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1. INTRODUCTION

Stochastic partial differential equations driven by fractional Brownian motion have
attracted much attention. Tindel et al. [11] studied linear stochastic evolution equa-
tions driven by infinite-dimensional fractional Brownian motion with Hurst para-
meter in the interval H ∈ (0,1). A sufficient and necessary condition for the existence
and uniqueness of the solution is established. Maslowski and Nualart [10] studied
nonlinear stochastic evolution equations in a Hilbert space driven by a cylindrical
fractional Brownian motion with Hurst parameter H > 1

2 and nuclear covariance
operator. Caraballo et al. [3] investigated the existence, uniqueness and exponential
asymptotic behavior of mild solutions to a class of stochastic delay evolution equa-
tions perturbed by a fractional Brownian motion. Ahmed and Ragusa [1], Chadha
and Bora [4], Khan et al. [7] studied some other fractional stochastic equations about
the controllability, stability and fractional analysis. Clarke and Olivera [5] studied a
semilinear heat equation driven by a Hilbert space-valued fractional Brownian mo-
tion, existence and uniqueness of local Lq mild solutions are shown.

In this paper, we study the Cauchy problem{
∂tu(t) =−(−∆)α/2u(t)+ |x|−γ|u(t)|p−1u(t)+∂tBH(t), t > 0,

u(0) = ϕ,
(1.1)

© 2025 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.

http://dx.doi.org/10.18514/MMN.2025.4575
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


384 K. LI

where u ⊂ Rd , p > 1, u0 ∈ Lq(Rd), γ ≥ 0, (−∆)α/2(0 < α < 2) is the fractional
Laplacian, BH(t) is a fractional Brownian motion defined on some complete probab-
ility space (Ω,F ,P) with Hurst parameter H ∈ (1

2 ,1).
When γ = 0, existence results of Lp mild solutions for the problem (1.1) without

noise was studied in Weissler [12]. In the case γ ∈ (0,min(2,d)), Ben Slimene, Tay-
achi and Weissler [2] investigated local well-posedness, global existence and large
time behavior for the problem (1.1) without noise. When α = 2 and γ ∈ (0,2), Maj-
doub and Mliki [9] studied the problem (1.1) on Rd (d = 2 or 3), they obtained the
local existence and uniqueness of mild Lq solution. The purpose of this paper is to
investigate the existence and uniqueness of mild solutions to the equation (1.1). The
main results are obtained by using the contraction principle.

Definition 1. A process u : Ω× [0,T ] is called a mild solution of equation (1.1) if
(1) u ∈C([0,T ];Rd),
(2)

u(t) = e−t(−∆)α/2
ϕ+

∫ t

0
e−(t−s)(−∆)α/2

(| · |−γ|u(s)|p−1u(s))ds

+
∫ t

0
e−(t−s)(−∆)α/2

dBH(s),
(1.2)

with probability one, where e−t(−∆)α/2
is the linear fractional heat semigroup.

Theorem 1. Let d ≥ 1 be an integer and let

0 < γ < min(α,d), (1.3)

max
(

1
2
,
1
q

)
< H < 1, (1.4)

max
(

d p
d − γ

,
d(p−1)

α− γ

)
< q < ∞. (1.5)

Given ϕ ∈ Lq(Rd), then there exist T > 0 such that (1.1) has a unique mild solution
u ∈C([0,T ];Lq(Rd)).

The paper is organized as follows. In Section 2, some basic notations and pre-
liminary facts on stochastic integrals for fractional Brownian motion and smoothing
effect for the fractional heat semigroup are given. In Section 3, we give the main
results of this paper.

2. PRELIMINARIES

2.1. Fractional Brownian motion

Let (Ω,F ,P) be a complete probability space.
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Definition 2. A centered Gaussian process {βH(t), t ≥ 0} is called fractional
Brownian motion (fBm) of Hurst index H ∈ (0,1) if it has the covariance function

RH(t,s) = E[βH(t)βH(s)] =
1
2
(t2H + s2H −|t − s|2H).

In the following, we assume 1
2 < H < 1. Consider the square integrable kernel

KH(t,s) = cHs
1
2−H

∫ t

s
(u− s)H− 3

2 uH− 1
2 du,

where cH =
[

H(2H−1)
β(2−2H,H− 1

2 ))

]1/2
and t > s.

Then
∂KH

∂t
(t,s) = cH

( t
s

)H− 1
2
(t − s)H− 3

2 .

Consider a fBm {βH(t), t ∈ [0,T ]}. We denote by ζ the set of step functions on
[0,T ]. Let H be the Hilbert space defined as the closure of ζ with respect to the
scalar product

⟨1[0,t],1[0,s]⟩H = RH(t,s).

