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Abstract. In the present article, we provide a recurrence relation for the semi-exponential Post-
Widder operators (1.1) and estimate the moments for these operators. The next section discusses
some convergence results in the Lipschitz-type space and estimates the rate of convergence with
the help of the Ditzian-Totik modulus of smoothness and weighted modulus of continuity. At
last, we estimate the rate of convergence for the functions whose derivatives are of bounded
variation.
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1. INTRODUCTION

In the literature on approximation theory, several generalizations of exponential-
type operators have been studied by many authors. The authors have focused on ex-
amining the rate of convergence of these generalizations. Recently, some researchers
have introduced the concept of semi-exponential operators from the exponential-type
operators.

The Post-Widder operators for n ∈ N and x ∈ [0,∞) considered by D.V. Widder
[12] is defined as:

Pn(ϖ;x) =
1
n!

(n
x

)n+1 ∫ ∞

0
λ

ne−
nλ

x ϖ(λ)dλ.

Following [12], For x∈ [0,∞) and a parameter p> 0 Rathore and Singh [10] proposed
an integral representation of Post-Widder operators as:

Pn,p(ϖ;x) =
1

(n+ p)!

(n
x

)n+p+1 ∫ ∞

0
λ

n+pe−
nλ

x ϖ(λ)dλ.
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Recently, for x ∈ [0,∞) and ρ > 0 using laplace transformation M. Herzog [5] defined
the semi exponential Post-Widder operators as:

W ρ
n (ϖ;x) =

n
λneρλ

∫
∞

0

(
nu
ρ

) n−1
2

In−1
(
2
√

nρu
)

e
nu
λ

ϖ(λ)dλ.

Following [5], an alternative approach of semi exponential Post-Widder operators is
given by U. Abel at al. [2] which is defined as:

P ρ
n,m(ϖ;x) =

nn

eρxxn

∞

∑
m=0

(nρ)m

m!
1

Γ(n+m)

∫
∞

0
λ

n+m−1e−
nλ

x ϖ(λ)dλ (1.1)

and an alternative form of operators (1.1) is defined as follows:

P ρ
n,m(ϖ;x) =

nn

eρxxn

∫
∞

0

(
nλ

ρ

) n−1
2

e
−nλ

n In−1

(
2
√

nρλ

)
ϖ(λ)dλ. (1.2)

Where In represents the modified Bessel function of first kind. For more literature
related to this article we may refer [1, 4, 6, 9, 11].

In this article, we study some fundamental properties of the operators (1.1), in-
cluding the rate of convergence using modulus of continuity, Lipschitz-type space,
and weighted space.

2. BASIC PROPERTIES

In this section, we discuss some useful lemmas and results.

Remark 1. For ρ> 0, if we denote Hρ
n,r =P ρ

n,m(er;x), er(λ) = λr, r = 1,2,3·, x> 0
then

nHρ

n,r+1(x) = x(ρx+n)Hρ
n,r(x)+ x2Hρ

n,r
′(x).

Lemma 1. Using the Remark 1, the moments of the operators P ρ

n,k, could be writ-
ten as:

P ρ
n,m(e0;x) = 1,

P ρ
n,m(e1;x) =

x
n
(n+ρx),

P ρ
n,m(e2;x) =

x2

n2

[
n+n2 +2ρx+2ρnx+ρ

2x2] ,
P ρ

n,m(e3;x) =
x3

n3

[
2n+3n2 +n3 +6ρx+9ρnx+3ρn2x+6ρ

2x2 +3ρ
2nx2 +ρ

3x3] ,
P ρ

n,m(e4;x) =
x4

n4

[
6n+11n2 +6n3 +n4 +24ρx+44ρnx+24ρn2x+4ρn3x+36ρ

2x2

+30ρ
2nx2 +6ρ

2n2x2 +12ρ
3x3 +4ρ

3nx3 +ρ
4x4] .
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Lemma 2. Central moments of the operators P ρ
n,m, with the help of Lemma 1, are

as follows

P ρ
n,m((λ− x);x) =

ρx2

n
,

P ρ
n,m((λ− x)2;x) =

x2

n2

[
n+2ρx+ρ

2x2] ,
P ρ

n,m((λ− x)3;x) =
x3

n3

[
2n−4n3 +6ρx+3ρnx−6ρn2x+6ρ

2x2 +ρ
3x3] ,

P ρ
n,m((λ− x)4;x) =

x4

n4

[
6n+3n2 +24ρx+20ρnx

+36ρ
2x2 +6ρ

2nx2 +12ρ
3x3 +ρ

4x4] .
Lemma 3. Using Lemma 2, we have

P ρ
n,m
(
(λ− x)2;x

)
=

x2

n2

(
n+2ρx+ρ

2x2)≤ x2

n

(
1+2ρx+ρ

2x2)≤ χ2(x)
n

,

and

P ρ
n,m((λ− x)4;x)≤C

χ4(x)
n2 ,

where, C is a large positive constant and χ(x) = x(1+ρx). Moreover

lim
n→∞

nP ρ
n,m ((λ− x);x) = ρx2, and lim

n→∞
nP ρ

n,m
(
(λ− x)2;x

)
= x2.

