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Abstract. In the present paper, we will study the existence of at least one weak solution for the
nonlinear parabolic initial boundary value problem associated with the following equation of
Kirchoft type

a 1
a—l; -M (/Q(QS(x,t,Vu) + 6|Vu\e)dx) div <b(x,t,Vu) + |Vu\972Vu) = f(x,1) —g(x,t,u, Vu).

By using the Topological degree theory for operators of the type L 4+ S+ C, where L is a maximal
monotone map, S is bounded demicontinuous map of class (S;) and C be compact and belongs
to I'g (i.e there exist T,6 > 0 such that ||Cx|| < t||x|| + ). Our focus of the study is centered on
this problem in space L%(0,7,W!9(Q)), where 8 > 2 and Q is a bounded open domain in RV .
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1. INTRODUCTION

Throughout the paper, @ C RN (N > 2) designantes a bounded open subset with
Lipschitz boundary dQ, and we denote by Q the cylinder Q x (0,7) that I’ = 0Q X
(0,7) is its lateral surface, where 7 > 0 is a fixing time.

The objective of this article, is to study the existence of at least one weak solution
of the the following parabolic equations of Kirchhoff type,

%’; — M (E(u))div (b(x,t,Vu) + [Vu*"2Vu) = f(x,1) — g(x,t,u,Vu) in Q;
(P) 4 u(x,0) = up(x) in Q;
u(x,1) =0 on I

where

E(u) = /Q(as@c,z,vu) v é]Vu\e)dx
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the terme —divb(x,7,Vu) is a Leray-Lions operator acting from ¥ to its dual V*.
which is coercive, such that

VY =1°(0,T,W,°(Q)) and V* = L¥ (0,7, W~ 19(Q)) (6 >2),

where § + & = 1, the Kirchhoff type function # : R* —s R* is continuous, the
right-hand side f is assumed to belong to 7*, and the Carathéodory function g: Q X
R x RN — R satisfy some conditions which will be stated later. Problem (P) is
related to the stationary version of the Kirchhoff equation

*u po  E [Lloul? *u
— | —+= —| dx]|=—==0
oz <h+2L/o x| ) aw
introduced in 1883 by Kirchhoff see [14] for mor details, where the parameters h,

E, p, L, py, are all constants which respectively have some physical meaning, this
equation is an extension of the classical d’ Alembert’s wave equation. In recent years,

much interest has grown on Kirchhoff type problems see([4, 10—12,20,22,23,25]).
This interest arises from their contributions to the modeling of many physical and
biological phenomena. We refer the readers to [2, 5, 13, 16—18], for some interesting

results and further references.
In [25] S. Zediri, R. Guefaifia and S. Boulaaras studied the existence of positive
solutions for p(x)-Kirchhoff parabolic systems of the form
%M (fo 5 Vul@dx ) Ay = WO D f () + murh(u)] in Q;
%—;‘ —M| [o ﬁx)]Vv]P(x)dx Apyv = MO hag(v) 4+ wat(u)] in Q;
u(x,0) = o(x) in Q;
u=v=0 on dQ x (0,7).
M(t) is a continuous function, the technical approach is bassed on the sub-super-
solutions method.

In[12] Y. Fu, and M. Xiang, proved the d the local existence of weak solutions for
the following parabolic initial boundary problem for nonlocal parabolic equations

r(t)
VPt
u_ a+b (/ |”’dx> div (yvuv’W)-Zvu)
Q

or p(x1) in Q,
+ [P = f (),
u(x,0) = up(x), in Q,

where a, b are tow positive constants. The authors proved the local existence of the
weak solution of the above problem, using the Galerkin approximation method.
Motivated by the previous results, and the work of Assfaw to show the existence
of at least one weak solutions of () in ¥ by using the Topological degree theory for
operators of the type type L+ S+ C, where L: D(L) C V — 7* is a linear densely
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defined maximal monotone map, S defined from ¥ to its dual V* is a bounded map
of type (S1) and C: D(C) C ¥ — V* is compact with D(L) C D(C) such that C
belongs to I'g. For more information on the history of this theory and it applications,
see for example [1,6-9,15,19,24].

The paper is organized as follows. In Section 2, we state some mathematical
preliminaries about the functional framework where we will treat our problem and
the degree theory for operator of the type L + S+ C. In Section 3, we give some
hypotheses and we will prove our main result.

