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1. INTRODUCTION

Fixed point theory is a fundamental area of research in nonlinear functional ana-
lysis, with wide-ranging applications in various fields such as physics, mathematics,
economics, quantum mechanics, and other domains. It serves as a powerful tool for
solving a diverse range of problems and holds significant potential for practical ap-
plications. (see e.g. [2,4,5,11,12,19,28]), engineering sciences (see e.g. [17,22])
and various domains. The most famous theoretical development in the chronology
of the fixed point theory, is the famous principle of contraction due to the Polish
mathematician Banach, [21] (BCP), this theorem has been developed and general-
ized with several methods, the reader can see for example [15, 16,24] and the ref-
erences therein. Kaleva and Selikkala were the first to define the distance between
two objects ina .M .S in [14], using a non-negative, upper semi-continuous fuzzy
number that is both convex and normal. Since then, various researchers have explored
the properties of .M .S, including Felbin [6], George et al. [7], Gregory [10], and
Hadzic [13], and applied these results to practical problems in the fuzzy domain. In
1988, Grabic [9] introduced a contraction compatible with the structure of .M .S,
followed by D. Mihet [18], who generalized it to the y-contraction. Meanwhile,
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Wardowski introduced the concept of fuzzy # -contractive mapping in [29], proving
existence and uniqueness of fixed points in Mr-complete F.M.S. Shukla extended
this concept to fuzzy # -weak contraction mappings in [27], applying it to some fixed
point theorems attributed to Wardowski. Beg et al. defined fuzzy -7 -contraction
in [3], demonstrating fixed point results with regard to existence and uniqueness in
fuzzy Mp-complete metric spaces. For more information, the reader can refer to
[1,20,23,26] and the references therein.

Building on the existing works in this field, we introduce new concepts of fuzzy
H-contractive, H -weak contraction, o-H -contraction, and o- # -y-contraction map-
pings within the framework of 7.9 .S. In this work, we establish various results per-
taining to the existence and uniqueness of fixed points for these mappings in F.M.S.
Additionally, we provide practical examples to illustrate these results on existence
and uniqueness. The findings presented in this study contribute to the advancement
and consolidation of different contraction results that are well-known in the literature
of fixed point theory on F.M.S.

2. PRELIMINARIES

During this article, we will be working only the notion of fuzzy metric in the Georg
and Veermani sense, that is given as follows:

Definition 1 ([25]). The couple ([0,1],%) is said to be a continuous ¢-norm if
: [0,1]2 — [0,1] is a binary operation and ([0, 1],%) is a topological commutative
monoid with unit 1 and N <yand B < Aimpliesn*B <vy*A (M,B,y,A € [0,1]).

Definition 2 ([7]). Let X is an arbitrary set, * is a continuous z-norm and My is a
fuzzy set on £? x R* satisfying the following conditions:

(Cl) Mp(o,p,t) > 0forall o,p € X;

(C2) Mp(o,p,t) =1, if and only if 6 =p, forevery s > 0;
(C3) MF(G?p7t) = MF(p7G>t);
(C4) My (0,d,t)« Mp(p,d,s) < Mp(o,p,t+5);

(C5) t — Mp(o,p,t) is continuous from [0,c0) to [0, 1] for every c,p € £ and
s,t > 0.

Then, the 3-uplet (X, Mp,*) is calleda .M .S.

Definition 3 ([7]). Let (X, Mp,*) be a F.M.S. The open ball of centre ¢ € ¥ and
radius p, 0 < p < 1, will be denoted by B(c,p,t) = {p € X, Mp(c,p,t) >1—p}.
The family {B(o,p,7)/c € X, 0 < p < 1, r > 0} is a basis of neighborhood’s for a
separate topology on ¥, that can induced by My (fuzzy metric).
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In the sequel (X, Mp,*) will be a F.M .S in the sense of George and Veeramani
(see [7D).

Definition 4 ([7]). A sequence (G, ),cn is called Mp-Cauchy in the metric space
(X, Mp, ), if for every € €]0, 1] and ¢ > 0, there is my € N such that Mg (G,,Gp,1) >
1 —¢forall m,n > my.

A F.M.S is complete, when every Mp-Cauchy sequence is convergent.
Theorem 1 ([7]). A sequence (G,)nen ina F.M.S (X, Mp,*) converges to G if
and only if 1i_r>n Mp(6p,0,t) = 1.
n—yoo
Remark 1.

