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1. INTRODUCTION

Let A be an interval of real numbers. If the following inequality

(p<,U+V> /(p T)dt < Qv );@() (1.1)

holds for all u,v € A with u < v, then @ is said to be a convex function on A. In the
literature, inequality (1.1) is famed as the Hermite—Hadamard inequality for convex
functions (see [13]).

A number of researchers have used fractional integrals, fractional quantum integ-
rals, and other forms of integrals to establish the above inequality for various classes
of convex functions. Sarikaya et al. [16], proposed the fractional integral version of
(1.1), which is as follows

u+v Cla+1) /o o o(V)+ou)
<p( 5 )Sz(v_y)a <Jy+(P(V)+Jv*(P(/1)>Sf- (1.2)

In addition, depending on (1.2), the authors have presented a trapezoid type inequal-
ity for convex functions in [16]. In the previous decade, many authors generalized
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inequality (1.2) and used it to derive a number of well-known fractional integral in-
equalities for different types of convex functions. For further detail on this, we refer
the reader to [1,3,4,8,12,14,17,19=21,24,26-28].

G. Toader [22], defined a new class of m-convex functions, which gave rise to
the definition of other classes of convex functions such as (o, m)-convex functions,
(s,m)-convex functions and etc. [2,5,6,9,15, 18] contains more information on exten-
ded classes of m-convex functions as well as certain well-known fractional integral
inequalities for these functions, such as Hermite—Hadamard, Ostrowski type, and so
forth.

Kashuri et al. [7], recently introduced a new generalized class of convex functions
as well as several integral inequalities for these functions, leading to a number of
known and unknown findings in the area of the modern theory of inequalities.

In this study, we define a new generalized class of m-type convex functions and
derive some Hermite—Hadamard and Ostrowski type inequalities for these functions,
based on the results and approaches in [7, 16, 18,22]. The previously known findings
for numerous classes of convex functions as a particular case are included in our
results.

2. PRELIMINARIES

In this part, we revisit several previous definitions and lemmas which help us in
proving our results.

Definition 1 ([13]). Let A be an interval of real numbers. A function @: A — R is
said to be convex on A if

Qe+ (1- D) <o (1) + (1 - 1) (V) @1
holds for all u,v € A, and T € [0, 1].

Q represents the convex set {y,W2,..., Wk, 01,02,...,0;} in the following defini-
tion, (see [7]).

Definition 2 ([7]). Let y,,,0,,: [0,1] — [0,00) are continuous functions for all
ri=12,....kandrp, =1,2,...,/ where k,/ € Nand 1 <k </. If a function ¢: A C
R — [0,0) satisfies the following inequality

k i
Qlut+(1-9)) < (}c Y v <r>) 0+ (} y %(r)) o) @2

ri=1 r=1

forall u,v € Aand T € [0, 1], then it is said to be (k,/)-generalized convex with respect
to Q.

Definition 3 ([22]). Let b > 0. A function ¢: [0,b] — R is called m-convex on
[0, 5] if
9 (tu-+m(1— )W) < 5() +m(1- )0 (V) 23)
holds for all u,v € [0,5], and T € [0, 1].
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Definition 4 ([5]). Let (s,m) € (0,1]?> and b > 0. A function ¢: [0,5] — R is said
to be (s,m)-convex in the second sense on [0, b] if
9 (ut+m(1—T)v) < () +m(1—1)' (V) 2.4)
holds for all u,v € [0,b] and T € [0, 1].

Definition 5 ([9]). Let (o, m) € (0,1]> and b > 0. A function @: [0,b] — R is said
to be (o, m)-convex on [0, 5] if

9 e+ m(1 ) < T () + m (1~ ) o (v) 25)
is true for all u,v € Aand 7 € [0, 1].

Definition 6 ([14]). Lets € [0,1], n € N and A is an interval of real numbers. A
function @: A — R is called n-polynomial s-type convex if

k k
ot (1-9W) < L X 1= (-9 o+ LI~ (9le) @O

holds for all u,v € Aand 7 € [0, 1].

Definition 7 ([25]). Let h: [0,1] — R be a positive function and A is an interval
of real numbers. A function @: A C [0,0) — R is said to be h-convex, if

9 e+ (1-1)v) < h(R)9 )+ h(1 D)o (V) @7)
holds for all u,v € Aand T € [0, 1].

