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1. INTRODUCTION

The usefulness of inequalities involving convex functions is realized from the very
beginning and is now widely acknowledged as one of the prime driving forces be-
hind the development of several modern branches of mathematics and has been given
considerable attention. Some famous results for such estimations consist of Hermite-
Hadamard, trapezoid, midpoint, Simpson or Jensen inequalities etc.

Let f: I CR — R be a convex mapping defined on the interval I of real numbers
and a,b € I, with a < b. The following double inequalities are well known in the
literature as the Hermite-Hadamard inequalities [5]:

S B e

The most well-known inequalities related to the integral mean of a convex function
are the Hermite-Hadamard inequalities. It gives an estimate from both sides of the
mean value of a convex function and also ensure the integrability of a convex func-
tion. It is also a matter of great interest and one has to note that some of the classical
inequalities for means can be obtained from Hadamard’s inequality under the utility
of peculiar convex functions. These inequalities for convex functions play a crucial
role in analysis and as well as in other areas of pure and applied mathematics. The
absolute value of the difference of the second part of the (1.1) inequalities is known
as the trapezoidal inequality in the literature and was given by Dragomir and Agarwal
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in 1998 [2]. Then, in 2004, the absolute value of the difference of the first part of the
(1.1) inequalities, known as the midpoint inequality by Kirmaci, was given in [7].
Thus, these two important inequalities have attracted the attention of many readers to
date, and many studies have been carried out for different types of convex functions.
For recent results and generalizations concerning Hermite-Hadamard’s inequalities
see [1,3,6,9-11,13-18] and the references given therein.

The most well-known inequalities related to the integral mean of a convex func-
tion are the Hermite-Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities (see, [8—12]). In [4], Fejér gave a weighted
generalization of the inequalities (1.1) as the following:

Theorem 1. Let f: [a,b] — R be a convex function, then the inequalities

1(557) [ o g [ omisaes T [
atb

hold, where w: [a,b] — R is non-negative, integrable, and symmetric about x = =2
(i.e. w(x) =w(a+b—x)).

In [7], Kirmaci proved the following results connected to the left part of (1.1). In
[7] some inequalities of Hermite-Hadamard type for differentiable convex mappings
were proved using the following lemma.

Lemma 1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I° with
a<b.If f’ € L([a,D]), then we have

L /f v — f<a+b)

=(b—a) [/Oztf/(ta—i-(l —t)b)dt+ﬁ (t—1) f'(ta+ (1 —1)b)dt| .

The purpose of this paper is to establish new Hermite-Hadamard-Fejér type in-
equalities involving convex functions. Using functions whose first derivatives abso-
lute values are convex, we obtained new weighted midpoint inequalities that are con-
nected to the celebrated Hermite-Hadamard-Fejér type which cover the previously
published results.

2. WEIGHTED MIDPOINT INEQUALITIES

Lemma 2. Let f: [a,b] — R be a differentiable function on (a,b) and g: [a,b] —
R be continuous and symmetric to # with a < b. If f' € L[a,b], then the following
equality holds:

f(a;b> (bia)/g(x)dx—(bia)/g(x)f(x)dx @.1)
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{/1 (/ <bs—|— 1—5) ‘;b>ds) f’(at—l—(l—t)a;b>dt
0 t
/1(/ (as+ 1S)a;b>d)f (bt+(1—t) erb>d[}_

0 t

Proof. Here, we apply integration by parts in integrals of right part of (2.1), and
by using the change of the variable, we have

1

/(/lg<bs+(1S)a;b>ds) f’(az+(1—z) ;Lb)dt (2.2)
0 t

1

- = (jg<bs+<1s>“§b>ds)f<m+<1g“i”)

1
+aibo/g <bt+(1—t)a;rb>f<az+(1—t) —;b>dz

0

0/1</18<as+(18)a;b>ds) f’(bt+(1—t)a;b)dt 2.3)
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(b—a)
Pl

If we subtract (2.2) from (2.3), use the symmetry of g and multiply by , we
obtain the proof of (2.1). O
Remark 1. With the notations in Lemma 2, if we choose g(x) = 1, we have
ot b
a + b , y
f - q [t o3 [ amar @t [ b f Wy,
a ath

which is proved by Kirmaci in [7].

Now, we extend some estimates of the left hand side of a Hermite-Hadamard-Fejér
type inequalities for functions whose first derivatives absolute values are convex as
follows.

Theorem 2. Let f: [a,b] — R be a differentiable mapping on (a,b), g: [a,b] — R

be continuous and symmetric to “$2 with a < b and f' € L[a,b]. If |f'| is convex on

[a,b], then the following inequalities hold:

(5°) (bla)a/bg@)dx— (bla)a/bg@)f(x)dx @)
< o @l o) [lwi (3 )

where
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Proof. Using Lemma 2, by change of the order of integration and the convexity of
|/, we find that
/g

g(bs—i—(l—s)az—H?)Hf’ <at+(1—t)a;_b>

t@@HuswyNV@Hu,wy>m}

dsdt

S(b; )O/IO/Sg(bs+(1—s)6l—£l)>'[(l—t)‘f’< ;Lb) +1|f'(a thds
P2 [ (-0 Jo-al (452) o]

* (o ) Jomane (7)ol

a2 om0l (5 oo

By using the change of the variable it follows that
AN 1
a
— dx — dx
(“37) o oo s [ er

a

Trr \f’(a)\/b|g<x>|<x—“§b)2dx

(v) i <x>|(x—“§b)2dx
o
3l (30)] [ el +letar o (1— <b_4a>2<”‘x)2> a.