2. PRELIMINARIES

In this part, we briefly review some basic knowledge of the functional framework
required to investigate the problem (), as well as the fundamental definitions and
theorems of topological degree theory that are relevant to our goal.

Let D C RY be a bounded open set with smooth boundary. Let ® > 2 and 8’ = %.

We will denote by L°(D) the Banach space of all measurable functions ¢ defined in

D such that
1/6
[olisio) = ( [ l060Par) <o

We define the functional space Wo1 9(D) as the closure of Cy (D) in the Sobolev space
w'o(0) = {p e 1%(D): Vo e L(D) },

with respect to the norm

1/0
01110 = (10lEsip) + 1V0lnin) -

According to the Poincaré inequality, the norm || - |19 on W, 9(D) is equivalent to
the norm || - le,e(@) setting by
0

19lly190) = [Vl o0m) for ¢ € Wy (D).

Remember that the Sobolev space WO1 76(@) is a uniformly convex Banach space and
the embedding Wol’e(@) << L9(D) is compact (see [26]).
Following that, we consider the functional space

V= 1°0,T;W, * (D)), (T >0),

that is a separable and reflexive Banach space with the norm

T 1/6
ol = (10130
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or, by the Poincaré inequality, the equivalent norm in ¥ given by

T 1/8
0]l = ( / HV¢!?e<@>df> -

2.1. Topological degree theory for L+ S+ C operators with D(L) C D(C)

In this subsection, we give some results and properties from thedegree theory for
L+ S8+ C operators of generalized (S ) type in real reflexive Banach. In what follows,
let X be a real separable reflexive Banach space with dual X* and with continuous
dual pairing (-, -) and given a nonempty subset Q of X, and — represents the weak
convergence.

Let 7 from X to 2X" be a multi-values mapping. We denote by Gr(T) the graph of
T,ie.

Gr(T)={(u,v) eXxX*: veT(u)}.

Definition 1. The multi-values mapping T is called

(1) monotone, if for each pair of elements (1;,0;),(M2,02) in Gr(T), we have

the inequality
(61 —62,m1 —m2) > 0.

(2) maximal monotone, if it is monotone and maximal in the sense of graph
inclusion among monotone multi-values mappings from X to 2X". An equi-
valent version of the last clause is that for any (19,00) € X x X* for which
(6p—6,m0—m) >0, for all (m,0) € Gr(T) , we have (no,60) € Gr(T).

Let Y be another real Banach space.

Definition 2. Let Y be another real Banach space. A mapping F: D(F) CX —Y
is said to be
(1) Demicontinuous, if for each sequence (u,) C Q, u, — u implies F(u,) —
F(u).
(2) Of type (S;), if for any sequence (u,) C D(F) with u, — u and
limsup,,_,..(Fuy,u, —u) <0, we have u, — u.
(3) Belongs to I'g, if there exist 6 > 0 and T > 0 such that

[Fx[ly < tl}xx +o.

Lemma 1 ([6, Lemma 7]). Let G be a nonempty, bounded, and open subset of
X. Let L: D(L) C X — 2X" be maximal monotone, L: C X — 2X" be bounded
and of type (S) and C: D(C) C X — 2% be compact and D(L) C D(C) such that
C belongs to class T'y. Assume, further, that ¢* ¢ (L+ S+ C)(D(L) N dG). Then
there exists ro > 0 such that d(L, + S+ CJ,,G,0") s well-defined and independent of
r e (0,rg).

According to Lemma 1, the associated degree mapping is established as follows:
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Definition 3. Let G be a nonempty, bounded, and open subset of X, L: D(L) C
X — 2X" be maximal monotone, L: C X — 2X" be bounded and of type S and
C: D(C) C X — 2% be compact and D(L) C D(C) such that C belongs to class TS,
Assume, further, that f* ¢ (L+S+C)(D(L)N0G). Then the degree mapping d of
L+ S+ C at ¢* € X* with respect to G is defined by

d(L+S+C,G,0") = rgl(l)+d5+ (Ly+S+CJ.,G,0"),

where ds, is the degree mapping for multivalued bounded operators of type (S;)
from [19].