In the following, we state the definition of Riemann-Liouville integrals, which are
used in this study. For further information, one can see [10].

Definition 8. Assume that u > 0, oo > 0 and ¢ € L[y, Vv]. The Riemann-Liouville
integrals Jﬁ+(p and J{* @ of order o are defined by

£
,‘,ﬁtp(é):nla)/# E—0* o(r)dt, &> p

and . N
13‘<p<<z>=r(00/é (=&)L o(t)dr, E<v

respectively, where I'(at) = [ ¢1%! dt and J2+(p &) =70 0E =09().
The fractional integral is reduced to the classical integral when o0 = 1.

Lemma 1 ([16]). Assume that @: A — R is a differentiable function on A°. If
= Lu, V], where u,v € A with u < v, then the following equality
em+o(v) TI'(l+a)

T g W) e W)
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_ (V;”)/Ol [(1-7)% 1] ¢ (ur+ (1 - T)v)dre 2:8)

is true for all o> 0.

Lemma 2 ([18]). Assume that @: A — R is a differentiable function on A°. If

(pl € L[u,v], where u,v € A with u <V, then the following equality
(&— ,u) +(v— E.») Fl+o) /g o
v 0O e m) e ) 2.9)

o (Ewt e e 0o -2 [ g @ (- var)
is valla’for all & € [u,v] and o > 0.

The Euler beta and incomplete beta functions are defined by

pop)= [ ©(1-0a

BEop) = [ (1-9p

respectively, where ®,p > 0and 0 < & < 1, (see [ 1]).
Now, we merge Definition 3 and 2 to obtain the class of generalized m-type convex
functions as follows.

Definition 9. Let y,,,0,,: [0,1] — [0,c0) are continuous functions for all r; =
1,2,...,kand r, = 1,2,...,] where k,l € N and 1 < k <. If a function ¢: [0,b] —
[0,00), b > 0, satisfies the following inequality

o (ut+m(1—1)v) ( Zq;,l ) < Zq),z ) (v)  (2.10)
r= 1 = 1
for all u,v € [0,b]; T € [0,1], and m € (0, 1], then it is said to be (k,/)-generalized
m-type convex with respect to Q.

Remark 1.

(1) Definition 9 is reduced to Definition 3 when V,, (t) =T, ¢,, = 1 — T and
k=1=1in(2.10), and ¢: [0,5] — [0,0), b > 0.

(2) Definition 9 is reduced to Definition 4 when y,, (1) =1°, ¢,, = (1 —1)*, and
k=1=1in(2.10), and @: [0,b] — [0,00), b > 0.

(3) Definition 9 is reduced to Definition 5 when ,, (1) = 1*,0,, = 1 — 1% and
k=1=1in(2.10), and @: [0,b] — [0,00), b > 0.

(4) Definition 9 is reduced to Definition 6 when y,, (1) =1—(s(1—1))", ¢,, =
l1—(sv)2,m=1andri=r,=1,2,...,kin (2.10), @: [0,b] — [0,0), b > 0.

(5) Definition 9 is reduced to Definition 7 when ,, (t) = h(1), 0,, = h(1 — 1)
andm=k=1[1=1in(2.10).
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By appropriately selecting the functions y,, and ¢,,, the reader can obtain a num-
ber of known and unknown classes of m-convex functions.

3. MAIN RESULTS

In this section, we describe some algebraic properties of generalized m-type con-
vex functions and investigate fractional integral inequalities of the Hermite—Hadamard
and Ostrowski types for these functions.

Theorem 1. Let ¢,¢;,¢2: [0,b] — [0,00), b > 0, are (k,l)-generalized m-type
convex functions with respect to Q. Then
(1) @1+ @2 is a (k,I)-generalized m-type convex with respect to Q.
(2) yo is a (k,1))-generalized m-type convex with respect to Q, where Y is a pos-
itive real number.

Proof. We ignore the proof of the theorem since it is straightforward. O

Theorem 2. Let ¥, ,0,,: [0,1] — [0,00) are continuous functions for all ry =
1,2,...;kandry=1,2,...,l where k,l € Nand 1 <k <[ and assume that @, : [0,b] —
[0,00), b > 0, is an increasing and (k,l)-generalized m-type convex function with re-
spect to Q and @1 : ©2(]0,b]) — [0,00) is an m-convex function, then Q10 @, is a
(k,1)-generalized m-type convex function with respect to Q.

