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Abstract. In this work we study a characterizations of trace class and nuclearity of semiclassical
Fourier integral operators associated with a particular class of symbols S’I"_O(]Rz”) on Lebesgue
spaces.
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1. INTRODUCTION

A Fourier integral operator or FIO in short is a singular operator defined by

lagu() = [ " Da(x i), 1 e SRY)

where $(RR") is the Schwartz space, i.e. the space of all rapidly decreasing smooth
functions. Moreover i denote the Fourier transformation of u (we also denote #i via
F (u)). Additionally, a(x,&) and ¢(x,&) are smooth functions called respectively the
amplitude and the phase function.

The theory of FIOs has a lengthy history of study. The regularity of these operators
in functional spaces has been studied extensively and there is a huge body of evidence
regarding regularity, such as in [8, 13].

According to the theory of FIO developed by Hormander [13], the phase functions
in C* (R"” x R"\ 0) homogenous of degree 1 in the frequency variable & and with
non-vanishing determinant of the mixed Hessian matrix (i.e. ¢ € ®(R>")), while the
symbols in C* (R" x R") such that

0faPa(x.6)| < Copgy PP

(e. a(x,&) € S s(R?")), was initiated in the classical paper of L. Hérmander [13].
Moreover, G. Eskin [9] (in the case a € S?’O) and Hormander [13] (in the case a €
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S&lfp, % < p < 1) treated the local L? boundedness of FIO with non-degenerate
phase functions.

Gala-Liu-Ragusa [10], Kheloufi-Ikassoulene [14], Ragusa [18-20] and Seeger-
Sogge-Stein [2 1] have extended local L?>-boundedness results to L” regularity (for 1 <
p < o) since the 1970s, spurred by applications in microlocal analysis and hyperbolic
partial differential equations.

In Asada-Fujiwara [7], the initial result was obtained using Fourier integral oper-
ators associated to symbols in Sg_o and inhomogeneous phase functions.

This conclusion was extended to a general class of symbols in S’g 5 that met certain
criteria, as shown in [3-5, 11, 12].

In the semiclassical case an s-Fourier integral operator has the following form

Ii(a,0)u(x) = (2mh) ™" / / " OEE 08 (¢ EVu(y)dydE, ue SR, (1.1)

where i €]0, ho| is a semiclassical parameter.

A fundamental principle of h-Fourier integral operator is that linear differential op-
erators known as semi classical Schrodinger operators are used to represent quantum
systems including atoms, molecules, solids, and, to a certain extent, nuclei and even
stars. For a description of this theory, we point the reader toward the widely used text
of Landau and Lifshitz [15]. The Schrodinger operator for a quantum system is the
linear partial differential operator

h2
H=——A+YV,
2m
The Laplace operator A is the second-order differential operator that, in Cartesian
coordinates on R", is given by

The constant m is the reduced mass of the system, and the semiclassical parameter £
is called Planck’s constant. The real-valued function V is called the potential.

In comparison to the research of FIOs, there has been less activity for s-Fourier
integral operators concerning the study of the corresponding r-nuclearity properties.

Many results of boundedness and compactness (on L”, on Bezov spaces and on
Bessel potential spaces) are obtained for semiclassical Fourier integral operators with
symbols introduced by Hérmander and non degenerate and homogeneous phase func-
tions, see [1,2].

The lack of r-nuclearity results for A-FIOs in semiclassical analysis literature
prompted this study.

The aim of this work is to extend results obtained in [6] for a general class of semi-
classical Fourier integral operators. Our investigation is to study characterizations of
nuclear 4-FIOs on Lebesgue spaces with the same conditions on the phase functions
and on the symbols are kept.
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Now let us go over this article’s structure. We introduce the pertinent preliminaries
and notations that will be used throughout the work in the second section.

Following that, we’ll go over some fundamental theorems from the theory of r-
nuclear operators and trace class operators (for » = 1), which will serve as the starting
point for our research. Finally, the last section is devoted to prove our main result.

2. NOTATIONS AND PRELIMINARIES

We assume n € N throughout the whole paper unless otherwise noted. In particular
n#0. For all x,& € R" and A C R" we define

<x,§>:ioxj§j and  dy = (2mh) "dE.
=

Moreover, let us recall weight and characteristic functions defined by

<§>=(1+\§‘2>1/2 i 1A(x):{1 if x €A,

0 else.

Furthermore, we define the semiclassical Fourier transform ¥, and its inverse f{l
by

—

Fif(®)= [ e fdx and F7E) = [ 0N dE,

where f € S(R").
Additionally we scale partial derivatives with respect to a variable x € R" with the
factor —i are denoted by

D% = (—i)l"9% = (—i)l*lg% .. g%,
where a0 = (au,...,0,) € N" is a multi-index and |at| = ¥}_; a; is the length of .
We note that the dual space of a topological vector space E is denoted by E’.
Finally, let us denote by B(x,r) the Euclidean ball centered at x with radius r > 0,

and by m (B(x,r)) the Lebesgue measure of B(x,r).
To present our main results, we will need the notion of trace class operators.