Theorem 1 ([6, Theorem 9]). Let G be a nonempty, bounded, and open subset of
X, L:D(L)CcX — 2X" be maximal monotone, S: C X — 2X" be bounded and
of type (Sy) and C: D(C) C X — 2X" be compact and D(L) C D(C) such that C
belongs to class I's. Then following properties hold:

(1) (Normalization) d(J,G,0) =1if0 € G and d(J,G,0) =0if 0¢ G.
(2) (Additivity) Let G| and G, are two disjoint open subsets of G such that ¢* &
(L+5+4C) ((G\(G1UG,))ND(L)) then, we have

d((L+5+C),G,¢") =d((L+S5+C),G1,0") +d((L+5+C),G2,07) .

(3) (Existence) If 0* ¢ (L+S+C)(D(L)N9G) and d(L+ S+ C,G,0*) # 0 then
¢ € (L+S+C)(D(L)NG).
(4) (Translation invariance) Let ¢* ¢ (L+S+C)(D(L) N dG). Then we have

d(L+S+C—¢*,G,0) =d(L+5+C,G,0*).

(5) Let H(t,x) = Lx+1(S1x+Cx)+ (1 —1)Sx, (t,x) € [0, 1], where S;: X — 2%
(i=1,2) is bounded and of type (S+) and 0 ¢ H(t,D(L)NIG) forallt € [0,¢].

Then d(H(t,-),G,0) is indepondent of t € [0,1].
Theorem 2 ([6, Theorem 12]). Let L: D(L) C X — 2X" be maximal monotone
with 0 € L(0), S: C X — 2X" be bounded pseudomonotone and C: D(C) C X —

2X" be compact and D(L) C D(C) such that C belongs to class TS. Let ¢* € X*.
Assume further, that there exists R > 0 such that

(Lx+Sx+Cx—¢*,x) >0

for all x € D(L) N dBg). Then ¢* € (L+S+C)(D(L)NdBg(0)). Furthermore
R(L+S+C) = X* provided that L+ S+ C is coercive.

3. BASIC ASSUMPTIONS AND MAIN RESULT

Throughout this paper, we use the following assumptions: b(x,t,): Q x RV —
RY is a Carathéodory, and a continuous derivative with respect to & of the continuous
mapping B(x,1,§): Q xRY — R.forall (x,¢) € Qandall §,&' € RV, with (§ £E').

(h1) B(x,t,0) =0 and b(x,1,§) = Ve B(x,1,§),
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(hZ) a”&’e < b(x7t7§) 2; < 9@()6,1‘,&)7
(h3) |b(x,1,E)| < k(x,1)+BIE[*,
(ha) [b(x,1,8) = b(x,1,€")]- (&) >0,
where o,  are some real positive number and k(x,?) is a positive function in Lel(Q).
(hs) g: Q x Rx RY — RV is Carathéodory function and there exist p > 0 and
ye LY (Q) such that

gCer,&m)| < p(IE°" + M) +v(x,0),

8()@%&»“) & > |§|67
forall (x,) € Q, & € Randn € RN withn #E&.
In order to obtain the existence of weak solutions, the authors always assume that
the Kirchhoff function M : R* — R™ is continuous and non-decreasing function,
and satisfies the following conditions:

(Mp) there exist two positive constant mg and m;, such that,
mo < M(t) <my,
forall 7 € [0, +oo].
Let G be a nonempty, bounded, a

Lemma 2 ([3, Lemma 2.10]). Assume that (h,)-(hs) hold, let (uy,), be a sequence
; L8 (0, T, Wol’e(Q)) such that u, — u weakly in L? (0, T, WO1 ’e(Q)> and
/Q [b(x, 1, Vit) — b(x, 1, Vit)] V (1t — 1) dx — .
Then u, — u strongly in L° (0, T, Wol’e (Q))

Let us consider the following functional
T (u) = /OTﬂT{ </Q (‘B(x, Vi) + é|vu|9> dx> dt forallue ¥,
where 9/ : [0, +oo[— [0, +oo[ be the primitive of the function M, defned by
M) = [ M,

It is well known that 7 is well defined and continuously Gateaux differentiable
whose Gateaux derivatives at point u € 4V is the functional S(u) € V* setting by

(Su, @) = /OT {M (/Q(iB(x,t,Vu) + éyvu\e)dx)

x [ / b(x,t, Vi) Vedx + / yvuy“vuwdx”dt
Q Q
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forallg € V.
Lemma 3. Suppose that the assumption (hy)-(hs) and (My) hold, then

e S is continuous and bounded mapping.
e the mapping S is of class (S+).

Proof.

e Given that 7 is continuously Gateaux differentiable and whose Géteaux de-
rivatives at point u € V, is Su € V* with

(T'u,@) = (Su,¢), Voe V.