Proof. The m-convexity of ¢, and (k,l)-generalized m-type convexity of @; give
that

@102 (ut+m(1=1)v) = @1 (@2 (wt+m(1 —1)v))
<01 (192 (1) +m (1 —=1)92(V))

( qu,l >(p1 ¢ (u ( Z% )‘Pl (p2(v))

ri=1 rn=1

( lefrl ><P1°<P2 < Zq)rz >(P10<P2(V)

ri=I1 ro=1

is true for all u,v € [0,b] and T € [0, 1]. This ends the proof. O

Theorem 3. Assume that ,,,0,,: [0,1] — [0,00) are continuous functions for all
ri=12,...;kand r, =1,2,....1 where k,l € Nand 1 <k <1 and let (¢;)ic; be a
Sfamily, where ©;: [0,b] — [0,00), b >0, is a (k,l)-generalized m-type convex func-
tions with respect to Q for any i € 1.Then @ (®) := sup; @; (®) is a (k,l)-generalized
m-type convex function with respect to Q and Y = {® € [0,b]: ¢ (®) < +oo} is an
interval.

Proof. The (k,l)-generalized m-type convexity of ¢; with respect to Q for any
i €1, give that

@ (e -+ m(1—1)V) = sup e, (ut+ m(1 —1)V)
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(o (i)
( rlZI\lfr. >SUP(P1 < rzZ 0, (T )sz}p@i v)
2

+
lk
(oo (! £ o

is valid for all y,v € Y and t € [0, 1].
This ends the proof. 0

Theorem 4. Suppose that ., ,¢,,: [0,1] — [0, ) are continuous functions for all
rni=12,...;kand r, =1,2,...,1 where k,] € Nand 1 <k <1 and let ¢: [0,b] —
[0,00), b > 0, be a (k,l)-generalized convex function with respect to Q. If u,v € [0, b]
with u < v and @ € L[u, V|, then for any o > 0 the following inequality holds

o(52) <8 (o) o))

<00Pk() Z: ¥, +0m>l(;) i cbfz) (P(‘u)

where

1
l}!rl:/ Uy, (U)dt, r=1,2,.. .k,
0

1
q;rzz/o *co‘_lq)rz(‘c)dt, rn=12...,1,
1 1 & 1
Pi-|=- r PR
<2> krlz—llvl<2>
o(1) =1y, (1
2 - lr2:1 ) 2 .

Proof. Since ¢ is a (k,l)-generalized m-type convex function with respect to Q,
then for all u,v € [0,b] with u < v, we get

k
(p(,m(l_m)g(lZ%())(p(,,) (124»4 >> V. 62

r]l r21
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Hence, we have that

o(935)< (1L v (3))or+ (1o (5)) o

is valid for any ;,{, € A with {; < §, If weset {; =tu+ (1 —t)vand {; =vi+
(1 —7)u, where T € [0, 1], then we obtain

<p<u+V> (Zwrl<>> (u+ (1—1)V)
< r;q”z ()) (ve+(1=1)n). (3.3)

Multiplying both sides of (3.3) by ©*!, then integrating the resulting inequality in
terms of T on [0, 1] yields

o0 <“;V> < (,1( é"’" <;)) [
>> /olf““f’(w+ (1-7)u)de

) (ui\’) /V“ <1:Lo>al¢(w)dw
>> (viu) /,, <(3:5>M¢(w)dm

Thus we have

9 (.U;FV> < lliljy‘;‘) (\p (;) Jho(v)+@ (;) JS‘(p(y)> . G4
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Also, from the generalized convexity of @ on [u,V], we have

o (ut+(1—1)Vv) ( Z\prl ) ( Zq),z ) (3.5)
ri=1 rn=1
and
o(VT+ (1 —1)u) ( Z\p,l ) ( Zq),z ) . (3.6)
r= 1 n= 1

Multiplying both sides of the inequalities (3.5) and (3.6) respectively by 1%~ ¥ (%)
and % 1® (%) , then integrating the resulting inequalities in terms of T on [0, 1], gives

