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1. INTRODUCTION

Lorentz spaces have first been introduced by G. G. Lorentz and Lorentz spaces
are very useful in the theory of interpolation. These spaces are Banach spaces and
generalizations of Lebesgue spaces. The Lorentz space Lp,q(Rn) is known as the set
all of measurable functions f such that

∥ f∥Lp,q(Rn) := ∥t
1
p−

1
q f ∗(t)∥Lq(0,∞) < ∞, 0 < p,q ≤ ∞.

Here f ∗ denotes non-increasing rearrangement of f and defined by

f ∗(t) = inf{λ > 0: |{y ∈ Rn : | f (y)|> λ}| ≤ t} , t ∈ (0,∞).

Functional ∥ · ∥Lp,q is a norm if and only if 1 ≤ q ≤ p or p = q = ∞. If p = q = ∞,
then L∞,∞(Rn)≡ L∞(Rn). One can easily see that Lp,p(Rn)≡ Lp(Rn) and Lp,∞(Rn)≡
WLp(Rn). It is clear that Lp,q ⊂ Lp ⊂ Lp,r ⊂ WLp for 0 < q ≤ p ≤ q ≤ r ≤ ∞. For
more details, we refer to [8, 22, 23].

On Lorentz spaces, boundedness problem of classical singular integral operators
and singular integral operators related to Laplace-Bessel differential operator

∆B :=
k

∑
i=1

∂2
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have been studied by many researchers [1, 3, 5, 15–19, 22, 23, 26, 29, 30]. Also,
boundedness of singular integral operators related to Laplace-Bessel differential op-
erator defined on variable exponent Lorentz spaces have been obtained by Aykol and
Kaya [7]. Convolution type operators are generated by generalized shift operator

T y f (x) :=Cγ,k

∫
π

0
. . .

∫
π

0
f
[
(x1,y1)α1 , . . . ,(xk,yk)αk ,x

′′− y′′
]

dγ(α),

where Cγ,k = π− k
2 Γ( γi+1

2 )[Γ( γi
2 )]

−1, (xi,yi)αi = (x2
i − 2xiyi cosαi + y2

i )
1
2 , 1 ≤ i ≤ k,

1 ≤ k ≤ n, and dγ(α) =
k

∏
i=1

sinγi−1
αi dαi ([20, 21]).

The B−convolution operator is defined as:

( f ⊗g)(x) =
∫
Rn

k,+

f (y)T yg(x)(y′)γdy.

Here, Rn
k,+ = {x ∈ Rn : x1 > 0, . . . ,xk > 0, 1 ≤ k ≤ n} denotes the part of the Euc-

lidean space Rn and γ = (γ1, . . . ,γk), γ1 > 0, . . . ,γk > 0, |γ| = γ1 + · · ·+ γk. Denote
x = (x′,x′′), x′ = (x1, . . . ,xk) ∈ Rk, and x′′ = (xk+1, . . . ,xn) ∈ Rn−k.

Mloc
p,q,λ(R

n) local Morrey-Lorentz spaces have first been introduced by Aykol et al.
([4]) with a finite quasi-norm

∥ f∥Mloc
p,q,λ(Rn) = sup

r>0
r−

λ

q

∥∥∥t
1
p−

1
q f ∗(t)

∥∥∥
Lq(0,r)

.

These spaces are generalizations of Lorentz spaces and Mloc
p,q,0(Rn) = Lp,q(Rn). The

boundedness of maximal operator in Mloc
p,q,λ(R

n) spaces have been obtained in [4].
Then, in [14], authors have proved that Hardy-Littlewood maximal, Calderón-
Zygmund and maximal Calderón-Zygmund operators are bounded in these spaces.
Also, in [6], Aykol et al. have shown that Hilbert transform is bounded in local and
weak local Morrey-Lorentz spaces. On the other hand, generalized versions of these
operators with the Laplace-Bessel differential operator have been studied in various
function spaces by many mathematicians [2,3,5,11,15–18,20,21,24,25]. The above
results inspire us to investigate the boundedness of B−maximal, B−singular integ-
ral and B−maximal singular integral operator defined on B−local Morrey-Lorentz
spaces. Maximal operators have a crucial role in PDEs, singular integrals and the dif-
ferentiability properties of functions. In the present study, we consider B−maximal
operator defined by (see [13])