(1) In the setting of F.M .S (X, Mp,x*), the limit of any convergent sequence is
unique.

(2) As in the classical case, the two notions of convergent sequence and M-
Cauchy sequence are equivalent.

(3) For all 6,p € X, the mapping Mg (G, p,.) is nondecreasing on (0, ).

(4) In the space (X, MF,*), the mapping Mp is continuous on £ X X x (0, ).

Definition 5 ([9]). Let (X, Mp,*) bea F.M.S. A self-mapping Q : £ — X is said
to be fuzzy contractive if there is A > 1 such that

Mr(Qo,Qp,t) > Mp(c,p,At) forallo,p € X and ¢ > 0.

Definition 6 ([8]). Let (X, Mp,*) bea F.M.S. A self-mapping Q : £ — X is said
to be fuzzy a-admissible if there is a function o: X x X x (0,00) — (0, 00) such that

o(o,p,t) > 1, implies that o(Qo, Qp,7) > 1 forall 6,p € Zand ¢t > 0.

3. MAIN RESULTS

In the rest of this paper, we extend certain results concerning the notion of con-
traction, in F .M .S.

Definition 7 ([9]). Let (X, Mp,+) bea F.M.S. A self-mapping Q : £ — X is said
to be fuzzy contractive, if there is A > 1 such that

Mr(Qo,Qp,t) > Mp(c,p,M) forall 6,p € Zand 7 > 0.

We are going to introduce our first contraction named fuzzy # -contraction, let
H ={n: (0,1] = [0,00)/ (#;) — (#5) hold }, where

) M is continuous bijective;

(
(#5) m is strictly decreasing;
(H3) m(s) =0if and only if s = 1.

Definition 8. Let (X, My, ) be a F.M.S, a mapping Q : ¥ — X is called fuzzy
H-contractive if there are ) € #H and A > 1 such that

N(Mr(Qo,Qp,t)) <N(Mp(o,p,At)), foralle,pe X, ¢t > 0. (3.1
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Proposition 1. Every fuzzy H -contraction mapping Q : ¥ — ¥ is continuous.
Proof. Let (6)nen C X, with
2111 Mp(6,,0,t) =1 and Mp(Q0o,,Qo,t) <1 foralln €N,
n oo

for some ¢ € X. According to the strictly decreasing of n and (3.1), we can obtain
n(MF(QGVH QG,[)) S n(MF(Gnucukt)) < n(MF<GVl707t>)7
which implies that
Mr(QOn, QO,1) > Mp(Gp,0,1).
Hence,

lim Mp(Qo,, Qo,t) = 1.

n—r+-oo
Therefore, Q is continuous. g

The theorem which will come is our first contribution in this framework.

Theorem 2. Let (X, Mp,*) be an Mg-complete F .M .S. Assume that Q: ¥ — X
is a fuzzy H-contraction mapping. Then, Q possesses a fixed point, and moreover it
is unique.

Proof. Let 6y € £, 6, = Q"0p. By using the contraction given in condition (3.1),
we can obtain

0 <M(Mr(QOn-1,Q0n,1)) < N(Mp(Cp—1,05,A1))

and by induction, we have
N(Mp(QOn—1, Q0 1)) <N(Mr(00,01,A"1)).

Since lim Mr(Gp,01,¢) = 1 and 1 is continuous, then

n—+-oo
lim Mp(Q0,—1,Q0,,t) =0,
n—y—+oo
’1gr£wn(MF<QGn—lv QGnat)) =0
and thus
lim Mp(QO,—1,Q0n,t) =1. (3.2)
n—y—+oo

Now, let us prove that (G, ),ecn is an Mp-Cauchy sequence. Assume in the contrast
that (0,)qen is not Mp-Cauchy, which implies that there are 7y > 0, € € (0,1) and
two subsequences (G, ), (Gp,) of (G,)nen such that my > ny > k for all k € N and

Mp (Omy, Ony 5 10) < 1 -, (3.3)

since the mapping M (0, p,.) is nondecreasing on (0,o0) for all 6,p € X, we obtain