Define the linear operator K∗
H from ζ to L2([0,T ]) by

(K∗
Hϕ)(s) =

∫ b

s
ϕ(t)

∂KH

∂t
(t,s)dt.

The operator K∗
H is an isometry between ζ and L2([0,T ]) that can be extended to the

Hilbert space H .
Consider the process W =W (t), t ∈ [0,T ] defined by

W (t) = β
H((K∗

H)
−11[0,t]).

Then W is a Wiener process and βH has the integral representation

β
H(t) =

∫ t

0
KH(t,s)dW (s). (2.1)

We have the following relationship between the Wiener integral with respect to fBm
and the Wiener integral with respect to the Wiener process W∫ t

0
ϕ(s)dβ

H(s) =
∫ t

0
(K∗

Hϕ)(s)dW (s), (2.2)

for every t ∈ [0,T ] and ϕ1[0,t] ∈ H if and only if K∗
Hϕ ∈ L2([0,T ]). As in [11], we

define the standard cylindrical Brownian motion in X as

BH(t) =
∞

∑
n=0

enβ
H
n (t), (2.3)

where {en}∞
n=1 is a complete orthonormal basis in X and βH

n are real, independent
fBm’s.
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Let f be a deterministic function with values in L2(X ,Y ), the space of Hilbert-
Schmidt operators from X to Y . We make the following assumptions on f .

(i) For each x ∈ X , f (·)x ∈ Lp([0,T ];Y ), for p > 1
H ,

(ii) αH
∫ T

0
∫ T

0 | f (s)|L2(X ,Y )| f (t)|L2(X ,Y )|s− t|2H−2dsdt < ∞,

where αH = H(2H −1). The stochastic integral of f with respect to BH is defined by∫ t

0
f (s)dBH(s) =

∞

∑
n=1

∫ t

0
f (s)endβ

H
n (s) =

∞

∑
n=1

(K∗
H f en)(s)dβn(s), (2.4)

where βn is the standard Brownian motion used to represent βH
n as in (2.1) and the

series (2.4) is finite if

∑
n
∥K∗

H( f en)∥2
L2([0,b];Y ) = ∑

n
∥∥ f en∥H ∥2

Y < ∞. (2.5)

2.2. Smoothing effect

Let 1 ≤ q < ∞ and denote Lq(Rd) the space of functions with the norm ∥ f∥q =

(
∫
Rd | f (x)|qdx)1/q. For t > 0, e−t(−∆)α/2

denotes the linear fractional heat semigroup
defined by (see [8])

(e−t(−∆)α/2
f )(x) =

∫
Rd

Gα(t,x− y) f (y)dy, (2.6)

where Gα is the fractional heat kernel

Gα(t,x) =
1

(2π)d/2

∫
Rd

eix·ξ−t|ξ|αdξ, t > 0, x ∈ Rd , (2.7)

and f ∈ Lq(Rd), q ∈ [1,∞) or f ∈C0(Rd).
We recall the space-time estimate for the fractional semigroup on Lebesgue spaces,

∥e−t(−∆)α/2
u∥s2 ≤C1t−

d
α
( 1

s1
− 1

s2
)∥u∥s1 , (2.8)

for 1 ≤ s1 ≤ s2 ≤ ∞, t > 0 and u ∈ Ls1(Rd).
Given λ > 0, we define the dilation operator Dλ by Dλϕ(x) = ϕ(λx) for all

ϕ ∈ S(Rd). This operator is extended by duality to S ′(Rd).

Lemma 1. Dλ has the following properties:

(i) Dλ(e−λαt(−∆)α/2
ϕ) = e−t(−∆)α/2

(Dλϕ) for all ϕ ∈ S ′(Rd),
(ii) Dλ(D 1

λ

ϕ) = ϕ for all ϕ ∈ S ′(Rd),

(iii) ∥Dλϕ∥r = λ− d
r ∥ϕ∥r for all ϕ ∈ Lr(Rd), r ≥ 1,

(iv) Dλ(ϕψ) = DλϕDλψ for all ϕ,ψ,ϕψ ∈ L1
loc(Rd),

(v) Dλ(| · |−γ) = λ−γ| · |−γ for all γ > 0.