Mγ f (x) = sup
r>0

|B+(0,r)|−1
γ

∫
B+(0,r)

T y| f (x)|(y′)γdy,

where B+(x,r) = {y ∈ Rn
k,+ : |x− y|< r}. For a measurable set B+(0,r)⊂ Rn

k,+, we
have

|B+(0,r)|γ =
∫

B+(0,r)
(x′)γdx = ω(n,k,γ)rQ,
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where ω(n,k,γ) =
π

n−k
2

2k

k

∏
i=1

Γ

(
γi+1

2

)
(

γi
2

) , Q = n+ |γ|.

B−singular integral operator is defined as

Tγ f (x) = p.v.
∫
Rn

k,+

Ω(θ)

|y|Q
[T y f (x)](y′)γdy

= lim
ε→0

∫
{y∈Rn

k,+: |y|>ε}

Ω(θ)

|y|Q
[T y f (x)](y′)γdy = lim

ε→0
Tγ,ε f (x), (1.1)

where θ = y/|y|, and Ω(θ) belong to some function spaces on the semi-sphere Sk,+ =
{x ∈ Rn

k,+ : |x| = 1} and also satisfy the ”cancellation” condition with dσ(θ) is the
area element of the sphere |θ|= 1,∫

Sk,+

Ω(θ)(θ′)γdσ(θ) = 0.

B−singular integral operator is a convolution type operator, where the kernel of this

operator is K(y) =
Ω(θ)

|y|Q
and thus it can be written as Tγ f (x) = (K ⊗ f )(x). Kernel

of B−singular integral operator K(x) satisfies the followings:

• sup
θ∈Sk,+

|K(θ)|< ∞;

•
∫

Sk,+

|Kε(x)|(x′)γdσ ≤ C for all ε and x ∈ Rn
k,+, where C is a constant inde-

pendent of ε and dσ;

•
∫
|x|≥δ

|Kε(x)|(x′)γdx → 0 as ε → 0 for any fixed δ > 0;

• The kernel of the B−singular integral operator satisfies Hörmander’s condi-
tion: ∫

B+(0,2|x|)
|K(y)−T yK(x)|(y′)γdy ≤C, y ̸= 0,

where C is an absolute constant;
• There exist δ > 0 and C > 0 for all distinct x,y ∈ Rn

k,+ with 2|x| < |y| such
that |K(x)| ≤C|x|−Q and

|T yK(x)−K(y)| ≤C|x|δ|y|−Q−δ.

Lemma 1 ([11]). Let sup
x∈Rn

k,+

|Ω(θ)|= M <+∞. If |x| ≥ |y|/2, then

|T yK(x)−K(y)| ≤CM |y|−Q,

where C > 0 is a constant.
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B−maximal singular integral operator Tγ is one of the important tools of harmonic
analysis and its applications that is defined by

Tγ f (x) = sup
ε>0

|Tγ,ε f (x)|,

and behavior of this operator in Lebesgue spaces have been investigated in [11].
The purpose of this study is to obtain that B−maximal Mγ, B−singular integral

Tγ and B−maximal singular integral Tγ operators are bounded on B−local Morrey-
Lorentz spaces with the use of rearrangement inequalities and Hardy inequality.

The draft of this study is as follows: Section 1 is devoted to introduction. In Sec-
tion 2, we recall some basic notions and some known results which we need through-
out the paper. In Section 3, we have obtained that B−maximal operators in B−local
Morrey-Lorentz spaces are bounded. Section 4 is devoted to the boundedness of
B−singular integral and B−maximal singular integral operators.

Throughout the paper, C denotes a positive constant independent of appropriate
parameters and not necessary the same at each occurrence.

2. PRELIMINARIES

Given any measurable set E with |E|γ =
∫

E
(x′)γdx and a measurable function

f : Rn
k,+ → R, the γ−rearrangement of f in decreasing order is defined by

f ∗γ (t) = inf
{

s > 0 : f∗,γ(s)≤ t
}
, ∀t ∈ (0,∞),

where f∗,γ(s) denotes the γ−distribution function of f given by

f∗,γ(s) =
∣∣{x ∈ Rn

k,+ : | f (x)|> s
}∣∣

γ
.