Lemma 4. For the operators P ρ
n,m and ϖ ∈ [0,∞), we have

|P ρ
n,m(ϖ;x)| ≤ ∥ϖ∥,

where norm of the function on the positive half real line is given by ∥ϖ∥ =
sup

x∈[0,∞)

|ϖ(x)|.

Proof. From (1.2) and Lemma 1, we have

|P ρ
n,m(ϖ;x)| ≤ nn

e−ρxxn

∞

∑
m=0

(nρ)m

m!
1

Γ(n+m)

∫
∞

0
λ

n+m−1e−
nλ

x |ϖ(λ)|dλ ≤ ∥ϖ∥.

□

Theorem 1. Let ϖ ∈ CB [0,∞), then lim
n→∞

P ρ
n,m(ϖ;x) = ϖ(x), uniformly in every

closed interval in [0,∞).

Proof. From Lemma 1, P ρ
n,m(e0;x) = 1, P ρ

n,m(λ;x) = x, P ρ
n,m(λ2;x) = x2, as n→∞.

Therefore by the Bohman-Korovkin theorem, we get P ρ
n (ϖ(λ);x) = ϖ(x) as n → ∞,

uniformly in every closed subinterval of [0,∞). □
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3. MAIN RESULTS

Here, we assess the rate of convergence by using the Ditzian-Totik modulus of
smoothness ωχγ(ϖ,δ) and Peetre’s K−functional Kχγ(ϖ,δ), 0 ≤ γ ≤ 1. For ϖ ∈
CB [0,∞) and χ(x) = x(1+ρx), the Ditzian-Totik modulus of smoothness is explained
as

ωχγ(ϖ,δ) = sup
0≤i≤δ

sup
x± iχγ(x)

2 ∈[0,∞)

∣∣∣∣ϖ(x+
iχγ(x)

2

)
−ϖ

(
x− iχγ(x)

2

)∣∣∣∣ ,
and the Peetre’s K−functional is defined as

ωχγ(ϖ,δ) = inf
ϕ∈Wγ

{∥ϖ−ϕ∥−δ∥χ
γ
ϕ
′∥},

where Wγ is a subspace of all real valued functions defined on [0,∞), and ϕ ∈ Wγ

which is locally absolutely continuous with norm ∥ϖγϕ′∥ ≤ ∞. In [3, Theorem 2.1.1],
there exists a constant D ≥ 0 such that

D−1
ωχγ(ϖ,δ)≤ Kχγ(ϖ,δ)≤ Dωχγ(ϖ,δ). (3.1)

Theorem 2. For ϖ ∈CB [0,∞) then, we have∣∣P ρ
n,m(ϖ;x)−ϖ(x)

∣∣≤ Dωχγ

(
ϖ;

χ2−γ(x)√
n

)
.

Proof. For ϕ ∈Wγ, and calling the representation

ϕ(λ) = ϕ(x)+
∫

λ

x
ϕ
′(s)ds.

Applying P ρ
n,m and using Hölder’s inequality, we have∣∣P ρ

n,m (ϕ(λ);x)−ϕ(x)
∣∣≤ P ρ

n,m

(∫
λ

x

∣∣ϕ′∣∣ds;x
)

≤ ∥ϖ
γ
ϕ
′∥P ρ

n,m

(∣∣∣∣∫ λ

x

ds
χγ(s)

∣∣∣∣ ;x
)

≤ ∥ϖ
γ
ϕ
′∥P ρ

n,m

(
|λ− x|1−γ

∣∣∣∣∫ λ

x

ds
χ(s)

∣∣∣∣γ ;x

)
. (3.2)

Let I =
∣∣∣∫ λ

x
ds

χ(s)

∣∣∣, now first we simplify expression I

I ≤
∣∣∣∣∫ λ

x

ds√
s

∣∣∣∣ ∣∣∣∣( 1
1+ρx

+
1

1+ρλ

)∣∣∣∣≤ 2
∣∣∣√λ−

√
x
∣∣∣( 1

1+ρx
+

1
1+ρλ

)
≤ 2

|λ− x|√
x

(
1

1+ρx
+

1
1+ρλ

)
. (3.3)
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Now, we use the inequality |p+q|γ ≤ |p|γ+ |q|γ , 0 ≤ γ ≤ 1 then from (3.3), we get∣∣∣∣∫ λ

x

ds
χ(s)

