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Abstract. In the paper, the authors establish several new integral inequalities of the Hermite—
Hadamard type for functions whose third derivatives are (a, s,m)-convex.
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1. A BRIEF REVIEW

We first recall definitions of several convex functions.
Definition 1. A function z2: J C R = (—00,00) — R is said to be convex if
h(o+(1-9)p) <dh(e)+(1-9)h(p)
for all p,p € J and ¢ € [0, 1].
In the papers [2, 10], the concept of s-convex functions was innovated as follows.

Definition 2 ([2, p. 13] and [10, p. 100]). Let s € (0,1] be a real number. A
function &: Ry = [0,00) — Ry is said to be s-convex (in the second sense) if

h(Bo+(1-13)p) < h(0) +(1-9)*h(p)
for all o,p € J and ¢ € [0,1].
In the conference paper [26], the concept of m-convex functions was innovated as

follows.
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Definition 3 ([26]). Let &: [0,b] — R for b > 0 and let m € (0, 1]. If the inequality
h(9o+m(1-9)p) <Ih(o) +m(1-9)h(p)

is valid for all o, p € [0,b] and ¢ € [0, 1], then we call that & is an m-convex function
on [0, b].

Moreover, we recite the following several definitions of various convex functions.

Definition 4 ([3 1, Definition 2.1]). A function 4#: J CR — R is said to be extended
s-convex for some fixed s € [—1, 1] if the inequality

h(9o+(1-9)p) <9 h(o)+(1-9)"h(p)
holds for all p,p € J and & € (0, 1).

Definition 5 ([29, Definition 2.1]). For some s € [—1, 1] and « € (0, 1], a function
h:J C R — Ris said to be (a, s)-convex if

h(9o+(1-19)p) <3 h(o)+(1-39")"h(p)
for all p,p € J and ¥ € (0, 1).

Definition 6 ([29, Definition 2.2]). For some s € [—1,1] and (e, m) € (0,1]%, a
function &: [0,b] — R is said to be (a, s,m)-convex if

h(Go+m(1-19)p) <3 h(o) +m(1 -9 h(p)
for all p,p € [0,b] and & € (0, 1).

To establish integral inequalities of the Hermite—Hadamard type is a very active
research topic. We would like to recite the following integral inequalities of the
Hermite—-Hadamard type.

Theorem 1 ([4, Theorem 2.2]). Let h: J° € R — R be a differentiable mapping
on the interior J° of J and let o, p € J° with o < p. If |I’| is convex on [0, p], then

h(o)+h(p) 1 [P (p=0)(R ()| +11 (p)])
- h(x)dx .
2 p—0Jo 8
Theorem 2 ([21, Theorems 1 and 2]). Let h: J C R — R be differentiable on J°
and let o,p € J such that o < p. If |’ |1 is convex on [p,p] and q > 1, then

h(o) + h(p) 1 L p—o (W ()7 +|k(p)7)"4
‘ 2 _p—g_/g M dx)s ( 2 )

o+p 1 p

<

and

<

p—@(lh’(@)l"+|h’(p)|")1/q
4 2 '
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Theorem 3 ([5, Remark 2]). Let h: Ry = [0,00) — R be m-convex and m € (0, 1].

Ifhe Li([o,p]) for0< o < p < oo, then
p h h h h
1 h(x)dxgmin{ (0)+m (p/m)’m (o/m) + (p)}_
p—0Jo 2 2

Theorem 4 ([13, Theorem 1]). Let h: J C Ry — R be differentiable on J° and let
0,p €J with o < p. If |W'|? is s-convex on [, p] for some fixed s € (0,1] and g > 1,
then

h(o)+h(p) 1 /ph(x)dx
o

2 p—o0

_p-of! =lar o428
-2 \2 (s+1)(s+2)

Theorem 5 ([11, Theorem 4]). Let h: J C Ry — R be differentiable on J°, let
0,p € J such that o < p, and let k' € L[ o,p]. If || is s-convex on [, p] for some
fixed s € (0,1] and g > 1, then

o+p 1 p
E58) 5 ) e

1 l/q 1 l/p
2

(s+1)(s+2)
| (p)|?+ (s+1)

Va 1/q
[IW" ()17 + 1R (p)|7] .

S,O—Q
4

q}l/q

@+ s+l (437)
1/
h’(%) q} q}, (1.1)

Remark 1. The inequality (1.1) is a corrected version of [1 1, Theorem 4].
By the way, the identity in [1 |, Lemma 3] should also be corrected as

a+b 1 b
152 ) [ rwes
1
:b;"/o [(1—t)f’(ta+(1—t)#)—tf'(t%+(1—f)b)]dt~

Consequently, the whole body of the paper [1 1] should be rewritten and modified.