Therefore S is the Fréchet derivative of 7. So we can conclude that the
operator S is continuous.
Now, we will prove that S is bounded.

| (Su,¢) | = ’/OT {M (/st(x,z,vu)+évu\9> dx)

X (/ b(x,t,Vu)V(pdx+/ |Vu]e_2VuV(pdx} dr
Q Q

T
g/ mi </ |b(x,t,Vu)|-|V(p|dx+/ ]Vu\el-W(p\dx) dr
0 Q Q

T T
<m (/ /\b(x,t,Vu)|-]V(p\dxdt—i—/ (/ yvu\el-w(p\dx) dt>
0 Q 0 Q

T
<2m | (116, Vil o g [ V0l0(0))

T (]
+ [ 1Vl g 19l
0

T T
< Cot [ 1, ) | g Nl ot +Cot [ 1l @10 i

From the growth condition (), we can easily show that ||b(x,t, Vi) ||, & @
is bounded for all u € WO1 9(Q). Then

T T
(su.@) <C1 [ olo+Ca [ lo.

By the continuous embedding 9 < L' (0,7, W"#(Q)), we concludes that
|(Su, )| < Const ||@] .

Which means that the operator S is bounded.
e Next, we verify that the operator S is of type (S).
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Assume that (u,), C V and

u, —u inv;
lim sup(Suy, u, —u) < 0.
n—oo
We will show that u, — u in V.

On the one hand, since u, — u in V, so (u,), is a bounded sequence in ¥ and
since 7 embeds compactly in L%(Q), then there exist a subsequence still denoted by
() such that u, — u in L°(Q).

On the other hand, we have

lim sup(Suy,, u, — u) = limsup(Su, — Su, u, —u) = lim (Su,, — Su, u, —u) <O0.

n—ro0 Nn—oo n—oo
Then,
lim (Su,, — Su, u, —u)
n—soo
T
— lim (/ M (E(uy)) V b(x,, Vitn)V (it — 1)
n—e \ Jo Q

+ / |Vune_2VunV(un—u)dx] dr

Q
T
—/ M (E(w)) [/ b(x,1, Vi)V (1t — 1) dx
0 Q

+/ |Vu|*2VuV (u, —u)dx} dt) <0.

Q
Or by (A;) we have for any x € Q and § € R”

B(x,8) = /01 %ﬁ(x,sg)ds = /Olb(x,t,sg)gds,

by combining (A3), Fubini’s theorem and Young’s inequality we have

1
/Q%(x,t,Vu)dx:// b(x,t,sVu,)Vudsdx
Q aJo

1 /
S/ |:Ce// b(x,1,5Vu)|® dx—i—Ce/ |Vuedx} ds
0 Q Q

1 3.1)
< +c'/0 /Q s Vuldxds -+ Collu]%

<C+C /Q (Vul®dx -+ Collu]® o
<Cllull.

by (3.1), Then [o(B(x,t, Vu,)dx is bounded.
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As M is continuous, up to a subsequence there is k > 0 by
M (E(up)) — M (k) >my asn— oo.
In addition by appliying the assumption (M), we get

T
lim my (/ {/ b(x,t,Vu,)V(u, —u)dx
n—eo o e

+/ Vit |* 2V, V (e, — 1) dx} dr
Q

T
—/ {/ b(x,t,Vu)V(u, —u)dx

o Lo

+ / IVul® ViV (i, — u)dx] dt> <0.
Q

Using the compact embedding ¥ < L%(Q), we have

fim / Vit Vi (Vity — Vi)dr =0, Tim / IVul*2Vi( Vit — Vir)dx = 0.
o n—e o

n—oo

Since mg > 0 then, we have

T T
lim </ /b(x,t,Vun)V(un—u)dxdt—/ /b(x,t,Vu)V(u,,—u)dxdt) <o,
0 Q 0 Q

n—yoo

which means

n—yoo

T
lim / / [b(x,, Vity) — b(x, 1, Vit)] (Vitn — Vie)dxdr < 0, (3.2)
0 Q

By combining (3.2) and (h4) we deduce that

T
lim/ / [b(x,, Vitn) — b(x, 1, Vit)] (Vitn — Vie)dxdr = 0,
In light of Lemma 2, we obtain
u, —u in vV,

which implies that S is of type (S ). O

Lemma 4. Suppose that the assumption (hs) hold, then the mapping

C: D(C) C V — V* defined by

(Cu, @) :/ g(x,t,u, Vu)odxdt, and D(C) = {ve vV : V' € V*},
Q

is compact and belong to the class I'g.