Proof. It is obvious that (ii)-(v) hold. We only prove (i). By (2.6) and (2.7),

e−t(−∆)α/2
(Dλϕ(x)) =

∫
Rd

Gα(t,x− y)(Dλϕ(y))dy
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=
1

(2π)d/2

∫
Rd

∫
Rd

ei(x−y)·ξ−t|ξ|α
ϕ(λy)dξdy. (2.9)

On the other hand,

e−λαt(−∆)α/2
ϕ(x) =

∫
Rd

Gα(λ
αt,x− y)ϕ(y)dy

=
1

(2π)d/2

∫
Rd

∫
Rd

ei(x−y)·ξ−λαt|ξ|α
ϕ(y)dξdy, (2.10)

then

Dλ(e
−λαt(−∆)α/2

ϕ) =
1

(2π)d/2

∫
Rd

∫
Rd

ei(λx−y)ξ−λαt|ξ|α
ϕ(y)dξdy

=
1

(2π)d/2

∫
Rd

∫
Rd

eiλ(x−z)ξ−t|λξ|α
ϕ(λz)λndξdz

=
1

(2π)d/2

∫
Rd

∫
Rd

ei(x−z)η−t|η|α
ϕ(λz)dηdz. (2.11)

By (2.9) and (2.11), (i) holds. □

Lemma 2. Let d ≥ 1 be an integer and 0 < γ < d. Let q1 ∈ (1,∞] and q2 ∈ (1,∞]
such that

0 ≤ 1
q2

<
γ

d
+

1
q1

< 1.

Then there exists a constant C > 0 depending on α,d,γ,q1,q2 such that

∥e−t(−∆)α/2
(| · |−γu)∥q2 ≤C2t−

d
α
( 1

q1
− 1

q2
)− γ

α ∥u∥q1 . (2.12)

Proof. Set m = d
γ

and let ε,δ > 0 satisfy

ε < m,
1
q2

≤ 1
m+δ

+
1
q1

≤ 1
m− ε

+
1
q1

≤ 1.

In fact, from the following estimate (2.15), we can see that it is reasonable to choose
such ε and δ. Consider the following decomposition

| · |−γ = ψ1 +ψ2, ψ1 ∈ Lm−ε(Rd), ψ2 ∈ Lm+δ(Rd).

By the Hölder inequality, we have

∥ψ1u∥r1 ≤ ∥ψ1∥m−ε∥u∥q1 , (2.13)

where
1
r1

=
1

m− ε
+

1
q1

and

∥ψ2u∥r2 ≤ ∥ψ2∥m+δ∥u∥q1 , (2.14)
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where

1
r2

=
1

m+δ
+

1
q1

.

By the Minkowski inequality, (2.8), (2.13) and (2.14),

∥e−(−∆)α/2
(| · |−γu)∥q2 ≤ ∥e−(−∆)α/2

(ψ1u)∥q2 +∥e−(−∆)α/2
(ψ2u)∥q2

≤C∥ψ1u∥r1 +C∥ψ2u∥r2

≤C(∥ψ1∥m−ε +∥ψ2∥m+δ)∥u∥q1 . (2.15)

Thus

∥e−(−∆)α/2
(| · |−γu)∥q2 ≤C(α,d,γ,q1,q2)∥u∥q1 .

By (i) and (ii) in Lemma 1, e−λαt(−∆)α/2
ϕ = D 1

λ

e−t(−∆)α/2
Dλϕ, then

e−(−∆)α/2
ϕ = D

t
1
α

e−t(−∆)α/2
D

t−
1
α

ϕ (2.16)

for all ϕ ∈ S ′(Rd). From (2.12) and (2.16), it follows that

∥D
t

1
α

e−t(−∆)α/2
D

t−
1
α
(| · |−γu)∥q2 ≤C(α,d,γ,q1,q2)∥u∥q1 .

This together with (iii) in Lemma 1 yield that

t−
d

αq2 ∥e−t(−∆)α/2
D

t−
1
α
(| · |−γu)∥q2 ≤C(α,d,γ,q1,q2)∥u∥q1 .

By (iv) and (v) in Lemma 1,

t−
d

αq2 t
γ

α ∥e−t(−∆)α/2
(| · |−γD

t−
1
α

u)∥q2 ≤C(α,d,γ,q1,q2)∥u∥q1 .

Replacing u by D
t

1
α

u,

t−
d

αq2 t
γ

α ∥e−t(−∆)α/2
(| · |−γu)∥q2 ≤C(α,d,γ,q1,q2)∥D

t
1
α

u∥q1

≤C(α,d,γ,q1,q2)t
− d

αq1 ∥u∥q1 .

Therefore

∥e−t(−∆)α/2
(| · |−γu)∥q2 ≤C(α,d,γ,q1,q2)t

− d
α
( 1

q1
− 1

q2
)− γ

α ∥u∥q1 .