Definition 1. Let X and Y be complex Banach spaces andlet 7: D(T) C X —Y
(where D(T) is the domain of T') be a linear operator. Suppose that we can find
sequences {x} },_ in the dual space X’ and {yi};~( in ¥ such that

oo

Y Ikl yelly < e,
k=0

and
Tx= ) x(x)y, VxeX.
k=0

Then we call T: D(T) C X — Y a r-nuclear operator.
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The class of r-nuclear operators is usually endowed with the natural semi-norm

1/r -
q(T) = inf <Zka”X’HkaY> §T:ZX;<®)’I<
k=0

Remark 1. When r =1, ¢ is a norm and we obtain the ideal of trace class operat-
ors.

Proposition 1. For the case of Hilbert spaces H, the set of r-nuclear operators is
identical to with the Schatten-von Neumann class of order r.

Proof. See Pietsch [16,17]. ]

The following theorem will be required to investigate the trace class properties of
the Ah-Fourier integral operator.

Theorem 1. Let (Xi,u1) and (Xa,u2) be two G-finite measure spaces. Let us con-
sider p1,py € [1,00],, and let p', p) be conjugates of p1, p respectively (l e. o+ /
=1Vie {1,2}). Anoperator T : LP'(X,u1) — LP2(Xa,u2) is trace class if, and only

if, there exist sequences {uy };~q in LP*(Xp,u2), and {vi};>¢ in L (Xy,u1), such that
Y Mgl vill < oo,
k=0

and

/X Z w (e )f )y, VS € LP (X1, ).

L=

Proof. Let be T a trace class operator from L?' to L”2. Then there are sequences
. . /
{ug }r>0 in LP2 and {vy };>0 in LP1 so that

Y luellera vl oy <o
k=0
and .
Tf: Z<f7vk>uk
k=0

Now

Tf= ;Ua Vi) Uk = gb </X] f(y)Vk(y)dy) g,

where the sum converges in L”? norm. There exist two subsequences { }r>0 and
{Vk }i>0 of {ux }r>0 and {vy }x>0 respectively, so for all x € X;

109 = L) = X ( [ 1000wt

k=0 k=0
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Since {d }r>0 and {Vy }x>0 satisfie
Y llallzee |19l g < oo,
k=0

then

oo

71 = traae = im ¥ ( [ oo ad)

k=0

= lim " (,gbf(y)ﬁk(xwk(y)> dy = /Xl (é@(ﬂﬁ()’)) f(y)dy,

for all x € X,. The proof of the "if” part is complete. Thus, let us consider the “only

if” part.
We assume that there exists sequences {uy }x>0 in L2 and {vy }x>0 in L such that

Y el ez [[vill g < oo
k=0

So for all f € LPt, we have

/X1 <k§)uk(x)vk(y)> f(y)dy :,}E}c}o/xl (k;)f(y)uk(x)Vk(Y)> dy

Il
't
(agE
—

g\cﬂs
~
A
\/
<
~
Ve
N—
&
~
=
S
~
N—

T
(=]

I Il
s ID1s
T /=
=
5
~
=

T
o

We put

n

gn =Y (f, %),

k=0
then {g, },>0 is a sequence in LP? and

180 (%)] < hn(x) < R(x),

where for all x € X5
n
ha(x) = £l Y il g e ()], W €N
k=0

and
h(x) = lim h,(x).

n—oo
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Since we have

allzrs < NBllre < 1Fller Y el gl lere < oo,
k=0

then i € LP? is a limit of {A,, },>0 of LP>-functions.

So by Lebesgue dominated convergence theorem we get that {g, },>0 converge to
TfinLP2. 0

Corollary 1. When p1 = py and u; = up = i, the trace of T is given by

=), kZ“k

3. CHARACTERIZATION OF TRACE CLASS h-FOURIER INTEGRAL OPERATORS

In this section we prove our main result concerning the trace class property of the
In(a,) defined as in (1.1). First let us observe that ;,(a,$) is a integral operator of
distribution kernel

kn(x,&) = / e"hfl[‘D(x’&)%yma(x,i) a’/h\ct,, for all x,§ € R".
Theorem 2. Let p; € [2,0] and p; € [1 00[ and let I(a,®) defined by
h(a.)f(0) = [ [ 008-08aget) fr)dydit,

where a € S’l’fo(Rb’) and ¢ € ®(R?") Then Iy(a,d): LP'(R") — LP>(R") is a trace
class operator if and only if the symbol a admits a decomposition of the form

a(x,E) = 70 Z () k(€ 3.1
where {upk} - and {vi i}~ are sequences of functions satisfying
Y gl ikl g < oo (3.2)
k=0