1
Mz (G, , O, 50) <l-e (3.4)
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The smallest integer exceeding my;, and satisfying inequality (3.4) will be noted ny, so
thus, we obtain

1
MF(cmk,l,cnk,Eo) >1—¢. (3.5)

By the contractive inequality given in (3.1) we take 6 = G, 1, p = pPp,—1 and t = 1o,
it follows

N(Mp (O, On,510)) < MN(Mp(Gmy—1,0m,—1,M0)) < N(MF(Cm—1,0m,—1,10))-
Thanks to the strictly decreasing of 1, we have
Mp (Gpmy, Oy st0) > Mg (Cpmy—1,Cn—1,10)- (3.6)
We use (3.3) and (3.5) in (3.6) and using (C4), we can write
1 —€> Mp (O, On,t0)
> Mp(Gpy—1,0m,—1,10)

1 1
> MF(Gmk—17Gnk7 EO) * MF(Gnkvcnk—l ) 50)
Io
> (1 —¢€) % Mp(Gp, Ony—1, 5).

By passing to the limit as k tends to +oo and use (3.2), we can deduce
lim Mg (G, Ony,t0) = 1 —€
k—roo

and

]}I_I)n MF(Gmkfl,Gnkfl,l‘o) =1-—¢.

On the other side, we have

n(MF (GmkacnkatO)) < T](MF(G;nFl,Gnkfl,Mo))
<N (Mp(Cpy—2, O —2,A710))

< N(Mr (G0, O, A" 10)).
Since M is continuous, we get
n(lim MF(Gmk,Gnk,l‘())) < n(lim MF(Go,Gl,l”kl‘o)),
k—yoo k—o0

this implies

n(1) =2n(1-e),
that constitutes is a contradiction, and thus (o, ) is an Mp-Cauchy sequence in . The
completeness of (X, Mp,*), implies that there is ¢ € ¥ satisfying

lim My (6,,0,t) =1, > 0.
n—soo
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From Proposition 1, we have lim Mr(Qo,, Q0,7) = 1. According to the unique-
n—soo
ness of the limit, we obtain Q6 = 6. Now let us prove the uniqueness. Let 61 and 6,
(61 # 0) such that Qo; = 6} and QG, = Gy, then we have
n(MF(QGIa QGZJO)) < n(MF(GUGZv?“tO)) < n(MF(GI’GthO))a

which is a contradiction. O

Example 1. Consider the following fuzzy set

Mp: B2 xRS (0.1]: (0,0.1) > Mr(o,p.1) = exp{~ 0PI},
It is clear that (R, Mp,*) is an Mp-complete F.M .S with the product f-norm x*
(bxd=0bd), b,d € [0,1]. We define a self mapping Q by

Q: R —R: GHQGZ%,

and a function 1 in # given by

n: (0,1] = RY; Brrm(B) = —In(B).
Foreacht > 0, ,p € R, we have

T](MF(QGa Qp7t)) = T](exp{—

gln(exp{b;p’})
<—In (exp{—cz_tm})

< n(MF(67p>)\‘t)7

where A =2 > 1. Then, Q is a fuzzy # -contractive mapping. So, from Theorem 2,
Q admits O as a fixed point.

Definition 9. A mapping Q : £ — X over a fuzzy metric space (X, Mp, *), is called
fuzzy ‘H-weak contractive if there are 1| € A and A > 1 such that

n(MF(chvat)) SN(G’p’}‘t)v (3.7)
where N(G>pa7‘t) = max {Tl(MF(@PJ))»ﬂ(MF(@ cht))’n(MF(pv vat))}

Theorem 3. Let (X, Mp,*) be an Mg-complete F.M.S. Assume that Q: XL — X
is a fuzzy H-weak contractive mapping, then Q admits a unique fixed point.

Proof. Let us consider Gy in X, define a sequence (G;,),en by
Gn = QOn-1.
We have
N(Mp(On,Op+1,1)) = N(Mp(QOn-1, Q0n,1))
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< N(Gn-1,00, M)
< max {n(Mr (01,05, 1)) M(Mr (61, Q0-1,24)), (M (6, Q1)) }
= max {n(MF(Gn—l>Gn7M))vn(MF(Gn70n+l71))}-
If for example N(Mp(G,—1,0,,M)) <N(Mp (6, Gut1,A1)), then
N(Mr(On, On+1,1)) < N(Mp (G, Ons1,M)).
Since At >t and 1 is strictly decreasing, what is absurd. Hence,
N(Mp(On,Onr1,1)) SN(Mp(Cn—1,00,M)).
Then, we find that
0 <N(Mp(0p,0n1,t))
< N(Gn—1,0n, M)
<N(Mp(Gn—1,0n,M))
< N(Mp(On—2,0n-1,A1)),
and by induction, we obtain

0 <N(MF(0n,0n+1,t)) <N(Mp(00,01,A"1)).

