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Abstract. In the current paper, we present a new class of systems called the Balancing-bilinear
system of difference equations to investigate some theoretical proprieties. In this class of systems,
the coefficients are allowed to depend on the Balancing sequence. One feature of this new class of
systems is theoretically solvable in closed form. For this purpose, our interest is focused firstly to
show that the solutions of this system are also related to Balancing numbers. As a consequence,
we find that these solutions are also related to some number sequences (Pell numbers, Pell-Lucas
numbers and Lucas-Balancing numbers). Secondly, we invest in the essential problems related
to the Balancing-bilinear system, i.e. the global stability of positive solutions.
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1. INTRODUCTION

Despite the development of difference equations and systems, the class of stand-
ard bilinear difference equations and systems introduced by (Adamović [2], Boole
[3], Brand [4], Jordan [23], Krechmar [32], Mitrinović and Keckić [33] and refer-
ences therein) remains very popular in many areas of science, mathematical, and
economic domains. These equations and systems are employed to model the tem-
poral evolution of variables such as exchange rates, especially when the values of
these variables are only observed at discrete time intervals. In econometric applic-
ations, difference equations are often modeled with stochastic terms [8–15, 17, 21].
The standard problem is to find formulas for their solutions in closed-form, in this
context, can be found several classical solvable nonlinear difference equations and
systems [1, 5–7, 16, 18–20, 24–31], such that the general solutions via the Fibonacci
sequence [19, 34], and/or Pell sequence [19]. Here we continue the investigation of
solvability of a bilinear system of difference equations but the coefficients depend on
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the Balancing sequence, as well as the general solutions are given via the Balancing
sequence and some other sequences. For this purpose, we consider the following
m-dimensional system of difference equations with Balancing-coefficients,

v(i)n+1 =
Bk+2 −Bk+1v(i+1)modm

n−p

Bk+3 −Bk+2v(i+1)modm
n−p

, n,k, p,m ∈ N0, i ∈ {1, . . . ,m} , (1.1)

and the initial values v(i)− j, i ∈ {1, . . . ,m} , j ∈ {0,1, . . . , p}.

2. MAIN RESULTS

To solve system (1.1) we require to utilize the following lemmas.

Lemma 1. Let (Bn,n ≥ 0) the Balancing sequence, defined as follows

Bn+1 = 6Bn −Bn−1,n ≥ 1,

with initial conditions B0 = 0 and B1 = 1. The following Binet formula of the Balan-

cing numbers gives Bn =
an −bn

a−b
where a = 3+ 2

√
2 and b = 3− 2

√
2. Moreover,

the Lucas-Balancing sequence has the same homogeneous linear difference equation
with constant coefficients as the Balancing sequence,

Cn+1 = 6Cn −Cn−1,n ≥ 1,

with distinct initial conditions C0 = 3, C1 = 17 and the closed-form expressions for
the Lucas-Balancing numbers are 2Cn = an +bn. So, we have some important rela-
tions for n,m ∈ N,

• BmBn+1 −Bm−1Bn = Bm+n,
• Bn−1Bn+1 −B2

n =−1,
• Bn−1 −Bn+1 = 2Cn,
• Bm(n+1)Bm+1 −Bmn = BmBm(n+1)+1,
• Bm(n+1)−Bm+1Bmn =−Bmn−1Bm,
• Bm(n+1)+1 −Bm+1Bmn+1 =−BmnBm.

Moreover, the sequence (Bn
/

Bn+1,n ≥ 1) converges to a−1 = b.

Lemma 2. Consider the homogeneous linear difference equation with constant
coefficients

un+1 −2Cmun +un−1 = 0, n ≥ 0, (2.1)

with initial conditions u0, u−1 ∈ R∗. Then,

∀n ≥ 0, un = Bm(n+1)B
−1
m u0 −BmnB−1

m u−1,

where (Bn,n ≥ 0) is the Balancing sequence and (Cn,n ≥ 0) is the Lucas-Balancing
sequence.
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Proof. Difference equation (2.1) is ordinarily solved by using the following char-
acteristic polynomial

λ
2 −2Cmλ+1 = λ

2 − (am +bm)λ+ambm = (λ−am)(λ−bm) = 0,

roots of this equation are λ1 = am and λ2 = bm. These roots are linked the roots of the
Balancing number sequence. Then the closed form of general solution of equation
(2.1) is

∀n ≥−1, un = c1amn + c2bmn,

where u0, u−1 are initial values such that{
u0 = c1 + c2,

u−1 =
c1

am +
c2

bm ,

and we have

c1 =
amu0 −u−1

am −bm , c2 =
u−1 −bmu0

am −bm .