<
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Since g(x) is symmetric to x = “—;b, for g(x) = g(a+ b —x), we write

/h|g<x>|( SV e [l ()

and N
/b\g<x>|(1—4(,’j xf)mﬁm(w(ijf)m

which completes the proof of (2.4).
Remark 2. 1f in Theorem 2, we get g(x) = 1, then inequality (2.4) becomes

() 1a>a/bf<x>dx S(b;aﬁPf’(a)!;wbn]’

2 ) (b—
which is proved by Kirmaci in [7].
Theorem 3. Let f: [a,b] — R be a differentiable mapping on (a,b), g: [a,b] — R

be continuous and symmetric to # witha < b and f' € L|a,b]. If | f'|? is convex on
[a,b] for some q > 1, then the following inequality holds:

a+b 1 / 1 /
1(“57) e e s e rmar @)

1

a+b P

<O ] (0 e

a

x [<2|f’(a)l"+|f’(b)|">5+(If’(a)|‘1+2|f,(b)|q);]’

6 6
1 1 _
where E+5_1'

Proof. Using Lemma 2, Holder’s inequality and the convexity of |f’|?, we find
that
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as—l—(l—s)a;rb> f’<bt+(1—t)a+2b) dsdt}
g<bs+(1 )‘ ddt)ll; (O/lt/l ’<at+(1t)w2rb)qudt);
| lf’ (bt—&-(lt)a;b)qudt);}

|

o) ) avor)
ath ‘d> <2|f'<a>‘*6+|f'<b>‘f)é

o) S)’l’(f%a)uézf'(b)ff)%

By using the change of the variable

() o
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S(b;a) (bzpa); Z( —a;b> g (x)|7 dx p(zlf’(a)l"grlf’(b)rf)é
b Y 7(a§b—x> 5 ()7 dx L(f’<a>q+62f'<b>q>é'

Since g(x) is symmetric to x = %32, for g(x) = g(a+ b —x), we write

ath
a+b
—x) 15 ()P,

[ (-5 wora= ] (%

2
O

a+b
2

which completes the proof of (2.5).
Corollary 1. With the notations in Theorem 3, we get g(x) = 1, then (2.5) becomes

the following inequality

b
1(50) - 5 1w
< [<z|f’<a>|‘f6+|f’<b>|q>31+ <rf'<a>r‘1+621f'<b>‘1>i] |

3. APPLICATIONS TO SPECIAL MEANS

For arbitrary positive real numbers a,b (a # b), we shall consider the following

special means:
(M1) The arithmetic mean:
b
o ab>o.

(M2) The geometric mean:
G = G(a,b) :=ab, a,b>0.

(M3) The logarithmic mean:
if =b
@ L, ab>0,

L:L(Cl,b) :Z{ b— .
lnb—ilna’ if a

)

(M4) The p—logarithmic mean:
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1

bp+1_ p+1 P .
L,=Ly(a,b):= [7@“)(777[;)} i aF b, e RN {~1,0}; a,b > 0.
a, if a=0b,

It is well known that L, is monotonic non-decreasing over p € R with L_; := L. In
particular, we have the following inequality

L<A.

Now, using the results of Section 2, some new inequalities is derived for the above

means. 5
(D Letf: [a,b] = R, (0 <a<b), f(x)=x",s>1and g(x) = (x— “t2)". Then,

b
[ 8w = 1213 (00) ~ 24 b)L () + A2(@ D)L ).

[[(=53) a5
f(“;rb> — A%(a,b).

It is easy to verify that the function | f’(x)|? = s9x(
(a) From Theorem 2, we obtain

=14 is convex on [a,b].

b_ 2

AS(a,b) ( . 2“) —Lt3 (a,b) +2A(a,b)LiT | (a,b) — A*(a,b)L} (a,b)

< sA s—1 bsfl (b_a)3+ Asfl b 3(b_a)3 < sA s—1 bsfl (b_a)3

_S (a Y ) 525 S (a7 )T—S (a Y ) 523 *
(b) From Theorem 3, we have

2

4500 0) PN 152 (4 ) £ 2400, )L (0, ) — A2(a, B (s

(Cl, ) 12 s+2(a’ )+ (a7 ) s+1 (a? ) (a7 ) s(a7 )

1 1
(b—a)*"s | (24614 1 pls=1)g L as=1a 4 opls—1a\ 7
! 6 6

1 1
1 ab—Da a 1 pls—1)g q
- (s—)g p(s—1)gq - (s—1)q p(s—1)g
s <3A<“ b >+ 6 ) +<3A<a b )+ 6 !

1,1 _
whereq>1and;+5—l.
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@) Let £+ [a,b] € [0,00) > R, (0 < a < b), fx) = xl s€ (0,1]. Then,

% / bg (x) f(x)dx = L37% (a,b) — 2A(a,b)L} S (a,b) + A% (a,b)L=% (a,b),

-
f<aJ2rb> =A"%(a,b).

(a) From Theorem 2, we obtain

2

AS(a,b)(bl_za) 127 (a,b) 4 24(a, )L (a,b) — AX(a, B)L" (a,b)
S 4 3

<s(s+1) Li(a,b) (b—a) 3(b—a)

G2t (a,b) 5.7 +SAS+1(a,b)-5.24
Lia,b) (b—a)*
GZ(S‘H)(a,b) 26

(b) From Theorem 3, we have

<s(s+1)

2
(@) O 13 ) 4 20 )L (@)~ 2@ b)L ()
< 1S(b1_ la) 1 [m{z—(S+1)a—q(s+1) + (1 _2—(s+1)) b—q(s+l)}(p71)/p
(p+1)V/P2 0 (s 1)V

Y

+n { (1 - 2*(S+1)> g4+ 4 p—(s+1) p—a(s+1) }(”1)/[’}

1,1 _
whereq>land;+5—1.
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