‘P<;> /Olt““(p(/,mr(l—t) ( Z/ Ty (t )(P(.U)

r11

( o lq)rz dT) v)
rn=1
and

o(3) [[# ot 1-tmans (q’(%) y | lf“lwrmdr) o)
_'_

Hence we find

1 1y & 5) +
L{OLIET PR <°“Pk(2) Zf’”) o)+ <°°\P,(2) Y %) o)

(V_:u) “ r= =1
3.7
and
®(;)F(1+a) oad (1) & ad (1) &
WJ ( )<< k2 r;I‘Prl (V) + lz rzz::1q)r2 ¢ (u)

Adding the inequalities (3.7) and (3.8) gives

o () ee (5) o)
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od (1) & a¥ (1) ¢
+ 16(2) Z lI]r| +l(2) Z q)rz (P(V) . (39)
ri=1 rn=1
Combining the inequalities (3.4) and (3.9) gives the required result.
This completes the proof. g

Remark 2. Theorem 4 leads to the following specific cases:

(1) If y,, (t) =7, ¢,(t) =1 — 7 for each r; and rp, and k =1 =1, then (3.1)
reduces to (1.2).

(2) Ify,, (1) =7, 0,,(T) = (1 — 1) for each r; and r», and k = = 1, then we get
[20, Theorem 3].

(3) If y,, (1) =h(r), dr,(t) = h(1 —7) foreach r; and rp, and k = [ = 1, then we
have [24, Theorem 2.1].

@) Ify,, (1) = 1 — (s(1=1))"1, 0y, (t) = 1 — (s1)", where ry =1, = 1,2,... .k ,
k € N, and s € [0, 1], then (3.1) reduces to [ 14, Theorem 2.1], in case k = 1.

Theorem 5. Suppose that ,,,0,,: [0,1] — [0,0) are continuous functions for all
rn=12,....,kandr, =1,2,...,lwherek,l e Nand 1 <k <[, andletforO<u<v
and m € (0,1], @: [u, ;] — [0,00) be a differentiable function on (u,.) such that
¢ € LluV]. If ‘(p" is (k,1)-generalized m-type convex with respect to Q, on [u,x],
then for any o. > 0, we have

‘(P(u) +o(v) I'(d +°‘2x <J°‘+(P(v) +J$‘(p(u)>‘

2 2(v—p)
o [0 W] & mo ()|
< (Vzlu) ‘ ; ’ Z (lpil—i_‘P%l)—i_)l Z (CI)}I—FCD%I) (3.10)
ri=1 n=1
where

) = [C11 -0~y (),

W2 = [ (1% (e

o) = [11-9* o (e
@, = [ [~ (1 -0, ()

Proof. From Lemma 1 and the fact that the ‘(pl ’ is (k,1)-generalized m-type convex
with respect to Q on [u, ], we have

P00 DL (1) 0 )|
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< _H)/l|l—r°‘ /,ur—i—(l—r)v)‘dr
(,ur—kml—*c )’dt
I
>“—r“l(kzwr.<r>]<p’<u>\ (Zl )\w( )Ddr
(V—p)

2 [/ol[(l_’c (
+/ o (1 (

= [ 1_17 -1 er()

£ v f8 o (5,00 o ()]

ZW” )| @]+ (lrzzlq»z(r)) (Pl(;;)Ddr]

r11

/\

N\

mle ()| & 1
+‘l() Y /0 [(1=0)" = ¢Jon ()de

=1

¢ ()| & m|e (%)
= ‘2/[ — (1 =0y, (e — ‘ 2/ (1-0)%0r, (1) ]
r=1v2 ro=1
(v —p) <Pl(#)‘ oo me ()L
~— 7 k Zl (\Prl—’—‘Prl)—'_f Zl (q)r1+q)r1) :
r= rn=
This ends the proof. O
Remark 3.