After some calculations, we get

un =
amu0 −u−1

am −bm amn +
u−1 −bmu0

am −bm bmn

=

(
am(n+1)−bm(n+1)

)
u0 − (amn −bmn)u−1

am −bm

=
Bm(n+1)u0 −Bmnu−1

Bm
.

The lemma is proved. □

Lemma 3. Consider the following rational difference equation,

vn+1 =
Bm −Bm−1vn

Bm+1 −Bmvn
, n ≥ 0. (2.2)

Then,

∀n ≥ 1, vn =
−Bmn +Bmn−1v0

Bmn+1 −Bmnv0
.

Proof. Using the change of variables wn = Bm+1 −Bmvn, we can write (2.2) as

wn+1 =
(Bm+1 −Bm−1)wn −

(
B2

m −Bm−1Bm+1
)

wn
=

2Cmwn −1
wn

, n ≥ 0, (2.3)

and wn =
un

un−1
, we get un+1 − 2Cmun + un−1 = 0, n ≥ 0, by Lemma 2, the closed

form of general solution of the equation (2.3) is

wn =
Bm(n+1)u0 −Bmnu−1

Bmnu0 −Bm(n−1)u−1
=

Bm(n+1)w0 −Bmn

Bmnw0 −Bm(n−1)
, n ≥ 1,



788 A. GEHZAL AND I. ZEMMOURI

then,

vn = B−1
m (wn −Bm+1)

= B−1
m

(
Bm(n+1)w0 −Bmn

Bmnw0 −Bm(n−1)
−Bm+1

)
= B−1

m

((
Bm(n+1)Bm+1 −Bmn

)
−Bm(n+1)Bmv0(

BmnBm+1 −Bm(n−1)
)
−BmnBmv0

−Bm+1

)

= B−1
m

(
Bm(n+1)+1 −Bm(n+1)v0

Bmn+1 −Bmnv0
−Bm+1

)
=

−Bmn +Bmn−1v0

Bmn+1 −Bmnv0
, n ≥ 1.

The lemma is proved. □

2.1. On the system (2.4)

In this subsection, we consider the following system of difference equations of
1st-order

v(i)n+1 =
Bk+2 −Bk+1v(i+1)modm

n

Bk+3 −Bk+2v(i+1)modm
n

, n,k,m ∈ N0, i ∈ {1, . . . ,m} . (2.4)

Now, using the last difference equation in (2.4), we get

v(m−1)
n+1 =

Bk+2 −Bk+1v(m)
n

Bk+3 −Bk+2v(m)
n

=
B2k+4 −B2k+3v(1)n−1

B2k+5 −B2k+4v(1)n−1

, n ≥ 1,

similarly, we get

v(m−2)
n+1 =

Bk+2 −Bk+1v(m−1)
n

Bk+3 −Bk+2v(m−1)
n

=
B3k+6 −B3k+5v(1)n−1

B3k+7 −B3k+6v(1)n−1

, n ≥ 2,

and recursively for the above, we can get

v(1)n+1 =
Bm(k+2)−Bm(k+2)−1v(1)n−(m−1)

Bm(k+2)+1 −Bm(k+2)v
(1)
n−(m−1)

, n ≥ m−1.

System (2.4) can be written as the following rational difference equation of mth-order

vn+1 =
Bmk −Bmk−1vn−(m−1)

Bmk+1 −Bmk vn−(m−1)
, n ≥ m−1. (2.5)

where mk = m(k+2). Let vn,h = vmn+h, h ∈ {0,1, . . . ,m−1} . For this, we have

vn+1,h =
Bmk −Bmk−1vn,h

Bmk+1 −Bmk vn,h
, n ≥ 0, h ∈ {0,1, . . . ,m−1} .
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By Lemma 3, the closed form of the general solution of equation (2.5) is easily ob-
tained in the following corollary.