The average function of f ∗∗γ is defined as

f ∗∗γ (t) =
1
t

∫ t

0
f ∗γ (s)ds, t > 0,

and

( f +g)∗∗γ (t)≤ f ∗∗γ (t)+g∗∗γ (t)

is valid [10].
Now, we give some characteristics of γ−rearrangement of functions:

• if 0 < p < ∞, then∫
Rn

k,+

| f (x)|p(x′)γdx =
∫

∞

0
( f ∗γ (t))

pdt;

• for any t > 0,

sup
|E|γ=t

∫
E
| f (x)|(x′)γdx =

∫ t

0
f ∗γ (s)ds; (2.1)
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• ∫
Rn

k,+

| f (x)g(x)|(x′)γdx ≤
∫

∞

0
f ∗γ (t)g

∗
γ(t)dt;

• it is well known that

( f +g)∗γ(t)≤ f ∗γ (t/2)+g∗γ (t/2) (2.2)

holds [8, 10, 28].

Definition 1 ([22]). Lp,q,γ(Rn
k,+) Lorentz space is the set of all measurable func-

tions f ∈ Rn
k,+ such that

∥ f∥Lp,q,γ(Rn
k,+)

=
∥∥∥t

1
p−

1
q f ∗γ (t)

∥∥∥
Lq(0,∞)

< ∞.

If 0 < p ≤ ∞, q = ∞, then Lp,∞,γ(Rn
k,+) = WLp,γ(Rn

k,+), where WLp,γ(Rn
k,+) is weak

Lebesgue space of all measurable functions f such that

∥ f∥WLp,γ(Rn
k,+)

= sup
t>0

t1/p f ∗γ (t)< ∞, 1 ≤ p < ∞.

If p = q = ∞ or 1 ≤ q ≤ p, then functional ∥ f∥p,q,γ is a norm [8, 15, 28]. However if
p = q = ∞, then L∞,∞,γ(Rn

k,+) = L∞,γ(Rn
k,+).

In case 0 < p,q ≤ ∞, the functional ∥ · ∥∗Lp,q,γ
is given by

∥ f∥∗Lp,q,γ
= ∥ f∥∗Lp,q,γ(0,∞) = ∥t

1
p−

1
q f ∗∗γ (t)∥Lq(0,∞),

which is a norm on Lp,q,γ(Rn
k,+) for 1 < p < ∞, 1 ≤ q ≤ ∞ or p = q = ∞.

If 1 < p ≤ ∞, 1 ≤ q ≤ ∞, then

∥ f∥p,q,γ ≤ ∥ f∥∗p,q,γ ≤
p

p−1
∥ f∥p,q,γ,

that is, ∥ f∥p,q,γ and ∥ f∥∗p,q,γ are equivalent.

Definition 2 ([12]). Let 1 ≤ p < ∞, and 0 ≤ λ ≤ Q. Lp,λ,γ(Rn
k,+) B−Morrey space

is the set of all measurable functions with f ∈ Lloc
p,γ(Rn

k,+) such that

∥ f∥Lp,λ,γ(Rn
k,+)

= sup
x∈Rn

k,+,r>0
r−

λ

p ∥ f∥Lp,γ(B+(x,r)) < ∞.

If λ = 0, then Lp,0,γ(Rn
k,+) = Lp,γ(Rn

k,+); if λ < 0 or λ > Q, then Lp,λ,γ(Rn
k,+) = Θ,

where Θ is the set of all functions equivalent to 0 on Rn
k,+. Also, the weak B−Morrey

space WLp,λ,γ(Rn
k,+) is the set of all functions f ∈ WLloc

p,γ(Rn
k,+) with the following

norm

∥ f∥WLp,λ,γ(Rn
k,+)

= sup
x∈Rn

k,+,r>0
r−

λ

p ∥ f∥WLp,γ(B+(x,r)) < ∞.
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Definition 3 ([9]). Let 0 ≤ p < ∞ and 0 ≤ λ ≤ 1. LMp,λ ≡ LMp,λ(0,∞) local
Morrey space is the set of all functions f ∈ Lloc

p (0,∞) such that

∥ f∥LMp,λ(0,∞) = sup
r>0

r−
λ

p ∥ f∥Lp(0,r) < ∞.