So,
ngl}_lmn(MF(GmGnJrlat)) =0.
Which means that
lim (Mg (6,,6,+1,1)) = 1. (3.8)
n—-—+oo

Now, we prove by contradiction that (G, ),ecn is Mp-Cauchy. Assume that (G )nen
is not Mp-Cauchy, so there are € € (0,1), #p > 0 and two subsequences (Gy, )keN,
(Om, Jken Of (G4 )nen, such that my > ny for all k € N and

MF(GmNGnkJO) S 1 —¢&. (39)
Then, we have
1
M (GO ) < My (G Oofo) < 1 —e. (3.10)
The smallest integer exceeding my and satisfying inequality (3.4) will be denoted by
ng. So, we can have
Io
MF(Gmk—l?Gnk’ E) >1-r
From inequality (3.7), we get
N(Mr (O Ony 1 10)) = N(MF(QOm—1, QOn—1,10) < N(Opmy—1,0m—1,Mo), (3.11)

where

N (Cmy—1,0n,—1,Mo)
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= max{N(Mr(Gm,—1,0n—1,M0)), N(Mp (Cmy—1,0m; s M0)), N (M (Cp,—1,0n,,Mo)) }-
If AL(Cpmy—1,0m—1,M0) =N (Mp(Gpy—1,0m,,Mo)), then (3.11) becomes

N( Mg (O s Omyst0)) < MM (Cimp—15Cmy, Mo))- (3.12)
Passing to the limit as k tends to 4o< in (3.12) and by using (3.8), Remark 1 and
taking into consideration the fact that 1 is continuous, we obtain

n (1}32, MF(Gmk7Gl’lk7t0)> =0.

Therefore, ,}im Mg (Gmy,On, ,t0) = 1, which contradicts the formula (3.9). In the same
—>00

way, if we consider N (G, —1,0n,—1,%0) =N(Mp(Cp,—1,0n,,%0)), then we come to an
absurdity again. We must have

AN (Cmy—1,0m,—1,10) = N(MF (Cmy—1,0n—1,10))
and thus (3.11) gives

n (MF(Gmk,Gnk,t0)> <n <MF(Gmk,Gnk,7do)) <n (MF(Gmk_l,an_] ,to)>. (3.13)
Thanks to the monotony of 1
Mp (Gpmy, Onyst0) > Mp (Cpmy—1,On—1,10)- (3.14)
By using (3.14) and (3.9)
1 —&> Mp (G, On,»t0)
> Mp (Gmy—1,0m—1,10)

o o
2 MF(Gmk—17Gnk7 5) * MF(anacnk—la 5)

t
> (1 —¢€) % Mp(Gp,,On—1, 50),

which yields by letting kK — oo and from (3.8) and (C3) that
lim Mp (Gmy—1,0m—1,10) = 1 —€ = lim Mp (G, , Oy, . 10).
k—>oo k—oo

Now, using (3.13), (3.8), the continuity of 1 and taking k — oo, we get

n(1) >n(1-e),

which gives an absurdity, and thus (G, ),en 18 Mp-Cauchy in X. The completeness of
(X, Mp,*) implies that there is 6 € X such that

]}im Mp(0p,0,t) =1, forallz > 0.
—>00
Next, we prove that ¢ is a fixed point of Q. Assume that there is #; > 0, such that

Mr(0,Q0,t1) < 1, then N(Mp(c,Qo,11)) > 0. Also, as Q is H-weak contraction
mapping in fuzzy setting, we have

n((MF(Gn-‘rlv Q.»G7t1)) - T](MF(QGm QG,[])) < N(Gl’hca 7“[1)7
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with N(GH,GJ]) = max{n(MF(Gn707tl))7n(MF(GnaGn+1;ﬁ))?ﬂ(MF(Ga Q07t1)>}'