+

where £ +1 =1.
P q

Theorem 6 ([25, Theorem 7]). Let h: J C Rg — R be differentiable on J°, po,p € J
with o < p, and h’ € L{p, p]. If|W'| is s-convex on [ o, p] for some s € (0,1] and p > 1,
then

1 o+p L[’
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- (s—4)65T +2x5+2 —2x35+2 42
- 65+2(s+1)(s+2)

(p=0) (11 (o) + 1 (p)]).

1,1
where = + = = 1.
P q

For more conclusions on this topic, please refer to the papers [1,6,8,9,12, 14,15,
,22-24,27,28,30,32-34] and closely related references therein.

The main purpose of this paper is to establish some new integral inequalities of the
Hermite-Hadamard type for («, s, m)-convex functions.

2. A LEMMA
For attaining the aim of this paper, we need the following lemma.

Lemma 1 ([3, Lemma 2.1]). Let h: J C R — R be a three-time differentiable
mapping on J° and let 0,p € J° such that o < p. If k""" € L1([0,p]), then

1 L - ' ’
h(%)_—g/g h(x)dx+%[h (p)—h (0)]

_p-o’ [/10(1 —0)<2—0)h"’(ﬂ9+ ﬂp)dﬂ
0

9% 2 2
! 1+9 1-9
—/ ﬁ(l—ﬁ)(2—ﬁ)h”’(Lg+—p)dﬁ}.
A 2 2

3. INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE

Now we start out to establish some integral inequalities of the Hermite—Hadamard
type for (a,s,m)-convex functions.

Theorem 7. For (a,m) € (0,1]%, s€ (=1,1], and p > 0 >0, let f: (0,%] — R be
a three-time differentiable function and '’ € Ll([g, %]) If 114 is an (a,s,m)-
convex function on (0, %] for g > 1, then

e+p)_ L [ e+ Pl (o) -
1(52) 555 [ e 22 o - o)

2
(p—0)} (1) 7VV4 pl-as 5 e
o\l 1/q
+|W(a,)|f” (o) +mR(a,s) fm(n_i) } }

where I'(x), B(x,y), and 2F(c,d;e;z) are the Euler gamma function, the Euler beta
function, and the Gauss hypergeometric functions, which can be defined respectively
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by
1 1
-1 - -1 -1
I'x) = / 7*"'e7*dz, B(x,y) :/ 7T (1-2)Y"dz,
0 0

and
I'(e)
I'd)'(e—4d) J,
forx,y>0,e>d>0,|z| <1, and c €R, and
0(a.s) = 21 (s +3) (s +9) +4[(as)? + Tas — 12]
’ (as+1)(as+2)(as+3)(as+4) ’

W )_aF 2 a+2 1 ch 4 a+4 1
a’as - 214 CL” Sa a 26! 82 1 CZ’ S, a ’Za ’
R(a’s):_

4 1 2
Bl—,s+1]|-B|—,s+1
a a o
o' 2 a+2 1 o' 4 a+4 1
b= s ——isg |-l s ——i 55 |-
T2 l(a > 2") 8° 1(01 YT 2")}
Proof. Using Lemma 1 and Holder’s integral inequality [7], we obtain

o) —
’h(&’;p)—[%@/ hdx+ 2ZE 1 ()= 1 (0)]
o

1
2Fi(c,dse;z) = 11— 1 —zr)~¢dr

(p-0?[ ' L1=9  1+9
ST{/O 9(1-9)(2—-9)|h (TQ — )’dﬂ
1 _
+/ 9(1—9)(2— ﬂ)h”’(“ﬁwﬂp)‘dﬂ}
) 2 2 o
(p-03] [ 1-Va '
< [/O ﬁ(l—ﬂ)(2—ﬂ)dﬁ}
1 _ q l/q
{/19(1 9)(2 - ﬂ)h”’( Zﬂg+#p) dﬂ]
_ q 1/q
+ / 9(1—9)(2— ﬂ)h"’(1+ﬁg+ﬂp) dﬁ] }
0 2 2
By the (a, s, m)-convexity of |h”"’|4, we have
q
/0(1 9)(2— ﬁ)h"’(ﬂg 1+ﬁp) 4o
0 2 2
1 1—19 as
s/ 19(1—19)(2—19)(—) W (0)|9d o 3.2)
0
aqs q
+m/ 9(1-9)(2- ﬂ)[l—(ﬂ) ] h(%) o
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and |
1+9 1-9
/ H1-9)2-9) h”’( Q+—p)’dﬂ