Moreover, WLMp,λ ≡WLMp,λ(0,∞) denotes the weak local Morrey space of all func-
tions f ∈WLloc

p (0,∞) such that

∥ f∥WLMp,λ(0,∞) = sup
r>0

r−
λ

p ∥ f∥WLp(0,r) < ∞.

Definition 4. Let 0 < p,q ≤ ∞ and 0 ≤ λ ≤ 1. Mloc
p,q,λ,γ(R

n
k,+) B−local Morrey-

Lorentz space is the set of all measurable functions with quasi-norm

∥ f∥Mloc
p,q,λ,γ(R

n
k,+)

= sup
r>0

r−
λ

q ∥t
1
p−

1
q f ∗γ (t)∥Lq(0,r) < ∞.

If λ < 0 or λ > 1, then Mloc
p,q,λ,γ(R

n
k,+) = Θ, where Θ is the set of all functions equi-

valent to 0 on Rn
k,+. Also,

Mloc
p,q,0,γ(Rn

k,+) = Lp,q,γ(Rn
k,+) and Mloc

p,p,λ,γ(R
n
k,+)≡ Mloc

p,0,γ(Rn
k,+).

WMloc
p,q,λ,γ(R

n
k,+) weak B−local Morrey-Lorentz space is the set of all measurable

functions with the quasinorm

∥ f∥WMloc
p,q,λ,γ(R

n
k,+)

= sup
r>0

r−
λ

q ∥t
1
p−

1
q f ∗γ (t)∥WLq(0,r) < ∞.

Definition 5 ([27]). Let β ∈ R and ϕ be a measurable function on (0,∞). The
weighted Hardy operators Hβ and H β, on which the power weights acts, are defined
as

Hβ
ϕ(t) = tβ−1

∫ t

0

ϕ(y)
yβ

dy, H β
ϕ(t) = tβ

∫
∞

t

ϕ(y)
yβ+1 dy.

For the proof of our main theorems, we need the following Hardy inequalities:

Theorem 1 ([6, 27]). Let β ∈ R, 0 ≤ λ < 1.

i. If 1 ≤ q < ∞ and β <
1
q′
+

λ

q
, then∥∥∥Hβ

ϕ

∥∥∥
LMq,λ(0,∞)

≤C∥ϕ∥LMq,λ(0,∞) .

ii. If 1 < q < ∞ and β =
1
q′
+

λ

q
, then∥∥∥Hβ

ϕ

∥∥∥
WLMq,λ(0,∞)

≤C∥ϕ∥LMq,λ(0,∞) .
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iii. If 1 ≤ q < ∞ and β >
λ−1

q
, then∥∥∥H β

ϕ

∥∥∥
LMq,λ(0,∞)

≤C∥ϕ∥LMq,λ(0,∞) .

iv. If 1 < q < ∞ and β =
λ−1

q
, then∥∥∥H β

ϕ

∥∥∥
WLMq,λ(0,∞)

≤C∥ϕ∥LMq,λ(0,∞) .

3. B−MAXIMAL OPERATORS IN B−LOCAL MORREY-LORENTZ SPACES

We first give sharp rearrangement inequality for B−maximal operator. By using
this inequality, we get B−maximal operator is bounded in Mp,q,λ,γ(Rn

k,+).

Lemma 2 ([3]). Sharp rearrangement inequality for B−maximal operator is given
by

(Mγ f )∗γ(t)≤C f ∗∗γ (t), t > 0, (3.1)

where C =C(n,γ)> 0 is a constant.

Theorem 2. Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1 and q
q+λ

≤ p ≤ ∞.

(i) If q
q+λ

< p<∞, then B−maximal operator Mγ is bounded in B−local Morrey-
Lorentz space Mloc

p,q,λ,γ(R
n
k,+).

(ii) If p = q
q+λ

, then B−maximal operator Mγ is bounded from B−local Morrey-
Lorentz space Mloc

p,q,λ,γ(R
n
k,+) to weak B−local Morrey-Lorentz space

WMloc
p,q,λ,γ(R

n
k,+).