(1) If y,, (t) =1, ¢,,(t) = 1 —7 for each r; and ry,and k =1 = m = 1, then
inequality (3.10) reduces to the trapezoid type fractional integral inequality
for convex functions as

L 00)FULS (10 ) o)

2 2(v—u)®
P )

(2) fy,, (t) =1 0,,(t) = (1—1)° foreach r; and ry,and k =l =m =1 where s €
(0, 1], then inequality (3.10) reduces to the trapezoid type fractional integral
inequality for s-convex functions as

I'(1 o a
Q00 DU, (10 o) )|
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Sw-m@dgﬁﬂdwm

1 1 1—270
X B §;s+1,0c+1 —B E;Oc+1,s+1 +70L—|—s+1 )

3) Ify, (1) =1—-(1-1)", ¢y,(t) =1— ()2, where ry =r, = 1,2,...,k , k, €
N, and o= m = 1, then inequality (3.10) reduces to the trapezoid type integral
inequality for n-polynomial convex functions as

Q) +o(v) 1 v
' _(V—u)“/u elr)de

2

_v-n (g wl+em]) «
- 2k

(rF+r+2)2n =2
(}’1 + 1) (r1 +2)2r1+1 )

ri=1
See also [16,20,23].
Theorem 6. Assume that ,,,0,,: [0,1] — [0,00) are continuous functions for all

rn=12,....kandr,=1,2,--- Iwherek,l c Nand 1 <k <[, and let forO <u<v
and m € (0,1], @: [u, 2] — [0,00) be a differentiable function on (u,.) such that

¢ €LV If ’(p" is (k,l)-generalized m-type convex with respect to Q, on [u, X ],
then for any & € [u,v] and a. > 0, we have
(&_IU)OL_’_ (v_g)a(p<§) - F<1 —I-OC)
vV—u V—u
1

Tl (S ‘wa

(00 + o)
SO

Lt L
‘PIIEE-*)‘ Zk: s +m‘q’ll(’¥1) Zl: o | G.11)

ri=1 rn=1

+ (V . g)OH-l

where

1
2 = [ (10", (o
1
@} = [ (1-9%0n (0
1
\Pj’tl :/ Ta‘l’rl (’C)d’C,
0

1
P} = /o 9,,(1)dT.
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Proof. From Lemma 2 and using the (k,[)-
we get

’(é_:u) +(V_§)aq)(§)_ F(1+(X)

vV—pu vV—u

(Jﬁ&(p (V) + /-0 (N)) ‘
ol _gyorl
< M/OIT“|¢’<r§+(1r)u>|d”(V§)u/OIT“|<P’(1§+(1T>V>|‘“

vV—u v—

o1 o1
—W/OI D@ (ur+ (1 - !d’f+(vxf),l+/lf“|¢’ (5 +(1-1)v)[dT

vV—p

< (é\—}f):“ ( Z / )y, (T dH- rzzl / )0, (T )

0oy ol o, m!'m .
(P o
: [HW(\@ m'<>z¢)

rll rn=1

!

]

Corollary 1. Ifwe choose & = %3 in Theorem 6, then we have

‘(P (#;v) 20 (Lr_(;;;oc) (J3+(p(v)+J3‘<p(y))‘

! ! +
veu | (19 W] & m|e ()
- ! |:( k ‘lepfl—i_ ’ z:1CI)
r= mn

/ ) ‘

(T )]

bl

where
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1
o}, = [ .

Remark 4.
(1) If y,, (t) =17°, ¢, (7) = (1 —7)* for each r| and rp, and k =1 = m = 1 where
s € (0,1], then inequality (3.11) reduces to the Ostrowski fractional integral
inequality for s-convex functions as

(&—y)v i—ll(lV - (c’)a(P(E)) _ Fi]j:c) (]ﬁ&(p(\/) +J3—(P(IJ)) ‘

¢ (©)|B(l.ats+1))
9 (v)|Blo+ 15+ 1)

L @0 (|0 w[Be+ L+

Tven | 4= (|0 @) Blats+11)+

2) Ty, (t)=1—(s(1—=1))", 0, (1) =1—(s7)2, Where r =, = 1,2,... .k,
k,e N, m =1 and s € [0, 1], then inequality (3.11) reduces to the Ostrowski
fractional integral inequality for n-polynomial s-type convex functions as

(&—p) —I—(V—E_,)a(p(a) _M ( 3+¢(V)+J3—(P(ﬂ)>'

vV—u vV—u
S% (0 (PIIE/N)‘ZI;,J(B(l,(x—i—l)—s’lﬁ(l,(x—i—rl+1))
—u <p]EE)’ s (B(La+1)=s"B(r+1,0+1))
b (v—g)e] (pz)v‘)]ﬁlk_](B(OHLI)_S“B(OLHJIH))
+ L (Bla+ L) =s"B(a+r+1,1))
See also [ 14, 18].