Proof. Let us assume that [,(a,): L' (R") — LP2(R") is a trace class operator.
Then by using the theorem 1, there exist sequences {uy 4}~ in L”> and {vt},~ in

L satisfying

In(a,0)0 / <Z up i (X)vp i (y )@(Y)dy, Yo € L
with

Y luniller il < oo
k=0
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Let us choose &) € R” and r > 0, then we define a useful function by

g ()
Mearl) = B8, )

By using the Hausdorff-Young inequality we have
17 Ry D lr < gy 1l =

So, for every & € R" and r > 0, the function 7, ' (Ag, ) € LP'(R"), and we get,

Ih(avq))(-q:h (7\@0, / (Zuhk th )—{]:h (}\‘c";o,r)(y)d%

1 y i / i (x8) gE — ol (vE0)
i 5 0, )0) = iy g [ R

The dominated convergence theorem now gives us

i 10.0)7, (g, ) 0) = (0.0) (lim 7,105, )(0))

(Z U e (X)Va k(¥ ) ) | ™ 0%y, = Y uy i (x) (7 i) (Eo).
k=0

In fact, for all x € R",

(Zuhk X) vk (y >7h (M) ()

u )W ! e (8)
(Z ALy ) TG
Zuhk X)vni(y

Now, by the dominated convergence theorem, we have
. -1 T -1
Tim 1,(a.0) (%, (hg,,) (0= lim [ ky(e3) %, (g, ) (05)d

im 7! iy,
B /R" ki) rlg& T (Kgo,r)(y)dy: /Rne <y’&°>dy

< < [kn(x, )]

=lim [ " '0&gy

[=eo Jly|<i

= lim (Z up k (X)vii(y > e 0% Lp(0,1) (v)dy

[—yoo

11



12 OMAR FAROUK AID AND ABDERRAHAMNE SENOUSSAOUI

= lim ) ( lim Z Up, k Vh k ) i Bo) 18(0,1) (y)dy

[—o0 R m%oo

= lim lim Z uy k /1%” Vh7k(y>eih*1<)’7é0> lB(O,l) (y)dy

[ —>o0 m—>00 =

= lim lim Z upi(x / vh‘k(y)e"hq@’g@dy
<t

[—oo m—>~>o

= Zuhk T vnk(Eo)-
On the other hand, if we compute I(a,9) (%, (Ag,, ,)) we have
Tim 1(a.0) (%, (h,.,) (x) = " 00 a(x,&).

Consequently, we deduce the identity

it o Zuhk X) Ty (o),

which in turn is equivalent to

a(x,&p) = e 08 Y uy () B v (o).

k=0
We’ve now established the first half of the theorem. Now, if we suppose that the
symbol a of I(a, ) fulfills the decomposition formula (3.1) for fixed sequences u, x

in LP? and vy in LPi fulfilling (3.2), then from (1.1) we can write (in the sense of
distributions)

h(@.)f(0) = [ e Ba(x,) 7€) dik

B / i th((x) _']'-h_IVhJ( (g) .r]:hf(&)jf-l\&
R" =0

= [ E st [ St 7 @) it

(Z wp k(%) Ve (¥ ) (/neihl@éo Vik(¥) I f (&)‘&) dy

(Z wp k(%) Ve (¥ )f(y)dy.

So, by Theorem 1 we finish the proof. O

Furthermore, as a result of Theorem 2, we gain the following result.
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Corollary 2. Let I(a,0) be a h-Fourier integral operator. So, if In(a,®): L' (R")
— LP2(R") is a trace class operator, then a € Lfgng H(R?) ﬂLg 'L (R?"); this means
that

lal f2=</ (/. latx, |P1d&)2 )”12<oo,
M\mm—(/ (/, Jatx ‘mdxﬁdg)""@_

Proof. 1If I(a,9): LP'(R") — LP2(R") is a trace class operator, then Theorem 2
guarantees the decomposition

a(x,&) =e " o Zuhk ) F, vnk(E),

and

where uy, x(x) and v, x(§) are sequences of functions satisfying

Y lun il [vall < oo.
k=0

So, if we take the L?-norm, we have,

la(.,&) 2 = || 00 zuhk T i (E)

2
L2

<Y luniller: |7y vas(8)l.

sz k=0

), vini(§)

Using the Hausdorff-Young inequality, we can now deduce that ||, 'villzn <
Vil ,#,- Consequently,

lla., )||L§2Lm—</ (/ la(x, |P2dx>2d§)pllg

< Z el | Fy vnallo < Z [nellerz ([vagll s < oo
k=0 k=0

Y lunillr |5 vri(E)]
k=0

Py
L

In a similar vein, we can show that

Ha(.,.)HLglsz < kZO||Mh,kHLP2HVh,k| <

As aresult, we’ve completed the proof. O
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