(iii) If p = q = ∞, then B−maximal operator Mγ is bounded in L∞,γ(Rn
k,+).

Proof. (i) Let q
q+λ

< p < ∞ and f ∈ Mloc
p,q,λ,γ(R

n
k,+). By Definition 4 and the in-

equality (3.1), we obtain

∥Mγ f∥Mloc
p,q,λ,γ

= sup
r>0

r−
λ

q

∥∥∥t
1
p−

1
q (Mγ f )∗γ(t)

∥∥∥
Lq(0,r)

≤C sup
r>0

r−
λ

q

∥∥∥t
1
p−

1
q f ∗∗γ (t)

∥∥∥
Lq(0,r)

=C sup
r>0

r−
λ

q

∥∥∥∥t
1
p−

1
q−1

∫ t

0
f ∗γ (s)ds

∥∥∥∥
Lq(0,r)

.

Let β = 1
p −

1
q and ϕ = t

1
p−

1
q f ∗γ (t). Then from Theorem 1, we get

∥Mγ f∥Mloc
p,q,λ,γ

≤C sup
r>0

r−
λ

q

∥∥∥∥tβ

∫ t

0

ϕ(s)
sβ

ds
∥∥∥∥

Lq(0,r)
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=C
∥∥∥Hβ

ϕ

∥∥∥
LMq,λ(0,∞)

≤C∥ϕ∥LMq,λ(0,∞)

=C sup
r>0

r−
λ

q ∥ϕ∥Lq(0,r)

=C sup
r>0

r−
λ

q

∥∥∥t
1
p−

1
q f ∗γ (t)

∥∥∥
Lq(0,r)

= ∥ f∥Mloc
p,q,λ,γ

.

Hence, the desired result is obtained.
(ii) Let p = q

q+λ
and f ∈ Mloc

p,q,λ,γ(R
n
k,+). From Definition 4 and inequality (3.1),

we have

∥Mγ f∥WMloc
q

q+λ
,q,λ,γ

=C sup
r>0

r−
λ

q

∥∥∥∥t1+ λ−1
q

∫ t

0
f ∗γ (s)ds

∥∥∥∥
WLq(0,r)

=C
∥∥∥Hβ

ϕ

∥∥∥
WLMq,λ(0,∞)

,

where β = 1+ λ−1
q and ϕ = t1+ λ−1

q f ∗γ (t). Therefore, we obtain by Theorem 1∥∥∥Hβ
ϕ

∥∥∥
WLMq,λ(0,∞)

≤C∥ϕ∥LMq,λ(0,∞) =C∥ f∥Mloc
q

q+λ
,q,λ
.

Then we get the operator Mγ is bounded from B−local Morrey-Lorentz space
Mloc

q
q+λ

,q,λ,γ to weak B−local Morrey-Lorentz space WMloc
q

q+λ
,q,λ,γ.

(iii) Let p = ∞ and f ∈ Mloc
∞,q,λ,γ(R

n
k,+). From [14, Remark 2.1], it is well known

that Mloc
∞,q,λ,γ = Θ for any 0 < q < ∞. Hence, we now consider the case of q = ∞.

Since Mloc
∞,q,λ,γ = WLp,γ for q = ∞ and Mγ is bounded in L∞,γ, we obtain the desired

result. □

Corollary 1. (i) If 1 ≤ p < ∞, 0 < λ ≤ 1, then B−maximal operator Mγ is
bounded in Mloc

p,λ,γ(R
n
k,+).

(ii) If 1 < p < ∞, 1 ≤ q ≤ ∞, then B−maximal operator Mγ is bounded in
Lp,q,γ(Rn

k,+).
(iii) If 1 < q < ∞, then B−maximal operator Mγ is bounded in WLq,γ(Rn

k,+).

4. B−SINGULAR INTEGRAL OPERATORS IN B−LOCAL MORREY-LORENTZ
SPACES

We first give sharp rearrangement inequality for B−singular integral operator. By
using this inequality, we obtain that B−singular integral is bounded in Mloc

p,q,λ,γ(R
n
k,+).