Theorem 7. Suppose that ,,,¢,,: [0,1] — [0,e0) are continuous functions for all
rn=12,....kandr, =1,2,...,lwhere k,l e Nand 1 <k <[, andletfor0 <u<v
and m € (0,1], @: [u, %] — [0,00) be a differentiable function on (u,.) such that

' 4
¢ €L[uv]. If ‘(p ‘ is (k,l)-generalized m-type convex with respect to Q. on [u, Y]
forq > 1; 11; + é =1, then for any & € [u, V] and o. > 0, the following inequality holds

(Co 8y LD ()4 )

A V—u

ol &g e B g0

1 P
(‘xl’+1) o1
<2\ &) L
vV—u ri=1 " ! r=1
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+(v—g)**! ((Pf) Zk: v +m’(Pl(m) Zl‘, <I>§2) ] , (3.12)

ri=1 r=1

where

1
5, = [y (o

@l = [ o ma
0

Proof. From Lemma 2, Holder’s inequality and the fact that |¢’|? is (k,[)-generalized
m-type convex with respect to Q on [u, ~], we have

E—w)*+(v-8§)" I'(l+o)
e
(&— ™!

V—p

w (/()lrﬂadn:)}) (/01 o' (& + (1 —‘C),u)’qd’t)(l]
+(V\_}§>:+] (/Olt"“dry’ (/01 ¢/ (& + (1 —t)v)|"dfc>;]

1 % 1
= M [(g_‘u)‘“l (/01 ¢ (tu+ (1 —t)&)]qdr) !

V—p

(2 0+ 000)]
<

/lr“|(p’('c§+(1—'c)y)’d’c+w/11:“|(p’('c<§+(1—r)v)]d’c
0 v—u Jo

<

+(v—g)*t! </01 | (& + (1 —r)v)y"dr);]

7% . g m,éq q
<@@)%&mw(@?iﬂwmm+(%»’iomﬁm)

v—u =
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’ q %
+(V7§)a+1 ((pif). i \Prl ’(P i (I) )
ri=1 rp=1

This completes the proof. U

Corollary 2. If we take & =*3 in Theorem 7, then we get

‘(p <u+v> 2% T (1+ )

(1200 + 7 00)|

2 (v—u)*
1
1 ) q 1
V=t ()" )tp \ k \(p e | !
< Sap+1) le (2 ) Zq)fz
ri=1 rn=l1
1
' q / q p
¢ ()| & m|o ()| J '
o B I GRS WS I R
ri=1 rn=1
where 1
le, = 0 Wy (T)dT>
1
@) :/0 0, (T)dT
Remark 5.

(1) Ify,, (1) =1*, ¢,, (1) = (1 —7)° for each r; and r, and k =1 =m = 1, where
€ (0, 1], then inequality (3.12) reduces to the Ostrowski fractional integral
inequality for s-convex functions as
E-—m*+ (V—%)“(p@ T+o)
vV—u vV—u

(@) 0] e (jw| <o @)’
Ve gt ([ @) o o)’
) Ify, (1) =1—(s(1—1))", d,(t) =1 —(s1)" for each r; and r,, where
rn=rn=12,...,k, ke N, m=1, and,s € [0, 1], then inequality (3.12)

reduces to the Ostrowski fractional integral inequality for n-polynomial s-
type convex functions as

(E.:_y)a+(v_§)a¢(é) -

V—u V—u

(1200 +7000)|

S (o) + o)
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() (Bes=) e (o)
) V=) +v-5" (o' @)+

618
1
> q
1
) q
Theorem 8. Assume that ,,,0,,: [0,1] — [0,00) are continuous functions for all

rn=12,...;kandr, =1,2,...,lwhere k,l e Nand 1 <k <[, and let for 0 <u<v
) be a differentiable function on (u,.) such that

+]9' (&)

!