Corollary 1. Let {vn,n ≥ 0} be a solution of equation (2.5). Then

∀n ≥ m−1, vmn+h =
−Bmkn +Bmkn−1vh

Bmkn+1 −Bmknvh
, h ∈ {0,1, ..,m−1} ,

where (Bn,n ≥ 0) is the Balancing sequence.

Through the above discussion, we can introduce the following theorem.

Theorem 1. Let
{

v(1)n ,v(2)n , . . . ,v(m)
n ,n ≥ 0

}
be a solution of system (2.4). Then,

v(i)mn+h =
−Bmkn+hk +Bmkn+hk−1v(h+i)mod(m)

0

Bmkn+hk+1 −Bmkn+hk v
(h+i)mod(m)
0

, h ∈ {0,1, . . . ,m−1} , i ∈ {1, . . . ,m} ,

where (Bn,n ≥ 0) is the Balancing sequence.

Proof. From Corollary 1, we have

∀n ≥ m−1, v(1)mn+h =
−Bmkn +Bmkn−1v(1)h

Bmkn+1 −Bmknv(1)h

, h ∈ {0,1, . . . ,m−1} ,

and by system (2.4), we get

v(1)h =
Bhk −Bhk−1v(h+1)mod(m)

0

Bhk+1 −Bhk v
(h+1)mod(m)
0

, h ∈ {0,1, . . . ,m−1} .

Now, using Lemma 2, we obtain

v(1)mn+h =
(Bmkn−1Bhk −BmknBhk+1)− (Bmkn−1Bhk−1 −BmknBhk)v(h+1)mod(m)

0

−(BmknBhk −Bmkn+1Bhk+1)+(BmknBhk−1 −Bmkn+1Bhk)v(h+1)mod(m)
0

=
−Bmkn+hk +Bmkn+hk−1v(h+1)mod(m)

0

Bmkn+hk+1 −Bmkn+hk v
(h+1)mod(m)
0

,h ∈ {0,1, . . . ,m−1} .

The theorem is proved. □

2.2. On the system (1.1)

In this article, we study system (1.1), which is an extension of system (2.4). There-
fore, system (1.1) can be written as follows

v(i)(p+1)(n+1)−s =
Bk+2 −Bk+1v(i+1)modm

(p+1)n−s

Bk+3 −Bk+2v(i+1)modm
(p+1)n−s

(2.6)
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for s ∈ {0,1, . . . , p} , i ∈ {1, . . . ,m} and n ∈ N. Now, using the following notation,

v(i)n,s = v(i)(p+1)n−s,s ∈ {0,1, . . . , p} , i ∈ {1, . . . ,m} ,

we can get (p+1)-systems similar to system (2.4),

v(i)n+1,s =
Bk+2 −Bk+1v(i+1)modm

n,s

Bk+3 −Bk+2v(i+1)modm
n,s

, i ∈ {1, . . . ,m} , n ∈ N0 (2.7)

for s ∈ {0,1, . . . , p} . Through the above discussion, we can introduce the following
theorem.

Theorem 2. Let
{

v(1)n ,v(2)n , . . . ,v(m)
n ,n ≥ 0

}
be a solution of system (1.1). Then,

for s ∈ {0,1, . . . , p}

v(i)(p+1)(mn+h)−s =
−Bmkn+hk +Bmkn+hk−1v(h+i)mod(m)

−s

Bmkn+hk+1 −Bmkn+hk v
(h+i)mod(m)
−s

,

h ∈ {0,1, . . . ,m−1} , i ∈ {1, . . . ,m} , where (Bn,n ≥ 0) is the Balancing sequence.

Proof. Let
{

v(1)n,s ,v
(2)
n;s , . . . ,v

(m)
n;s ,n ≥ 0,s ∈ {0,1, . . . , p}

}
be a solution of systems

(2.7) with initial values v(i)0,s, i ∈ {1, . . . ,m} , s ∈ {0,1, . . . , p}. Using Theorem 1, we
obtain for s ∈ {0,1, . . . , p} ,

v(i)mn+h,s =
−Bmkn+hk +Bmkn+hk−1v(h+i)mod(m)

0,s

Bmkn+hk+1 −Bmkn+hk v
(h+i)mod(m)
0;s

, h ∈ {0,1, . . . ,m−1} , i ∈ {1, . . . ,m} .