According to the continuity of 1, we have
lim n(MF(6n>G>t1)) = lim n(MF(Gmanrlatl)) =0
n—yoo n—soo
for every ¢ > 0, and thus
lim A/(G,,x,1;) = max{0,0, M (x,Qo,t1)} =N(MFr(x,Q0,1)).

n—oo

If we tend n to infinity, we get
N(Mr(o,Q0,11)) <M(Mr(0,Q0,A11)) <N(Mp(0,Q0,11)), ash>1,

which is a contradiction. Hence, we have Mr (0, Qo,1) =1, t > 0, then o is a fixed
point of Q. To show the uniqueness of o, let 61,0, be two different fixed points of
Q. So, using (3.7), we get

N(Mrp(01,02,1)) =N(Mr(Q01, Q02,1))
< max {n(9r (01,62,A)), (M (61, Q01,A)), (M (62, Q02,M)) }
=N(Mp(01,02,\1)). (3.15)
If Mr(01,02,t) < 1, then (Mp(G1,02,¢)) > 0 and hence (3.15) becomes
N(Mr(61,62,1)) <N(Mp(01,62,M)) <N(Mp(61,02,1)),

that is a contradiction. Therefore, Mr(G1,02,¢) = 1, it yields 6| = G, which is the
desired result. O

Definition 10. Let (X, Mp,x) bea F.M.S. A mapping Q : ¥ — X is called fuzzy
o-H -contractive if there exist € A and A > 1 such that
t
M o, S e ~ 1)
N2 Q0G5 5
Theorem 4. Let Q : ¥ — X is a mapping as described in Definition 10. We further
assume that it satisfies conditions (i)-(iv), where
(i) there is 69 € X with o(Gg, Q0o,1) > 1, t>0;
(i1) Q is fuzzy a-admissible;
(iii) for each subsequence (Gp, )keN C (On)neN = (Q'C0)nen, we have

)) <N(Mp(o,p,\t)), forevery p,c € £,1>0. (3.16)

Gy, ,0p,,t) > 1, wherel,keN, | <kandt>0;
(iv) if (Gp)nen C X with 0(Cy,0pn+1,1) > 1, and 1i_r>n G, = G, then
n—yo0
(G, 0nt1,t) > 1, forallt >0,n € N.

Then, Q possesses a unique fixed point.
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Proof. From (i), there is 6y € ¥ with o(Gp, QGo,7) > 1, t > 0. We define a se-
quence (Gy)uen in X by 6, = Q0,—1, for all n € N. Since Q is fuzzy o-admissible,
then we have

o(0p,01,1) = (0o, Qoo,t) > 1,
implying
o(Qoo,Qo1,1) =a(01,02,¢) > 1,1>0.
By induction, we get
(G, 0nt1,t) > 1, t>0,neN. (3.17)
Since Q is a fuzzy o-# -contractive mapping and by using (3.17), we get
0 <M (Mp(Gp,0py1,1))
=1 QOu-1,Q0,1))
)

(Gn—1;0n7t>

Q06,2,Q0,1, k%))

0(Cp—2,0n1,1)

<N (Mr(Gn—2,0n-1,N"1)). (3.18)
Taking the limit as » tends to +o< in (3.18), we can get

lim 1 (M5 (6, Gn11,1)) = 0.

n—sco
And thus lgll MF(Gn,Gn+1,Z) =1.
n—soo

In the sequel, we show by contradiction that (6,),cn is Mp-Cauchy. If (6,)nen
is not Mp-Cauchy, then there exist € € (0,1), fo > 0 and two subsequences (G, )keN,
(Om, )ken Of (O4)nen, such that

myg > ng > k and Mg (G, ,On,,10) < 1 —€ forevery k € N.

From (2) in Remark 1, we have

MF(Gmk,cnk,%o) <1-e (3.19)
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The smallest integer exceeding my and satisfying inequality (3.19) will be assumed

equal ng, then we can write
fo

MF(Gmk—hanE) >1-—e.