∣∣∣∣γ ≤ 2γ |λ− x|γ

x
γ

2

(
1

(1+ρx)
γ

2
+

1

(1+ρλ)
γ

2

)
. (3.4)

From (3.2) and (3.4) and using Cauchy inequality, we get∣∣P ρ
n,m(ϕ(λ);x)−ϕ(x)

∣∣≤ 2γ∥χγϕ′∥
x

γ

2
P ρ

n,m

(
|λ− x|

(
1

(1+ρx)
γ

2
+

1

(1+ρλ)
γ

2

)
;x

)

=
2γ∥χγϕ′∥

x
γ

2

(
1

(1+ρx)
γ

2

(
P ρ

n,m
(
(λ− x)2;x

)) 1
2

+
(
P ρ

n,m
(
(λ− x)2;x

)) 1
2 .
(
P ρ

n,m
(
(1+ρλ)−γ;x

)) 1
2

)
.

From Lemma 2, we may write(
P ρ

n,m
(
(λ− x)2;x

)) 1
2 ≤ χ2(x)√

n
, (3.5)

where χ(x) = x(1+ρx).
For x ∈ [0,∞) , P ρ

n,m ((1+ρλ)−γ;x) → (1+ ρx)−γ as n → ∞. Thus for ε > 0, we
find a number n0 ∈ N such that

P ρ
n,m
(
(1+ρλ)−γ;x

)
≤ (1+ρx)−γ + ε, for all n ≥ n0.

By choosing ε = (1+ρx)−γ, we obtain

P ρ
n,m
(
(1+ρλ)−γ;x

)
≤ 2(1+ρx)−γ, for all n ≥ n0. (3.6)

From (3.5) and (3.6), we have∣∣P ρ
n,m(ϕ(λ);x)−ϕ(x)

∣∣≤ 2γ∥χ
γ
ϕ
′∥χ2(x)√

n

(
χ
−γ(x)+

√
2x−

γ

2 (1+ρx)−
γ

2

)
≤ 2γ(1+

√
2)∥χ

γ
ϕ
′∥ 1√

n
χ

2−γ(x). (3.7)

We may write∣∣P ρ
n,m(ϖ(λ);x)−ϖ(x)

∣∣≤ ∣∣P ρ
n,m (ϖ(λ)−ϕ(λ);x)

∣∣
+
∣∣P ρ

n,m (ϕ(λ);x)−ϕ(x)
∣∣+ |ϕ(x)−ϖ(x)|

≤ 2∥ϖ−ϕ∥+
∣∣P ρ

n,m (ϕ(λ);x)−ϕ(x)
∣∣ . (3.8)

From (3.7) and (3.8) and for sufficiently large n, we obtain∣∣P ρ
n,m (ϖ(λ);x)−ϖ(x)

∣∣≤ 2∥ϖ−ϕ∥+2γ

(
1+

√
2
)
∥χ

γ
ϕ
′∥ 1√

n
χ

2−γ(x)

≤C1{∥ϖ−ϕ∥+χ
2−γ(x)

1√
n
∥χ

γ
ϕ
′∥} ≤CK

χλ

(
ϖ;χ

2−γ(x)
1√
n

)
, (3.9)
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where C1 =max{2,2λ(1+
√

2)} and C = 2C1. From (3.1) and (3.9) we may conclude
the required result. □

Let CB[0,∞) be the class of all absolutely continuous and bounded functions equip-
ped with the norm ∥ϖ∥ = sup{|ϖ(x)| : x ∈ [0,∞)}. Then, K-functional in terms of
modulus of smoothness is given by:

K2(ϖ,ζ) = inf
h∈W 2

{∥ϖ−ϕ∥+ζ∥ϕ
′′∥},

where ζ > 0 and W 2 = {ϕ ∈ CB[0,∞) : ϕ′,ϕ′′ ∈ CB[0,∞)}. Now, we find a constant
C0 > 0 such that

K2(ϖ,ζ)≤C0 ω2(ϖ,
√

ζ), (3.10)

where

ω2(ϖ,
√

ζ) = sup
0<℘≤

√
ζ

sup
x∈[0,∞)

|ϖ(x+2℘)−2ϖ(x+℘)+ϖ(x)|

is known as second order modulus of smoothness of ϖ ∈CB[0,∞).