□
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3. RESULTS

Consider the linear problem{
∂tz(t) =−(−∆)α/2z(t)+∂tBH(t), t > 0,

z(0) = 0,
(3.1)

the mild solution is

z(t) =
∫ t

0
e−(t−s)(−∆)α/2

dBH(s).

For H > 1
2 and H ≥ 1

q , by the result in [6], z ∈ C([0,T ],Lq(Rd)). For β > 0 and
1 < r < ∞ to be fixed later, define

L(T ) = max( sup
t∈[0,T ]

∥z(t)∥q, sup
t∈(0,T ]

tβ∥z(t)∥r). (3.2)

Proof of Theorem 1. Let q satisfy (1.5) and 1 < q < ∞. Then there exists r > q
such that

1
qp

− γ

d p
<

1
r
<

d − γ

d p
. (3.3)

Let

β =
d

αq
− d

αr
. (3.4)

Since q > d(p−1)
α−γ

, then

1
q
− α

d p
<

1
qp

− γ

d p
.

This together with (3.3) and (3.4) yield that

βp < 1.

Let ρ > 0, M > 0, T > 0 and ϕ ∈ Lq(Rd) such that

∥ϕ∥q ≤ ρ, (3.5)

max(C1,1)ρ+L(T )+
K
2p

MpT 1− γ

α
− d(p−1)

αq ≤ M, (3.6)

KMp−1T 1− d(p−1)
αq − γ

α < 1, (3.7)

where K is a positive constant to be fixed later.
Define

X = {u ∈C([0,T ];Lq(Rd))∩C((0,T ];Lr(Rd));

max
t∈[0,T ]

∥u(t)∥q ≤ M, max
t∈(0,T ]

tβ∥u(t)∥r ≤ M}.
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Endowed with the metric

d(u,v) = max( sup
t∈[0,T ]

∥u(t)− v(t)∥q, sup
t∈(0,T ]

tβ∥u(t)− v(t)∥r),

(X ,d) is a complete metric space. Given u ∈ X , set

Fϕ(u)(t) = e−t(−∆)α/2
ϕ+

∫ t

0
e−(t−s)(−∆)α/2

(| · |−γ|u(s)|p−1u(s))ds

+
∫ t

0
e−(t−s)(−∆)α/2

dBH(s), (3.8)

Let ϕ,ψ ∈ Lq(Rd), u,v ∈ X . For q1 =
r
p , q2 = q, by Lemma 2 and the Hölder inequal-

ity,

∥Fϕ(u)(t)−Fψ(v)(t)∥q

≤ ∥e−t(−∆)α/2
(ϕ−ψ)∥q

+
∫ t

0
∥e−(t−s)(−∆)α/2

[| · |−γ(|u(s)|p−1u(s)−|v(s)|p−1v(s))]∥qds

≤ ∥ϕ−ψ∥q +C2

∫ t

0
(t − s)−

d
α
( p

r −
1
q )−

γ

α ∥|u(s)|p−1u(s)−|v(s)|p−1v(s)∥ r
p
ds

≤ ∥ϕ−ψ∥q +C2 p
∫ t

0
(t − s)−

d
α
( p

r −
1
q )−

γ

α ∥u− v∥r(∥u∥p−1
r +∥v∥p−1

r )ds

≤ ∥ϕ−ψ∥q +

(
2C2 pMp−1

∫ t

0
(t − s)−

d
α
( p

r −
1
q )−

γ

α s−βpds
)

d(u,v).

By (3.4),

∥Fϕ(u)(t)−Fψ(v)(t)∥q

≤ ∥ϕ−ψ∥q +

(
2C2 pMp−1t1− γ

α
− d(p−1)

αq

∫ 1

0
(1− τ)−

d
α
( p

r −
1
q )−

γ

α τ
−βpdτ

)
d(u,v).

Since r > q > d(p−1)
α−γ

, then

1− γ

α
− d(p−1)

αq
> 0,

d
α
(

p
r
− 1

q
)+

γ

α
<

d
α
(

p
r
− 1

r
)+

γ

α
< 1.