By inequality (3.16), (2) in Remark 1 and from condition (iii), we obtain
fo
n (MF(Gmk—l ) Gnk7t0)) <n (MF (Cmy—1,0mn,, m))
S n (MF (Gmk—l 5 an}\/t()))
<N (Mp (Cm—1, 0, Mo))-

It remains to show Chauchyness that it can be proved as in Theorem 2. Now, since
(X, Mp,*) is Mp-complete, then there exists 6 € X such that

lim My (6,,x,6) =1, t>0. (3.20)

n—soo

By condition (ii) and (3.16), we have

t
0 <N(Mp(Qo,,Qo,t)) <MN(Mr(Qo,,Qe, ——————)) <
<N(Mr(Q0r, Q0.1)) <M(Mr(Q0n Q0 5 - 9)) <
By passing to the limit, letting » tend to infinity in the last inequality, using (3.20)
and the fact that 1 is continuous, we conclude

’}El;lon(MF(Gl’l-i-thﬂt)) :07 t>0.

MF(Gn7~x77\’t)) .

That implies

lim Mg (6,41,Q0,t) =1, t>0.

n—yoo
By the fact that the limit is unique, we get Qo = G, that is, ¢ is a fixed point of
Q. O

Definition 11. Let (X, Mp,«) be a F.M.S. A mapping Q: X — X is said to be
fuzzy o-#H-weak contractive, if there existn € # and A > 1 such that

t
M, -
n(Mr(Qo, Qp, %G p.1)
where N(Ga pat) = max {n(MF(Ga Paf))ﬂ](MF(X, QGJ))M(MF()’, QPJ))}
Theorem 5. Let Q: ¥ — X is a mapping as described in Definition 11, such that
(i) there is 69 € £ with o(Gp, Q0o,t) > 1, t>0;
(1) Q is fuzzy o-admissible;
(iii) for each subsequence (Gp, )ken C (On)nen = (Q'G0)nen, we have

)) <M(N(o,p,\r)), forallo,p € X, 1> 0.

0(Cp,,Op,t) > 1,  wherel <k, l,keN, andt > 0;

(iv) if (Gp)nen C X with 0(Gy,0pn+1,t) > 1, and lim 6, = G, then
n—soo

o(G,,0nt1,2) >1,t>0, neN.
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Then, Q possesses a unique fixed point.

Proof. By (i), there is 6y € X with o(Gp, QGo,7) > 1, t > 0. We define a sequence
(Gp)nen in X2 by 6, = Q06,—1, Vn € N. Since Q is fuzzy o-admissible, then

o(00,01,t) = a(0p, Qsp,¢) > 1 implies a(Qop, Qo1,t) = a(G1,02,2) > 1,1 > 0.
By induction, we get
(G, 0nt1,t) > 1, t>0,neN. 3.21)
Since Q is a fuzzy a-H-weak contractive and thanks to (3.21), we get
N(Mr (G, Gnp1,)) =N (Mr(Q0n—1,Q0n,1))
ST](MF(QGn—l,QGmm
<N(AN(0n-1,00,M1)),
where 7((6,p.) = max {N(M5(0,p,1)), (M (x, Q6.0),N(Mr (v, Qp1)) }. O

We can show the Chauchyness of the sequence as in Theorem 3.
Letd = {w: [0,1] = [0,1]/ (®1), (@) hold } where

)

(®;) v is nondecreasing;
(®,) y(t) >1,forallt € (0,1).

Definition 12. Let (X, Mp,x) be a F.M.S. A mapping Q : £ — X is called fuzzy
o-H-P-contractive, if there are | € H, y € ® and A > 1 such that

t
n(MF(QG, Qp, W)) < n (W(MF(G, p,)\.t))), for all o,p € Z, t>0.
Theorem 6. Let Q : ¥ — X be a fuzzy o-H -®-contraction mapping over the space
(X, Mg, %), such that

(i) there is 69 € £ with o(Gp, Q0o,t) > 1, t>0;
(i) Q is fuzzy a-admissible;
(iii) for each subsequence (Gp, )ken C (On)nen = (Q'G0)nen, we have

Gy, ,0p,,t) > 1, wherel <k, l,keN, andt >0,

(iv) if (Op)nen C X with 0(Gy,0pn+1,t) > 1, and lim 6, = G, then
n—yoo

oGy, Cpt1,t) > 1, forallt >0,n € N.
Then, Q possesses a unique fixed point.