Theorem 3. For real valued continuous function ϖ ∈CB[0,∞), we have

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤C0ω2(ϖ,ζ)+ω

(
ϖ;
∣∣∣ x
n
(n+ρx)

∣∣∣) .
Proof. For any real and continuous function ξ ∈CB[0,∞), by Taylor’s expansion,

we have

ξ(λ) = ξ(x)+(λ− x)ξ′(x)+
∫ x

λ

(λ− s)ξ′′(s)ds. (3.11)

Consider an auxiliary operators associated with P ρ
n,m

P̃ ρ
n,m(ϖ;x) = P ρ

n,m(ϖ;x)−ϖ

( x
n
(n+ρx)

)
+ϖ(x), (3.12)

for ϖ(λ) = 1, we have P̃ ρ
n,m(1;x) = 1, and for ϖ(λ) = λ

P̃ ρ
n,m(λ;x) = P ρ

n,m(λ;x)− x
n
(n+ρx)+ x = x.

Immediately, we may write

P̃ ρ
n,m((λ− x);x) = 0.

Now, applying the operators P̃ ρ
n,m on (3.11) and using (3.12), we have

P̃ ρ
n,m(ξ;x)−ξ(x) = P̃ ρ

n,m((λ− x);x)ξ′(x)+ P̃ ρ
n,m

(∫
∞

x
(λ− s)ξ′′(s)ds;x

)
= P̃ ρ

n,m

(∫
∞

x
(λ− s)ξ′′(s)ds;x

)
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= P ρ
n,m

(∫
∞

x
(λ− s)ξ′′(s)ds;x

)
−

∫ x
n (n+ρx)

x

( x
n
(n+ρx)

)
ξ
′′(s)ds.

Now,

|P̃ ρ
n,m(ξ;x)−ξ(x)| ≤ P ρ

n,m

(
1
2
(λ− x)2∥ξ

′′∥;x
)
+

1
2

( x
n
(n+ρx)

)2
∥ξ

′′∥

≤ 1
2

∣∣∣∣P ρ
n,m
(
(λ− x)2;x

)
+
( x

n
(n+ρx)

)2
∣∣∣∣∥ξ

′′∥ ≤ ζ∥ξ
′′∥,

where

ζ =
1
2

∣∣∣∣P ρ
n,m
(
(λ− x)2;x

)
+
( x

n
(n+ρx)

)2
∣∣∣∣ .

Again, from equation (3.11) and (3.12), we have

P ρ
n,m(ϖ;x) = P̃ ρ

n,m(ϖ;x)+ϖ

( x
n
(n+ρx)

)
−ϖ(x)

= P̃ ρ
n,m ((ϖ−ξ);x)+ P̃ ρ

n,m (ξ;x)+ϖ

( x
n
(n+ρx)

)
−ϖ(x)

= P̃ ρ
n,m ((ϖ−ξ);x)− (ϖ−ξ)(x)+ P̃ ρ

n,m(ξ;x)−ξ(x)

+ϖ

( x
n
(n+ρx)

)
−ϖ(x).

Now, we have

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤ ∥ϖ−ξ∥+ζ∥ξ

′′∥+
∣∣∣ϖ( x

n
(n+ρx)

)
−ϖ(x)

∣∣∣
≤ 2∥ϖ−ξ∥+ζ∥ξ

′′∥+ω

(
ϖ;
∣∣∣ x
n
(n+ρx)

∣∣∣)
≤ 2K2(ϖ,ζ)+ω

(
ϖ;
∣∣∣ x
n
(n+ρx)

∣∣∣) .
In the view of (3.10), we get the required result. □

Let x ∈ (0,∞) and λ ∈ [0,∞], as we can see in Özarslan and Duman [7], the
Lipschitz type space is explained as:

Lip∗M(α) =

{
ϖ ∈C[0,∞] : |ϖ(λ)−ϖ(x)| ≤ M

|λ− x|α

(λ+ x)
α

2

}
, where 0 < α ≤ 1.

In the following theorem, we obtain the rate of convergence of the operators P ρ
n,m for

functions in Lip∗M(α).