Theorem 3 ([18]). Let f , g ∈ Rn
k,+. Then

( f ⊗g)∗∗γ (t)≤Cγ,k

(
f ∗∗γ (t)

∫ t

0
g∗∗γ (u)du+

∫
∞

t
f ∗γ (u)g

∗∗
γ (u)du

)
, t > 0.
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Theorem 4 ([18]). If Kα ∈WLQ/(Q−α),γ(Rn
k,+), 0 < α < Q, then

(Kα ⊗g)∗γ(t)≤ (Kα ⊗g)∗∗γ (t)≤C
(

tα/Q−1
∫ t

0
f ∗γ (s)ds+

∫
∞

t
sα/Q−1 f ∗γ (s)ds

)
,

where C =Cγ,k(Q/α)2∥Kα∥WLQ/(Q−α),γ(Rn
k,+)

.

Since Tγ f is convolution type operator and from the above theorem, we can write

(Tγ f )∗γ(t)≤ (Tγ f )∗∗γ (t)≤C
(

t−1
∫ t

0
f ∗γ (s)ds+

∫
∞

t
s−1 f ∗γ (s)ds

)
. (4.1)

Theorem 5. Suppose that f ∈Mloc
p,q,λ,γ(R

n
k,+), 1≤ q≤∞, 0≤ λ< 1,

q
q+λ

≤ p≤ q
λ

and B−singular integral operator Tγ f exists a.e. x ∈ Rn
k,+. Moreover,

(i) If 1 ≤ q < ∞,
q

q+λ
< p <

q
λ

, then B−singular integral operator is bounded

in B−local Morrey-Lorentz space Mloc
p,q,λ,γ(R

n
k,+).

(ii) If 1 < q < ∞, p =
q

q+λ
, then B−singular integral operator is bounded from

Mloc
p,q,λ,γ(R

n
k,+) to weak B−local Morrey-Lorentz space WMloc

p,q,λ,γ(R
n
k,+).

Proof. Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1, and
q

q+λ
≤ p ≤ q

λ
. Since f satisfies (4.1),

B−singular integral operator Tγ f exists a.e. x ∈ Rn
k,+.

(i) Let 1 ≤ q < ∞, 0 ≤ λ < 1, and
q

q+λ
≤ p <

q
λ

and f ∈ Mloc
p,q,λ,γ. From Definition

4 and by using inequality (4.1) and Minkowski’s inequality, we have

∥Tγ f∥Mloc
p,q,λ,γ(R

n
k,+)

=C sup
r>0

r−λ/q
∥∥∥t

1
p−

1
q (Tγ f )∗γ(t)

∥∥∥
Lq(0,r)

≤C sup
r>0

r−λ/q
∥∥∥t

1
p−

1
q (Tγ f )∗∗γ (t)

∥∥∥
Lq(0,r)

≤C sup
r>0

r−λ/q
∥∥∥∥t

1
p−

1
q

[
t−1

∫ t

0
f ∗γ (s)ds+

∫
∞

t

f ∗γ (s)
s

ds
]∥∥∥∥

Lq(0,r)

≤C sup
r>0

r−λ/q
∥∥∥∥t

1
p−

1
q−1

∫ t

0
f ∗γ (s)ds

∥∥∥∥
Lq(0,r)

+ sup
r>0

r−λ/q
∥∥∥∥t

1
p−

1
q

∫
∞

t

f ∗γ (s)
s

ds
∥∥∥∥

Lq(0,r)

= I1 + I2.
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I1 can be estimated using the same method as in the proof of Theorem 2. Let us
estimate I2:

I2 = sup
r>0

r−λ/q
∥∥∥∥t

1
p−

1
q

∫
∞

t

f ∗γ (s)
s

ds
∥∥∥∥

Lq(0,r)

= sup
r>0

r−λ/q
∥∥∥∥tβ

∫
∞

t

ϕ(s)
sβ+1 ds

∥∥∥∥
Lq(0,r)

= sup
r>0

r−λ/q
∥∥∥H β

ϕ

∥∥∥
Lq(0,r)

=
∥∥∥H β

ϕ

∥∥∥
LMq,λ(0,∞)

= ∥ϕ∥LMq,λ(0,∞)

=C sup
r>0

r−λ/q ∥ϕ∥LMq(0,r)