Proof. From condition (i), there is 6y € X with o(cp, QGo,?) > 1, t > 0. Define
the sequence (G, )qen in L by 6, = Q0,1 for all n € N. If there exist ny € N such
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that 6,,, = 6,,+1, then v = 0y is a fixed point of Q. So, we can suppose that G, # G,
for every n € N. Since Q is fuzzy o-admissible, then the following implication holds:
o(00,01,1) = (0o, Qop,t) > 1, implies o(Q0Cp, Qoy,1) = 0(C1,02,¢) > 1,1 > 0.
Inductively, we get
(G, 0nt1,t) > 1, t>0,neN. (3.22)
Since Q is a fuzzy a-# -®-contractive mapping and by (3.22), we get
N(Mp(Cn,0p1,1)) =N (Mp(QOn—1,Q0n,1))

(MF QOn- I,Q(smm
<N (y(Mp(6n-1,0n,MA1)))
<N(y(Mr(0n-1,00,1)))
<N (Mp(Gp_1,00,1)). (3.23)
Then,
Mp(Cn,Ops1,1) > Y (Mp(6,-1,0,,1)) forallz> 0. (3.24)
And thus,
Mp (G, Gny1,t) > Mp(Gp—1,0n,1). (3.25)

Then, the sequence { Mr(G,,G,+1,t)} is nondescreasing. So, { Mr(G,,0,+1,1)} is
convergent and denote

HLITOOMF<GWG”+17 ) =re (07 1]

By formula (3.24) and the continuity of , it follows
r>wy(r).
This implies » = 1, and thus
lim Mp(6,,6,+1,¢) =1, forallt>0. (3.26)

n—+-o0

If (G,)nen is not Mp-Cauchy, there exist zp > 0 and € € (0, 1) such that for all k € N
there are my,n; € N with my, > n; > k and

My (O, On,,t0) < 1 —¢. (3.27)
If ny will be assumed to be the least integer exceeding my satisfying (3.27), then
Mp (Gmy—1,0n,,10) > 1 —€.
From (3.25), (3.27) and (C4), the following estimations hold:
1 —€> Mp(Op,,0n,10)
> Mp (Cmy—1,0m—1,10)
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o fo
> MF(Gmk 17Gnk7 2)*MF(Gnk70nk 1, 2)

lo
2 )
which by passing to the limit as k tends to +oo and using (3.26) with (C3) yields

2 (1 —8)*MF(Gnk70nk—l7

I}I_I)EIOMF(Gmk 1,O0m,— 1,1‘()) =]—-€e= hm MF(Gmk,Gnk,t())

On the other hand, since Q is a fuzzy o-#-®-contractive mapping and thanks to
(3.22) we have

n(MF(GmmGnkv ) n(MF QOm—1, Q01 ))
t
SNMr(QOm—1, QOn—ts s )
<N (¥(Mr(Om—1,0n-1,M)))
SH(MF(Gmk 1,0m— 1’}‘1))

< T](MF(Gl,Go,knkl)).
Since M is continuous, we get
n(lim MF(Gmk,Gnk,lo)) < T](lim MF(GQ,Gl,}Lﬂkt())).
k—yo0 k—yo0
This implies (1 —€) < (1), which gives an absurdity, and thus (G,),cn is an Mp-
Cauchy in X. Now, since (X, M, %) is a Mp-complete, then there is 6 € X such that
lim Mg (c,,0,t) =1, t>0.
n—yoo
By using (3.23), we can get
lgn MF(Gn+17QG’t):17 t>0.
n—roo

Since the limit is unique, we conclude that Qo = G, that is, ¢ is a fixed point of Q. To
show the uniqueness of G, let 61,0, be two different fixed points of Q. Then using
(3.7), we have

n(MF(GhGQ?t))

~—~ o~ —~ —~~

n MF(QGh Q,027t))

MF(QGI,QGLW

v (M (o1,00,M)))
MF(G1,02,7\I))
MF(61>027t))’ (328)

IN

ININIA
= 3 3 93

))
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If Mp(01,02,t) < 1, then (Mg (01,02,¢)) > 0 and hence (3.28) we have
N(Mrp(61,02,1)) <N(Mr(01,02,M)) <N(Mp(01,62,1)),

which is a contradiction. Therefore, My (0;,062,t) = 1 yielding 6; = 65, which com-
pletes the proof. O
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