Theorem 4. Let ϖ ∈ Lip∗M(α) and α ∈ (0,1]. Then for all x ∈ (0,∞), we have

|P ρ
n,m(ϖ(λ);x)−ϖ(x)| ≤ M

(
x
(
n+2ρx+ρ2x2

)
n2

) α

2

.
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Proof. From the Lemma 4, we have

|P ρ
n,m (ϖ(λ);x)−ϖ(x)| ≤ P ρ

n,m (|ϖ(λ)−ϖ(x)|;x)≤ MP ρ
n,m

(
|λ− x|α

(λ+ x)
α

2
;x
)

≤ M
x

α

2
P ρ

n,m (|λ− x|α;x) . (3.13)

Taking p = 2
α

and q = 2
2−α

and applying Hölder’s inequality, we obtain

P ρ
n,m(ϖ)(|λ− x|α;x)≤

{
P ρ

n,m
(
|λ− x|2;x

)} α

2 .
{

P ρ
n,m

(
1

2
2−α ;x

)} 2−α

2

≤
{

P ρ
n,m
(
|λ− x|2;x

)} α

2 . (3.14)

On combining (3.13), (3.14) and using the Lemma 2, we get the required result. □

For c, d > 0, Özarslan and Aktuğlu [8] considered the Lipschitz-type space with
two parameters, as follows

Lip(c,d)M (α) =

(
ϖ ∈C[0,∞) : |ϖ(λ)−ϖ(x)| ≤ M

|λ− x|α

(λ+ cx2 +dx)
α

2

)
,

where M is a positive constant and 0 < α ≤ 1.

Theorem 5 (Point-wise Estimate). For f ∈ Lip(c,d)M (α). Then, for all x > 0, we
have

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤ M

χ(x)
(cx2 +dx)

α

2
.

Proof. First we prove the theorem for α = 1. Then for ϖ ∈ Lip(c,d)M (1) and x ∈
[0,∞), we have

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤ P ρ

n,m (|ϖ(λ)−ϖ(x)|;x)≤ M

{
P ρ

n,m

(
|λ− x|

(λ+ cx2 +dx)
1
2

;x

)}

≤ M

(cx2 +dx)
1
2

P ρ
n,m (|λ− x|;x) .

By applying Cauchy-Schwartz inequality and using Lemma 3

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤ M

(cx2 +dx)
1
2
{P ρ

n,m
(
|λ− x|2;x

)
}

1
2 ≤ M

(
χ2(x)

cx2 +dx

) 1
2

.

This shows that result is true for α = 1. Next we prove the stated result for 0 < α < 1,
we have

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤ M

(cx2 +dx)
α

2
P ρ

n,m (|λ− x|α;x) .
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Assume p = 1
α
, q = 1

1−α
, on applying the Hölder’s inequality, we have

|P ρ
n,m(ϖ;x)−ϖ(x)| ≤ M

(cx2 +dx)
α

2

(
P ρ

n,m (|λ− x|;x)
)α

.

Again, by Cauchy-Schwartz inequality and Lemma 3 required result follows. □

Theorem 6. Let ϖ ∈ [0,∞) and second order derivative of ϖ exists in [0,∞), then
we have

lim
n→∞

n
[
P ρ

n,m (ϖ;x)−ϖ(x)
]
= x2 (

ρϖ
′(x)+ϖ

′′(x)
)

Proof. Using Taylor’s series expansion, we write

ϖ(λ) = ϖ(x)+(λ− x)ϖ′(x)+
(λ− x)2

2!
ϖ
′′(x)+ℏ(λ,x)(λ− x)2, (3.15)

where ℏ(λ,x)→ 0 as λ → x. Applying P ρ
n,m(. : x) on both the sides of (3.15), we get

P ρ
n,m (ϖ(λ)−ϖ(x);x) = ϖ

′(x)P ρ
n,m ((λ− x);x)+

ϖ′′(x)
2!

P ρ
n,m
(
(λ− x)2;x

)
+P ρ

n,m
(
ℏ(λ,x)(λ− x)2;x

)
.

From the Lemma 2 and applying the lim
n→∞

, we get

lim
n→∞

nP ρ
n,m (ϖ(λ)−ϖ(x);x) = ϖ

′(x) lim
n→∞

nP ρ
n,m ((λ− x);x)

+
ϖ′′(x)

2!
lim
n→∞

nP ρ
n,m
(
(λ− x)2;x

)
+ lim

n→∞
nP ρ

n,m
(
ℏ(λ,x)(λ− x)2;x

)
. (3.16)

From Theorem 1, Lemma 2 and using cauchy-Schwarz inequality in the last term of
(3.16), we have

lim
n→∞

nP ρ
n,m
(
ℏ(λ,x)(λ− x)2;x

)
= 0. (3.17)

Using Lemma 2 and (3.16) , (3.17), required result follows. □

4. BOUNDED VARIATION

In the next theorem, we estimate the operators’ convergence rate (1.1). Let ϖ ∈
DBV [0,∞) be a continuous function taken from the class of absolutely continuous
functions DBV(0,∞) and having a derivative ϖ′ on the interval (0,∞) coincides a.e.
with a function which is of bounded variation on every finite partition of [0,∞). It
can be observed that for all ϖ ∈ DBV [0,∞), we have