¢ (v)

See also [14, 18].

and m € (0.1], 0: [, Y] > 0,00
¢ €LV If ‘(p/‘q is (k,1)-generalized m-type convex with respect to Q. on [u, Y]
for g > 1,then for any & € [u,v] and o. > 0, we have
(ﬁ-#)%r(v_@a _F(l—l—OL) o o
‘ Vi 9 (&) R ( w(p(V)—i—Jva(y))
1
1-1 / 4q q
()™ | (1#0] ¢ \‘P( )|
< et/ e L i o7 @}
<l | E-n) LY Z
’ q q
¢ ©)| & m|o (3)
+(v=8§)*"! (‘k Y v+ ‘ Zlcb (3.13)
ri=1 m
where ‘I‘fl ) CIsz,‘I’4 and <I>4 are defined in Theorem 6.

Proof. Using Lemma 2 and the power-mean inequality, we obtain

o OB ) - D () o)

a+1

<Cot [Te g (-] e
_gyotl

_‘_(VVE)I“ /Olfca‘(p’(r&—i—(l—’c)\/)‘d’c

< w </011"dt>1; (/011“|(p’(1§+(1—t)y)|th)q

V—u

+w (/Ol’cad’t>l_; (/Olza ¢/ (tE+ (1 —r)v)}qdr> '

V—u
1)1y !
= (ga) * [(@-H)QH (/01(1—r)“\(P'(va(l—r)%)\qdr)

+
V—u
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+(v—g)*t! </Olt“ @' (& +(1 —t)v)\qdfc> ;] .

q
Since ’(p/’ is a (k,1)-generalized m-type convex function with respect to Q, we gain

_ o _ a Fl
oS - T () + 0 )
BN (P'(#)‘q a g
< ((X\J}rl)lu (g_lu)oH»l ) (p]f(g)z;l_l fol (1—T> Wry (T)d‘t
T, 1 o (1=1)" 0 ()de
+(v-g)*! (P,(ké)‘ Lot Jo ¥ (1)d7 )
Sy @ en e
_1 / q r(EN|Y :
() wr ([P0 & o e G o
= ¥ _ (2
v |G P ”211 nt— rzgl "
Y RELIE A
+(V_§) k rlzz,l T i r;l r
This ends the proof. O

=4 + in Theorem 8, then we derive

(00 + 5 0)

Corollary 3. Ifwe select & =

)

0 () e (p' ¢ (&) ’
IS 9w £, R <lzm) o
ri=1 r=1
¢ (1Y) () ‘
< le )

an

ri=l1 rn=1

where ‘Pf] , P LI’4 and CI>4 are defined in Theorem 6.

o

Remark 6.
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(1) Iy, (1) =7°, ¢, (t) = (1 —1)* for each r; and ry, and k =1 =m = 1, where
€ (0, 1], then inequality (3.13) reduces to the Ostrowski fractional integral
inequality for s-convex functions as

(o0 ) T ()

1—L
s

v—p

Q=

bi—m““(M%mrﬁﬁ+ha+4%+M%Qrﬁ(ha+s+w)

+(v—g)t! (‘cp/( ’ Bloe+s+1,1) +‘q> ’ B(s+1, oc+1))é

) Ify,, (t) =1—(s(1=71))", ¢r,(t) = 1 — (7)™ for each r; and ry, where
ri=rp=12,---,k, ke N, m=1, and,s € [0, 1], then inequality (3.13)
reduces to the Ostrowski fractional integral inequality for n-polynomial s-
type convex functions as

o OB g ) EUE (g gl
@'
< e
(E— ! (%lzmlmaa+w—f®0a+n+n> q
L B(La+1)—s"Blot1,r +1))
wa\ ] 5
+(V—§)a+l {c Zrl 1(B(1,(X—|—1)—S B(a+17r1+1))
,l T B(La+1)=s"B(1,00+r+1))
See also [14, 18].

4. CONCLUSION

The aims of the present study were to define a new class of generalized m-type
convex functions and derive some Hermite—Hadamard and Ostrowski type fractional
integral inequalities for them. Using the findings of this work and the right selection
of functions ,,, and ¢,,, where r; = 1,2,...,k, » =1,2,...,l and k,l € N where
1 <k <1, as special cases, several new and existing classes of m-convex functions,
as well as some of the stated fractional integral inequalities for them, can be obtained.
This illustrates that the notion of new generalized m-type convex functions, as well
as the findings presented in this paper, are broad and enhance the number of results
from the literature of modern inequalities theory. Furthermore, some particular cases
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have been investigated. It is hoped that the ideas and approaches described in this
paper will spur more study into the issue.
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