Proof. We first show that C is compact.

It is know that D(C) is compactly embedded in L®(Q), because W'®(Q) is com-
pactly embedded in L®(Q) (see Proposition 1.3 in [21]), as a result C is completly
continuous, that is C is compact operator.
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Next, we prove that C belongs to I'y. By apliying condition (h4), we get

|(Cu,@)| = ‘/T </ g(x,t,u,Vu)(pdx) dr
_/ (/ lg(x,t,u,Vu) ||(p\dx) dr
<[ [p (w9t o] -t [ e lelasar

8 kA
< [l 9l +o [ 1Vl g 0l

[0 93
6 T
<20 [ 1Vull 9l + [ )y 0l

<2p [ IVulfg 0l [ 16wl g0l ot

< 2pllull, @l + 17l o @l
< Cstllullpll@lly + [Vl oq @l forallu,¢ e V.

Consequently, taking supremum overall ¢ € V with ||@||, < 1, we conclude that
ICul| ¢ < t|lul|lpy+0 Yuev.

Where T=Cst > 0and 6 = HyHLe/(Q) > 0, that is C belong to the class I'g. O

Now, let us consider the following operator L defined from the subset D(L) of ¥
into its dual 7*, such that

={oec¥V: ¢ c V", ¢(0)=0}, thatis D(L) C D(C),
by
(Lut, @) = — / ug,dxds, forallu € D(L), € V.
o

Consequently, the operator L is generated by d/d¢ by means of the relation

T
(Lu, @) = /0 (W (£),9(t))dr, forallue D(L), ¢ € V.

Lemma 5 ([26, Theorem 32.L]). L is linear, densely defined and maximal mono-
tone map.

Our main result is the following existence theorem:
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Theorem 3. Let f € V*, uy € L*(Q) and assume that the hypothesis (hy) — (hs)
and (My) hold. Then, there exists at least one weak solution u € D(L) of problem (‘P)
in the following sense

_/Qu(ptdxdt+/0T{M(‘£(u)) [/Qb(x,t,Vu)V(p|dx+/Q|Vu|e_2VuV(pdx]}dt

T
+ [ st Vapdsdt = [ (7.9 ar
Q 0
forallg e V.

Proof. On the one hand, from the Lemma 5, the operator
L:DL)CcV — 7V,

T
(Lit, @)y = / (W (1),0(t))dt, forallu e DL), ¢ € V.
0

is a densely defined maximal monotone operator.
By the monotonicity of L we have

(Lu,u) >0 forallu € D(L),
then we obtain
(Lu~+ Su+ Cu,u) > (Su+ Cu,u

)
:/OT{M< QA(x,t,Vu)—i—;]Vu]pdx)/Qa(x,t,Vu)Vudx

+/ |Vu|pdx} dr
Q

+/ g(x,t,u, Vu)udxdr,
Q

(3.3)

by using th assumptions (h;), (My) and (h4), we get
T T
(Lu—i—Su—i—Cu,u)Z/ mo/b(x,t,Vu)Vudxdt+/ mo/ |Vu|Pdxde
0 Q 0 Q
—l—/ g(x,t,u, Vu)udxdr
Q
Zmo/b(x,t,Vu)Vudxdt—i—mo/ |Vu|9dxdt+/ luldxds
0 Q Q
Zmooc/ |vu|9dxdz+m0/ |vu|9dxdz+/ |u|®dxdr
Q Q Q

zcm,-,,/ |Vu]9dxdt+Cm,-n/ |Vu|9dxdt+/ |uu)®dxdr
0 Q Q

T
> Cm,-n/ (/ (yu|9+ |Vuye> dx) dr
0 Q
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> Cmin””H?Vy

forallu € V.
Since the right side of the above inequality (3.3) tends to o as ||u||4) — oo, then for
each f € 1V* there exists R = R(f) such that

(Lu—+Su~+Cu— f,u) >0,

for all u € Bg(0) N D(L).
By appliying Lemma 2, we infer that the equation

Lu+Su+Cu=f,

is solvable in D(L). That is the problem (%) admits at least one-weak solution.
Which implies that the problem () admits at least one weak solution. This ends
the proof. U
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