ϖ(x) = ϖ(c)+
∫ x

c
g(s)ds, x ≥ c ≥ 0,
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where g(s) is a function of bounded variation on every finite subinterval of [0,∞) .
We may write the operators (1.1) in alternate form as

P ρ
n,m(ϖ;x) =

∫
∞

0
K ρ

n,m(x,λ)ϖ(λ)dλ, (4.1)

where

K ρ
n,m(x,λ) =

∞

∑
m=0

nn

eρxxn
(nρ)m

m!
1

Γ(n+m)
λ

n+m−1e−
nλ

x .

Now we define an auxiliary function ϖx by

ϖx(λ) =


ϖ(λ)−ϖ(x−) if 0 ≤ λ < x,
0 if λ = x,
ϖ(λ)−ϖ(x+) if x < λ < ∞.

Lemma 5. For x ∈ (0,∞) and sufficiently large n, we have
(1) Since 0 ≤ y < x, therefore

ηn(x,y) =
∫ y

0
K ρ

n,m(x,λ)dλ ≤ χ2(x)
n(x− y)2 .

(2) If x < z < ∞, then

1−ηn(x,z) =
∫

∞

z
K ρ

n,m(x,λ)dλ ≤ χ2(x)
n(z− x)2 .

Proof. By simple computations and using Lemma 2 and Lemma 3 we get required
results. □

Theorem 7. Let ϖ ∈ DBV(0,∞) then for all x ∈ (0,∞) and sufficiently large n, we
have∣∣P ρ

n,m(ϖ;x)−ϖ(x)
∣∣≤ 1

2
(
ϖ
′(x+)+ϖ

′(x−)
)

P ρ
n,m ((x−λ);x)

+
1
2

χ(x)√
n

∣∣ϖ′(x+)+ϖ
′(x−)

∣∣+ χ2(x)
nx

[
√

n]

∑
m=1

x+ x
m∨

x− x
m

(ϖ′
x)


+

x√
n

x+ x√
n∨

x− x√
n

(ϖ′
x)

+
χ(x)√

n
ϖ
′(x+)

+
χ2(x)
nx2

∣∣ϖ(2x)−ϖ(x)− xϖ
′(x+)

∣∣+M(γ,r,x)
χ2(x)|ϖ(x)|

nx2 .

Where
∨b

a(x) denotes the total variation of ϖx on [a,b] and

M(γ,r,x) = M2γ

(∫
∞

0
(λ− x)2rK ρ

n,m(x,λ)dλ

) γ

2r

.



CONVERGENCE ANALYSIS OF SEMI-EXPONENTIAL POST-WIDDER OPERATORS 377

Proof. Using the operator (4.1) for all x ∈ [0,∞), we obtain

P ρ
n,m(ϖ;x)−ϖ(x) =

∫
∞

0
K ρ

n,m(x,λ)(ϖ(λ)−ϖ(x))dλ

=
∫

∞

0

(
K ρ

n,m(x,λ)
∫

λ

x
ϖ(s)ds

)
dλ. (4.2)

For ϖ ∈ DBV [0,∞), we can write

ϖ
′(s) =

1
2
(ϖ′(x+)+ϖ

′(x−))+ϖ
′
x(x)+

1
2
(ϖ′(x+)−ϖ

′(x−))sgn(x)

+δx(s)(ϖ′− 1
2
(ϖ′(x+)+ϖ

′(x−)). (4.3)

Where

δx(s) =

{
1, s = x;
0, s ̸= x.

It can be easily seen that∫
∞

0

(∫
λ

x

(
ϖ
′(s)− 1

2
(
ϖ
′(x+)+ϖ

′(x−)
))

δx(s)ds
)

K ρ
n,m(x,λ)dλ = 0.

Using the equation (4.1),we obtain∫
∞

0

(∫
λ

x

1
2
(ϖ′(x+)+ϖ

′(x−))ds
)

K ρ
n,m(x,λ)dλ

=
1
2
(
ϖ
′(x+)+ϖ

′(x−)
)

P ρ
n,m ((x−λ);x) .