Returning to the original notation, we obtain

v(i)(p+1)(mn+h)−s =
−Bmkn+hk +Bmkn+hk−1v(h+i)mod(m)

−s

Bmkn+hk+1 −Bmkn+hk v
(h+i)mod(m)
−s

,

for h ∈ {0,1, . . . ,m−1} , s ∈ {0,1, . . . , p} , i ∈ {1, . . . ,m} . □

Based on Theorem 2, we can express the solutions of system (1.1) using some
sequences.

Corollary 2. Let
{

v(1)n ,v(2)n , . . . ,v(m)
n ,n ≥ 0

}
be a solution of system (1.1). Then,

for s ∈ {0,1, . . . , p} ,

v(i)(p+1)(mn+h)−s =
−P2(mkn+hk)+P2(mkn+hk−1)v

(h+i)mod(m)
−s

P2(mkn+hk+1)−P2(mkn+hk)v
(h+i)mod(m)
−s

,

where h ∈ {0,1, . . . ,m−1} , i ∈ {1, . . . ,m} and (Pn,n ≥ 0) is the Pell sequence.
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Proof. We see that it suffices to remark a = a2
1

(
1+

√
2
)2

and b = b2
1, where

a1 = 1+
√

2 and b1 = 1−
√

2, we get

Bn =
an −bn

a−b
=

a2n
1 −b2n

1
(a1 −b1)(a1 +b1)

=
1
2

P2n (see [22]).

□

Corollary 3. Let
{

v(1)n ,v(2)n , . . . ,v(m)
n ,n ≥ 0

}
be a solution of system (1.1). Then,

for s ∈ {0,1, . . . , p} ,

v(i)(p+1)(mn+h)−s =
−P(mkn+hk)Q(mkn+hk)+P(mkn+hk−1)Q(mkn+hk−1)v

(h+i)mod(m)
−s

P(mkn+hk+1)Q(mkn+hk+1)−P(mkn+hk)Q(mkn+hk)v
(h+i)mod(m)
−s

,

where h ∈ {0,1, . . . ,m−1} , i ∈ {1, . . . ,m}, (Pn,n ≥ 0) is the Pell sequence and
(Qn,n ≥ 0) is the Pell-Lucas sequence.

Proof. We see that it suffices to remark

Bn =
an

1 −bn
1

a1 −b1

an
1 +bn

1
a1 +b1

=
1
2

PnQn (see [22]).

□

Corollary 4. Let
{

v(1)n ,v(2)n , . . . ,v(m)
n ,n ≥ 0

}
be a solution of system (1.1). Then,

for s ∈ {0,1, . . . , p} ,

v(i)(p+1)(mn+h)−s =
−Cmkn+hk+1 +Cmkn+hk−1 +(Cmkn+hk −Cmkn+hk−2)v(h+i)mod(m)

−s

Cmkn+hk+2 −Cmkn+hk − (Cmkn+hk+1 −Cmkn+hk−1)v(h+i)mod(m)
−s

,

where h ∈ {0,1, . . . ,m−1} , i ∈ {1, . . . ,m} and (Cn,n ≥ 0) is the Lucas-Balancing
sequence.

Proof. We see that it suffices to remark 16Bn =Cn+1 −Cn−1 (see [22]). □

3. GLOBAL STABILITY OF POSITIVE SOLUTIONS OF (1.1)

In the following, we will study the global stability character of the solutions of
system (1.1). Obviously, the unique positive equilibrium of system (1.1) is

E =
(

v(1),v(2), . . . ,v(m)
)
=−b1′(m),

where 1(m) denotes the vector of order m×1 whose entries are ones. Let the functions

fi : (0,+∞)m(p+1) → (0,+∞) , i ∈ {1, . . . ,m} defined by

fi

((
x(1)0:p

)′
,
(

x(2)0:p

)′
, . . . ,

(
x(m)

0:p

)′)
=

Bk+2 −Bk+1x(i+1)modm
p

Bk+3 −Bk+2x(i+1)modm
p

, i ∈ {1, . . . ,m} ,
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where x0:m = (x0,x1, . . . ,xm)
′ . Now, it is usually useful to linearize system (1.1)

around the equilibrium point E in order to facilitate its study. For this purpose, intro-
duce the vectors

