongly admissible ideal,
A=C(1,1) and x = (x) be defined as
Xjk = (—l)j , for all k.

Since

1 m n

P _%Ezjkzlxjk =0,
j=1lk=

x is C (1, 1)-summable to zero (hence 42 (C (1, 1))-summable to zero), but obviously
x is not C (1, l)J-statistical convergent. This completes the proof of theorem. O

3. 8% (4)-APPROXIMATION

In this section we prove a Korovkin type approximation theorem via the concept
of Sj (d)-convergence for a double sequence of positive linear operators defined on
C (K), where C (K) is the space of all continuous real valued functions on any com-
pact subset of the real two dimensional space. Note that C(K) is a Banach space with
the norm ||| ¢ (k) defined by

Ifllcy == sup |f (x. ). (f € C(K)).

(x,y)eK

Let L be a linear operator from C (K) into C (K). Then as usual, we say that L is
positive linear operator provided that f > 0 implies Lf > 0. Also, we denote the
value of Lf at a point (x,y) by L(f;x,y). Before proceeding further, we quote
here the classical and statistical forms of Korovkin-type theorems introduced in [20]
and [6], respectively.

Theorem 2. Let {L jk} be a double sequence of positive linear operators acting
from C (K) into itself. Then for all f € C (K),

P_ljif,?Hij (f)_f”C(K) =0
if and only if

P—%?Hij (f,-)—f,-HC(K) =0 for i=0,1,23,

where fo(x,y) =1, fi(x.y)=x, f2(x.y) =y, f3(x,y) = x>+ %
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Theorem 3. Let A = (a;.’}(") be a nonnegative RH -regular matrix. Let {L jk} be
a double sequence of positive linear operators acting from C (K) into itself. Then for
all f € C(K),

2 _ _ _
Sty _1]11,? | L () fHC(K) =0
if and only if
szj—an?HL,-k(ﬁ)—ﬁHC(K) =0 for i=0,1,23,
s

where fo(x,y) =1, fi(x.y) =x, fa(x,y) =y, f3(x,y) =x>+y%

Now we give the main result of this section.

Theorem 4. Let {L jk} be a double sequence of positive linear operators acting
from C (K) into itself. Then for all f € C (K),

Sk ) =tim | L (/)= flle o =0 3.1)
if and only if
Sj(J)—l}r]? (s (ﬁ)—ﬁHC(K) =0 fori=0,1,23, (3.2)

where fo(x.y) =1, fi(x,y) =x, fa(x.y) =y, f3(x.y) =x*+y%

Proof. Condition (3.2) follows immediately from condition (3.1) since each f; €
C (K), (i =0,1,2,3). Let us prove the converse. By the continuity of f on compact
set K, we can write | f (x,y)| < M, where M = || f ||c(k)- Also since f € C(K),
for every € > 0, there is a number § > 0 such that | f (u,v)— f (x,y)| < ¢ for all
(u,v) € K satisfying [u — x| < § and |v— y| < §. Hence we get

2M
£ 00) = f ()] < e S =2+ =30 (3:3)
Since {L jk} is linear and positive, we obtain from (3.3) that

|Ljk (f3x.9)— f (x,p)|

< L (|f o) = f (e 9)]:x.9) + | f (0] | Ljk (forx.y) = fo(x.y)]

= Ljk (8+28—A2/I ((u—x)2+(v—y)2);x,y)
+1f o Ljk (forx.y) — fo (x. )|

M
<e+(e+M)|Ljx (forx.y)— fo| + 28_2 |Ljk (f3:x.9)— f3(x.y)|
AM aM
+—5 x| |Ljk (frix,y)— f1(x. )|+ —z bl |Ljk (f2:x.9)— f2(x.)]

2M
+ 5 (x®+ ) | Ljk (fo:x.y)— fo(x.y)|
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2M
<ot (8+M + 8_2(c2+z>2)) Lk orx) = fo (x.)|
2M 4MC
+8_2 }ij (f3:%,)— f3 (x,y)| + 52 |ij (fi:x, )= f1 (XJ’)’
4MD
+8—2 }ij (f2:x,y)— f2 (an’)|
where C := max |x|, D := max|y| . Taking supremum over (x, y) € K we get

3
Hij (f)_fHC(K) = BZHij (fl (u’v);an)_fi(x’y)Hc(K)
=0

where

B:=max%8+M+%(C2+D2)

2M 4MC 4MD
52

b 8_2’ 82 b 82
For any o > 0 define

D ={(jk) € NxN: [ Lig (f1x.) = f (6.9 ¢ = 0
o

Di = {(jk) € NxN: | Lig (fiix )= fi o0l ey = 7} 1 = 0.1.2.3

Then D C | J?_, D; and hence

3
(m,n) e NxN: Z a;’}c"zn CU (m,n) e NxN: Z a;';c”zr]
(j,k)eD i=0 (j,k)eD;
for any n > 0. From this inclusion and (3.2), we immediately get (3.1). This comple-
tes the proof of theorem. O

We remark that if we take 4 = J¢ in Theorem 4, we obtain Theorem 3.
Now, we will show that Theorem 4 is stronger than its classical and statistical
forms.