Again using (4.1), we have∫
∞

0

(∫
λ

x

1
2
(ϖ′(x+)−ϖ

′(x−))sgn(s− x)ds
)

K ρ
n,m(x,λ)dλ

=
∫

∞

0

1
2
(ϖ′(x+)−ϖ

′(x−))(λ− x)K ρ
n,m(x,λ)dλ

≤ 1
2

∣∣ϖ′(x+)−ϖ
′(x−)

∣∣(P ρ
n,m
(
(x−λ)2;x

)) 1
2 . (4.4)

From (4.2), (4.4) and Lemma 3, we have

P ρ
n,m(ϖ;x)−ϖ(x)≤ 1

2
(
ϖ
′(x+)+ϖ

′(x−)
)

P ρ
n,m ((x−λ);x)

≤ 1
2
(
ϖ
′(x+)+ϖ

′(x−)
)

P ρ
n,m ((x−λ);x)

+
1
2

χ(x)√
n

∣∣ϖ′(x+)+ϖ
′(x−)

∣∣+∫
∞

0

(∫
λ

x
ϖ
′
x(s)ds

)
K ρ

n,m(x,λ)dλ.
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We obtain∣∣P ρ
n,m(ϖ;x)−ϖ(x)

∣∣≤ 1
2
(
ϖ
′(x+)+ϖ

′(x−)
)

P ρ
n,m ((x−λ);x)

+
1
2

χ(x)√
n

∣∣ϖ′(x+)+ϖ
′(x−)

∣∣+An1(x)+An2(x). (4.5)

Where

An1(x) =
∣∣∣∣∫ x

0

(∫
λ

x
ϖ
′
x(s)ds

)
K ρ

n,m(x,λ)dλ

∣∣∣∣ ,
and

An2(x) =
∣∣∣∣∫ ∞

x

(∫
λ

x
ϖ
′
x(s)ds

)
K ρ

n,m(x,λ)dλ

∣∣∣∣ .
Now applying Lemma 5, integrating by parts and taking y = x− x√

n , we get

An1(x) =
∣∣∣∣∫ x

0

(∫
λ

x
ϖ
′
x(s)ds

)
dληn(x,λ)dλ

∣∣∣∣= ∣∣∣∣∫ x

0
ηn(x,λ)ϖ′

x(λ)dλ

∣∣∣∣
≤

∫ y

0
|ηn(x,λ)|

∣∣ϖ′
x(λ)

∣∣dλ+
∫ x

y
|ηn(x,λ)|

∣∣ϖ′
x(λ)

∣∣dλ

=
∫ x− x√

n

0
ηn(x,λ)

∣∣ϖ′
x(λ)

∣∣dλ+
∫ x

x− x√
n

ηn(x,λ)
∣∣ϖ′

x(λ)
∣∣dλ.

Since |ηn(x,λ)| ≤ 1 and ϖ′
x(x) = 0, we get∫ x

x− x√
n

ηn(x,λ)
∣∣ϖ′

x(λ)
∣∣dλ =

∫ x

x− x√
n

ηn(x,λ)
∣∣ϖ′

x(λ)−ϖ
′
x(x)

∣∣dλ

≤
∫ x

x− x√
n

x∨
λ

(ϖ′
x)dλ ≤ x√

n

x∨
λ− x√

n

(ϖ′
x).

Again using Lemma 5 and substituting λ = x− x
s .∫ x− x√

n

0
ηn(x,λ)

∣∣ϖ′
x(λ)

∣∣dλ ≤ χ2(x)
n

∫ x− x√
n

0

|ϖ′
x(λ)|

(x−λ)2 dλ ≤ χ2(x)
nx

∫ √
n

1

x∨
x− x

s

(ϖ′
x)ds

≤ χ2(x)
nx

[
√

n]

∑
m=1

x∨
x− x

s

(ϖ′
x).

Therefore,

An1(x)≤
χ2(x)

nx

[
√

n]

∑
m=1

 x∨
x− x

m

(ϖ′
x)

+
x√
n

 x∨
x− x√

n

(ϖ′
x)

 . (4.6)
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Now we observe, integration by parts and applying Lemma 5, we have

An2(x) =
∫

∞

x
K ρ

n,m(x,λ)
(∫

λ

x
ϖ
′
x(s)ds

)
dλ

≤
∣∣∣∣∫ 2x

x
K ρ

n,m(x,λ)
(∫

λ

x
ϖ
′
x(s)ds

)
dλ

∣∣∣∣+ ∣∣∣∣∫ ∞

2x
K ρ

n,m(x,λ)
(∫

λ

x
ϖ
′
x(s)ds

)
dλ

∣∣∣∣
≤ Bn1(x)+Bn2(x), (4.7)