=C sup
r>0

r−λ/q
∥∥∥t

1
p−

1
q f ∗γ (t)

∥∥∥
Lq(0,r)

= ∥ f∥Mloc
p,q,λ,γ

, (4.2)

where ϕ(t) = t
1
p−

1
q f ∗γ (t). Since 1

p −
λ

q > 0, the inequality β > λ

q − 1
q is valid for

β = 1
p −

1
q . Therefore, we obtain I2 ≤ C∥ f∥Mloc

p,q,λ,γ
. As a consequence, we get the

desired result.
(ii) Let p =

q
q+λ

, 1 < q < ∞ and f ∈ Mloc
p,q,λ,γ(R

n
k,+). From Definition 4 and with

the use of inequality (4.1) and Minkowski’s inequality, we have

∥Tγ f∥WMloc
q/(q+λ),q,λ,γ(R

n
k,+)

=C sup
r>0

r−λ/q
∥∥∥t1+ λ−1

q (Tγ f )∗γ(t)
∥∥∥

WLq(0,∞)

≤C sup
r>0

r−λ/q
∥∥∥t1+ λ−1

q (Tγ f )∗∗γ (t)
∥∥∥

WLq(0,∞)

≤C sup
r>0

r−λ/q
∥∥∥∥t

λ−1
q

∫ t

0
f ∗γ (s)ds

∥∥∥∥
WLq(0,∞)

+C sup
r>0

r−λ/q
∥∥∥∥t1+ λ−1

q

∫
∞

t

f ∗γ (s)
s

ds
∥∥∥∥

WLq(0,∞)

= J1 + J2.

J1 can be estimated using the same method as in the proof of Theorem 2. Let us
estimate J2. By Theorem 1, we have

J2 =C sup
r>0

r−λ/q
∥∥∥∥t1+ λ−1

q

∫
∞

t

f ∗γ (s)
s

ds
∥∥∥∥

WLq(0,∞)
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=C sup
r>0

r−λ/q
∥∥∥∥tβ

∫
∞

t

ϕ(s)
sβ+1 ds

∥∥∥∥
WLq(0,∞)

= sup
r>0

r−λ/q
∥∥∥H β

ϕ

∥∥∥
WLq(0,∞)

=C
∥∥∥H β

ϕ

∥∥∥
WLMq,λ(0,∞)

= ∥ϕ∥LMq,λ(0,∞)

=C sup
r>0

r−λ/q ∥ϕ∥Lq(0,∞)

=C sup
r>0

r−λ/q
∥∥∥t1+ λ−1

q f ∗γ (t)
∥∥∥

Lq(0,∞)

= ∥ f∥Mloc
q

q+λ
,q,λ,γ

,

where β = 1+ (λ−1)
q and ϕ(t) = t1+ λ−1

q f ∗γ (t). Therefore, we obtain that Tγ is bounded
from Mloc

q/(q+λ),q,λ,γ to WMloc
q/(q+λ),q,λ,γ. Thus, the proof is completed. □

Theorem 6. Suppose that f ∈ Mloc
p,q,λ,γ(R

n
k,+), 1 ≤ q ≤ ∞, 0 ≤ λ < 1,

q
q+λ

≤ p ≤
q
λ

and (4.1) is valid, then B−maximal singular integral operator Tγ f is finite a.e.
x ∈ Rn

k,+. Furthermore,

(i) If 1 ≤ q < ∞,
q

q+λ
< p <

q
λ

, then Tγ is bounded on B−local Morrey-Lorentz

space Mloc
p,q,λ,γ(R

n
k,+).

(ii) If 1 < q < ∞, p =
q

q+λ
, then Tγ is bounded from Mloc

p,q,λ,γ(R
n
k,+) to weak

B−local Morrey-Lorentz space WMloc
p,q,λ,γ(R

n
k,+).

Proof. Let 1 ≤ q ≤ ∞, 0 ≤ λ < 1, and
q

q+λ
≤ p ≤ q

λ
. Since f satisfies (4.1),

the B−maximal singular integral operator Tγ f (x) is finite almost everywhere for
x ∈ Rn

k,+. By using inequality (4.1), the proof of theorem can be easily obtained
in a similar manner of method of Theorem 5. □
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