Example 1. Let J be a strongly admissible ideal and A € 4 be infinite set. Further
let A = (A;;) and u = (un) be two non-decreasing sequences of positive numbers
tending to oo such that

Amt1 <Am+1LAr=1and ppt1 <pn+1, 01 =1.

For the intervals J,, := [m — A,y + 1,m] and I, := [n — u, + 1,n], consider the four

dimensional matrix A4 = (a;']’c”) and the double sequence x = (x;x) given by

;if j e Jpand k € I,

1
mnr _ Amn
0 ;otherwise.

ajy’ =



GENERALIZED A-STATISTICAL CONVERGENCE 37

and

jk siftm=[VAn]+1<j<mn—[/in]+1<k<n, (mn)¢A
Xik =14 Jk sifm—Ap+1<j<mn—u,+1<k=<n,(mn)eAi
0 ; otherwise

(3.4)
respectively. In this case S j (4)-convergence coincides with Sy , (J)-convergence
introduced in [2]. Also x is neither P-convergent nor A-statistically convergent but
S j (4) —limx = O (see again [2]). Now consider the following Bernstein operators
(see [19]) given by

Jj k .

k )

smrien =221 (38) () opra-orrooat
p=0g=0

where 0 <x,y <land f € C(I?);: K:=1?=10,1]x[0,1]. Let L : C (I?) —
C (1?) be defined by

Ljk(f3x,y) = (1+xjk) Bix(f:x,y) (3.5)
where (x;) is defined as in (3.4). Then observe that

Lik (fo;x,y) = (1+xjk) fo(x.y)
Lik (fi:x.y) = (1+xjx) fi(x.y)
Lik (f2:x,9) = (14 xjk) f2(x.y)
: 2 y_yz)'

Lf'k(f-”;x’”:1+Xjk)(f3(x,y)+xj +—

Since 4 is strongly admissible ideal (in this case P -convergence implies Sj (d)-
convergence), we obtain

52(4) ~lim ILjk ()= fill ey =0

fori =0,1,2,3. Thus (ij) satisfies the condition (3.2) of Theorem 4. Hence we
have

Sj(J)—l}gl |Ljk ()= fllew) =0

for all f € C(K). But, since (x jk) is not convergent in Pringsheims’s sense and A-
statistical sense, we see that Theorem 2 and Theorem 3 do not work for our operators
defined by (3.5). Hence it is shown that our version is more general to deal with
the situation when the operators L j; do not satisfy the conditions of Theorem 2 and
Theorem 3.

Finally by using trigonemetric test functions, we give the statement of Theorem 4
for a double sequence of positive linear operators defined on C*(R?), the space of
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all 2r-periodic and real valued continuous functions on R?. This space is equipped
with the supremum norm
I fllcr@ey = sup |f Gyl (f € C*(RY).
(x,)€R?
Then using the similar technique as in the proof of Theorem 4, one can also get the
following result.

Theorem 5. Let {L jk} be a double sequence of positive linear operator acting
from C*(R?) into itself. Then for all f € C*(R?)

Sj(‘y)_ljljl}cl ”ij (f)_f”C*(IRZ) =0

if and only if
Si € _IJH]? ”ij (fl) _fi HC*(IRZ) =0,

where fo(x,y) =1, fi(x,y) =sinx, f2(x,y)=siny, f3(x,y) =cosx, fa(x,y)=
cosy.

If the ideal 4 in Theorem 5 is replaced by do, we immediately get the following
result proved in [4].

Corollary 1. Let {L jk} be a double sequence of positive linear operator acting
from C*(R?) into itself. Then for all f € C*(R?)

st? ~lim |2k ()= flee@ay =0

if and only if
st3 ~lim |2k ()= fill corey = 0

where fo(x,y) =1, f1(x,y)=sinx, fo(x,y)=siny, f3(x,y)=cosx, fa(x,y)=
cos y.
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