where,

Bn1(x) =
∣∣∣∣∫ 2x

x
K ρ

n,m(x,λ)
(∫

λ

x
ϖ
′
x(s)ds

)
dλ

∣∣∣∣ ,
Bn2(x) =

∣∣∣∣∫ ∞

2x
K ρ

n,m(x,λ)
(∫

λ

x
ϖ
′
x(s)ds

)
dλ

∣∣∣∣ .
Applying integration by parts, using (4.3) and Lemma 5. Since 1− ηn(x,λ) ≤ 1,
substituting λ = x+ x

s , we have

Bn1(x) =
∣∣∣∣∫ 2x

x
ϖ
′
x(s)ds(1−ηn(x,2x))−

∫ 2x

x
(1−ηn(x,λ))ϖ

′
x(λ)dλ

∣∣∣∣
≤
∣∣∣∣∫ 2x

x

(
ϖ
′(s)−ϖ

′(x+)
)

ds
∣∣∣∣ |1−ηn(x,2x)|+

∫ 2x

x
|ϖ′

x(λ)| |1−ηn(x,λ)|vλ

≤ χ2(x)
nx2

∣∣ϖ(2x)−ϖ(x)− xϖ
′(x+)

∣∣+∫ x+ x√
n

x
|ϖ′

x(λ)| |1−ηn(x,λ)|dλ

+
∫ 2x

x+ x√
n

|ϖ′
x(λ)| |1−ηn(x,λ)|dλ

≤ χ2(x)
nx2

∣∣ϖ(2x)−ϖ(x)− xϖ
′(x+)

∣∣+∫ x+ x√
n

x

x∨
λ

(ϖ′
x)dλ

+
χ2(x)

n

∫ 2x

x+ x√
n

∨
λ
x (ϖ

′
x)

(λ− x)2 dλ

≤ χ2(x)
nx2

∣∣ϖ(2x)−ϖ(x)− xϖ
′(x+)

∣∣+ x√
n

x+ x√
n∨

x
(ϖ′

x)

+
χ2(x)

n

∫ 2x

x+ x√
n

1
(λ− x)2

λ∨
x
(ϖ′

x)dλ (4.8)

≤ χ2(x)
nx2

∣∣ϖ(2x)−ϖ(x)− xϖ
′(x+)

∣∣+ x√
n

x+ x
n∨

x
(ϖ′

x)+
χ2(x)

nx

[
√

n]

∑
m=1

x+ x
k∨

x
(ϖ′

x).
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And

Bn2(x) =
∣∣∣∣∫ ∞

2x

(∫
λ

x
ϖ
′(s)−ϖ

′(x+)ds
)

K ρ
n,m(x,λ)dλ

∣∣∣∣
≤

∫
∞

0
|ϖ(λ)−ϖ(x)|K ρ

n,m(x,λ)dλ+
∫

∞

2x
|λ− x|ϖ′(x+)K ρ

n,m(x,λ)dλ

≤ M
∫

∞

2x
λ

γK ρ
n,m(x,λ)dλ+ |ϖ(x)|

∫
∞

2x
K ρ

n,m(x,λ)dλ+
χ(x)√

n
ϖ
′(x+).

It is obvious that

λ ≤ 2(λ− x) and x ≤ λ− x, when λ ≥ 2x.

Applying Holder’s inequality, we get

Bn2(x)≤ M2γ

(∫
∞

0
(λ− x)2rK ρ

n,m(x,λ)dλ

) γ

2r

+
χ2(x)
nx2 |ϖ(x)|+

√
1
n

χ(x)ϖ′(x+)

≤ M(γ,r,x)+
χ2(x)
nx2 |ϖ(x)|+ χ(x)√

n
ϖ
′(x+). (4.9)

From (4.8) and (4.9), we get

An2(x)≤
χ2(x)
nx2

∣∣ϖ(2x)−ϖ(x)− xϖ
′(x+)

∣∣+ x√
n

x+ x
n∨

x
(ϖ′

x)

+
χ2(x)

nx

[
√

n]

∑
m=1

x+ x
m∨

x
(ϖ′

x)+M(γ,r,x)
χ2(x)|ϖ(x)|

nx2 +

√
1
n

χ(x)ϖ′(x+). (4.10)

On combining (4.5)-(4.7) and (4.10), we get required result. □
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Example 1. The Graphical representation of the convergence of the operators
P β

n,k ( f (t);x) to the test function f (x) = x2 − x+ 1 are given in the Figure-1 for β =

5, and n = {2,10,50}. Figure-2 shows the convergence of the operators P β

n,k ( f (t);x)
for β = 2, and n = {2,10,50}. And Figure-3 represents the convergence of the oper-
ators P β

n,k ( f (t);x) for β = 1, and n = {2,10,50}. From the graphical representation
we easily seen that the operators converges fast when β decreases.
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