X ′
n :=

((
X (1)

n

)′
,
(

X (2)
n

)′
, . . . ,

(
X (m)

n

)′)
where X (i)

n =
(

x(i)n ,x(i)n−1, . . . ,x
(i)
n−p

)
, i ∈ {1, . . . ,m} . With these notations, we obtain

the following representation
Xn+1 = ∆pXn, (3.1)

where ∆p =

O′
(p−1) 0 O′

(p−1)
1

(Bk+3+bBk+2)
2 · · · O(p−1) 0 O(p−1) 0

I(p−1) O(p−1) O(p−1) O(p−1) · · · O(p−1) O(p−1) O(p−1) O(p−1)
...

...
...

...
. . .

...
...

...
...

O(p−1) 0 O′
(p−1) 0 · · · O′

(p−1) 0 O′
(p−1)

1
(Bk+3+bBk+2)

2

O(p−1) O(p−1) Ip−1 O(p−1) · · · I(p−1) O(p−1) O(p−1) O(p−1)
O′
(p−1)

1
(Bk+3+bBk+2)

2 O(p−1) 0 · · · O(p−1) 0 O′
(p−1) 0

O(p−1) O(p−1) O(p−1) O(p−1) · · · O(p−1) O(p−1) I(p−1) O(p−1)


,

where O(k,l) denotes the matrix of order k× l whose entries are zeros, for simplicity,
and we set O(k) := O(k,k) and O(k) := O(k,1) and I(m) is the m×m identity matrix. We
summarize the above discussion in the following theorem.

Theorem 3. The positive equilibrium point E is locally asymptotically stable.

Proof. After some priliminary calculations, the characteristic polynomial of ∆p is

P∆p (λ) = det
(
∆p −λI(m(p+1))

)
= (−1)m(p+1)

Ω1 (λ)+(−1)p
Ω2,k (λ) ,

where Ω1 (λ) = λm(p+1) and Ω2,k (λ) =
1

(Bk+3 +Bk+2b)2m , then |Ω2,k (λ)|< |Ω1 (λ)| ,

∀λ : |λ|= 1. So, according to Rouche’s Theorem, all zeros of Ω1 (λ)−Ω2,k (λ) = 0,
lie in the unit disc |λ| < 1. Thus, the positive equilibrium point E is locally asymp-
totically stable. □

Corollary 5. For every well defined solution of system (1.1), we have

limv(i)n =−b, i ∈ {1, . . . ,m} .

Proof. From Theorem 2, we have

limv(i)(p+1)(mn+h)−h = lim
−Bmkn+hk +Bmkn+hk−1v(h+i)mod(m)

−s

Bmkn+hk+1 −Bmkn+hk v
(h+i)mod(m)
−s

, h ∈ {0,1, . . . ,m−1}

= lim
−1+

Bmkn+hk−1

Bmkn+hk
v(h+i)mod(m)
−s

Bmkn+hk+1

Bmkn+hk
− v(h+i)mod(m)

−s
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=
−1+bv(h+i)mod(m)

− j

a− v(h+i)mod(m)
− j

for i ∈ {1, . . . ,m} , hence

limv(i)(p+1)(mn+h)−h =
−1+(3−2

√
2)v(h+i)mod(m)

− j

(3+2
√

2)−v(h+i)mod(m)
− j

=

((
−1+3v(h+i)mod(m)

− j

)
−2

√
2v(h+i)mod(m)

− j

)((
3−v(h+i)mod(m)

− j

)
−2

√
2
)

((
3−v(h+i)mod(m)

− j

)
+2

√
2
)((

3−v(h+i)mod(m)
− j

)
−2

√
2
)

=
−3
((

3−v(h+i)mod(m)
− j

)2
−8
)
−2

√
2
(

8−
(

3−v(h+i)mod(m)
− j

)2
)

((
3−v(h+i)mod(m)

− j

)2
−8
)

=−3+2
√

2

=−b, i ∈ {1, . . . ,m} .
□

The following Corollary is an immediate consequence of Theorem 3 and Corollary
5.

Corollary 6. The unique positive equilibrium point E is globally asymptotically
stable.
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