0 2 2

! 1+9\" g
_ _ __ " 3.3
s/o 9(1-0)(2 ﬁ)( - ) 0 (0)]9 d (33)

1
+m/ 0(1—0)(2—0)[ (Hﬂ) } h( )qdﬂ.
0 m
Straightforward computation gives
/lﬁ(l—ﬂ)(2—ﬂ) ﬂ asdﬁ 2
0 2 (as+2)(as+4)
1
/19(1—19)(2—19)(#) dd=0(a,s), (3.4
0
1 as
/ 0(1—1?)(2—0)[1—(%) ] d¥=W(a,s),
0
and
1 s ais
/ 19(1—19)(2—19)[1—(#) ] dﬁ</ (1- ﬁ)[1—(1;ﬂ) } W s
0 .
= R(a,s),
where )

I(1-9)(2-9) < (1-9) w— —1-9

for ¢ € [0,1]. Substituting those in (3.2), (3.3), (3.4), (3.5) into (3.1) gives
1
‘h(%)—— / nodx+ 2L [ ()~ 1 (0)]
p-o 24
(-0 (1} ) 4l ()10 as)|
< (Z) { 1 ()1 +ml” ()] Q(a,s)}

1/(1}
The proof of Theorem 7 is thus proved.
Theorem 8. For (a,m) € (0,113 s € (=1,1], and p > 0> 0, let h: (0,2] — R be
a three-time differentiable function and h'"’ € Ll([g, %]) If |W"|4 is an (a,s,m)-
0,%] for g > 1, then

21—as
(as+2)(as+4)

+ 11" ()W (a,5) +m|h"" (p)|"R(a, 5)

O

convex function on (

o+p 1 L P—0.,, ’
‘h(T)—pTQ/Q n@dx+ L1 (p) -1 (o))
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_ 3 _ _ 1-1/q
S(;o Q)13 (24 173q 2
96 4 12(g-1)" g-1
y-as 1 1 q1l/q
x I ()| +mB|—:~,s+1]|[n"[ £
as+1 29 m
5 _oas | (3.6)
[ |h”'(g)|q+m(3(—,s+1)
as+1 a
1 1 q1l/q
e Gl
29 m
where
z
B(z;@,p)=/ ue ' (1-uy'du, 0<z<1
0
is the incomplete beta function with B(o; 0,p) = B(0,p).
Proof. By Lemma 1 and Holder’s integral inequality [16], we have
+ 1 P B ’ ’
(252) - [T haxs L L - o)
p—0Jo 24
(p_9)3 /1 z -9 1+
< P1-HQR-DHHW'|—o0+——p]||dI
ST ; (1-9)(2-9) 7ot ——p
! 1+9 1-9
+/ ﬂ(1—ﬁ)(2—ﬁ)h'”(Lg+—p)‘dﬁ}
0 2 2
(p=0’( ' i=a G
<= / [9(1-9)(2-9)]9 "D dy
96 0
1 q l/q
1-9 1+9
h/ll -7 - dﬂ
ALl e o
N (t+9 1-9 \[ 1"
hlll - - - - d .
Al R
Utilizing the (a, s, m)-convexity of |h"”'|4, we acquire
o (1-9 1+9 \[
‘/Oh (TQ+T,0) dd
1 as 1 aqs q
1-9 1-9
L5 wromaoen [ [ (52 k() o0 as
0 2 0 2 m

—-as

2 11
= " (0)|9+mB|—;—,s+1
a/s+1| (@ +m (2“ @’ )

q

h///(ﬁ)
m
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and
1+¢ 1-9
h”’(—g + —p)’dﬂ

1
,/0 2 2
1 as 1 a
1+ 1+9
S/ — |h"'(g)|qdﬂ+m/ 1-|—
0 2 0 2

s q

dd (3.9

h///(ﬁ)
m

2-—27as 1 1 1 o \|?
=——1n" 4 Bl—,s+1]|-Bl—;—,s+1|||""[=
as+1 Ih7 (o)l +m( (a/ S ) (20‘ a S )) (m)
It is not difficult to see that
1
_ 3 2g—-1 3g-2
H(1-9)(2-19)]/ ”dﬂ:—B(—,—). 3.10
JRCEEICE) T (3.10)
Substituting (3.8), (3.9), and (3.10) into the inequality (3.7) leads to the inequal-
ity (3.6). The proof of Theorem 8 is thus proved. O
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