We note βp < 1 and recall the Beta function

B(x,y) =
∫ 1

0
τ

x−1(1− τ)y−1dτ, x,y > 0,

therefore

∥Fϕ(u)(t)−Fψ(v)(t)∥q ≤ ∥ϕ−ψ∥q +C3Mp−1T 1− γ

α
− d(p−1)

αq d(u,v), (3.9)



WELL-POSEDNESS FOR FRACTIONAL HARDY-HéNON PARABOLIC EQUATIONS 391

where

C3 = 2C2 p
∫ 1

0
(1− τ)−

d
α
( p

r −
1
q )−

γ

α τ
−βpds (3.10)

is a finite positive constant.
For s1 = q < s2 = r, by (2.8),

∥e−t(−∆)α/2
(ϕ−ψ)∥r ≤C1t−

d
α
( 1

q−
1
r )∥ϕ−ψ∥q =C1t−β∥ϕ−ψ∥q. (3.11)

For q1 =
r
q , q2 = r, by (3.11), Lemma 2 and the Hölder inequality,

∥Fϕ(u)(t)−Fψ(v)(t)∥r

≤ ∥e−t(−∆)α/2
(ϕ−ψ)∥r

+
∫ t

0
∥e−(t−s)(−∆)α/2

[| · |−γ(|u(s)|p−1u(s)−|v(s)|p−1v(s))]∥rds

≤C1t−β∥ϕ−ψ∥q +C2

∫ t

0
(t − s)−

d
α
( p

r −
1
r )−

γ

α ∥|u(s)|p−1u(s)−|v(s)|p−1v(s)∥ r
p
ds

≤C1t−β∥ϕ−ψ∥q +C2 p
∫ t

0
(t − s)−

d
α
( p

r −
1
r )−

γ

α ∥u− v∥r(∥u∥p−1
r +∥v∥p−1

r )ds

≤C1t−β∥ϕ−ψ∥q +

(
2C2 pMp−1

∫ t

0
(t − s)−

d
α
( p

r −
1
r )−

γ

α s−βpds
)

d(u,v).

Then

tβ|Fϕ(u)(t)−Fψ(v)(t)∥r

≤C1∥ϕ−ψ∥q +

(
2C2 pMp−1tβ

∫ t

0
(t − s)−

d
α
( p

r −
1
r )−

γ

α s−βpds
)

d(u,v)

=C1∥ϕ−ψ∥q +

(
2C2 pMp−1tβ+1− d(p−1)

αr − γ

α
−βp

∫ 1

0
(1− τ)−

d
α
( p

r −
1
r )−

γ

α τ
−βpdτ

)
d(u,v)

=C1∥ϕ−ψ∥q +

(
2C2 pMp−1t1− γ

α
− d(p−1)

αq

∫ 1

0
(1− τ)−

d
α
( p

r −
1
r )−

γ

α τ
−βpdτ

)
d(u,v)

=C1∥ϕ−ψ∥q +C4Mp−1T 1− γ

α
− d(p−1)

αq d(u,v), (3.12)

where

C4 = 2C2 p
∫ 1

0
(1− τ)−

d
α
( p

r −
1
r )−

γ

α τ
−βpdτ (3.13)

is a finite positive constant. By (3.9) and (3.17),

d(Fϕ(u),Fψ(v))≤ max(C1,1)∥ϕ−ψ∥q +KMp−1T 1− γ

α
− d(p−1)

αq d(u,v), (3.14)

where K = max(C3,C4).
By (3.14), we see that for u ∈ X , Fϕ(u) ∈C([0,T ];Lq(Rd))∩C((0,T ];Lr(Rd)).
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Given u ∈ X , by (3.8), (3.2), we have

∥Fϕ(u)(t)∥q ≤ ∥e−t(−∆)α/2
ϕ∥q +

∫ t

0
∥e−(t−s)(−∆)α/2

[| · |−γ(|u(s)|p−1u(s)]∥qds+∥z(t)∥q

≤ ∥ϕ∥q +C2

∫ t

0
(t − s)−

d
α
( p

r −
1
q )−

γ

α ∥|u(s)|p−1u(s)∥ r
p
ds+L(T )

≤ ρ+L(T )+C2Mp
∫ t

0
(t − s)−

d
α
( p

r −
1
q )−

γ

α s−βpds

= ρ+L(T )+
C3

2p
MpT 1− γ

α
− d(p−1)

αq . (3.15)

Similarly, by (3.11) and Lemma 2, we have

∥Fϕ(u)(t)∥r ≤ ∥e−t(−∆)α/2
ϕ∥r +

∫ t

0
∥e−(t−s)(−∆)α/2

[| · |−γ(|u(s)|p−1u(s)]∥rds+∥z(t)∥r

≤C1ρt−β +C2Mp
∫ t

0
(t − s)−

d
α
( p

r −
1
r )−

γ

α s−βpds+∥z(t)∥r. (3.16)

Then

tβ|Fϕ(u)(t)∥r ≤C1ρ+

(
C2Mptβ

∫ t

0
(t − s)−

d
α
( p

r −
1
r )−

γ

α s−βpds
)
+ tβ∥z(t)∥r

=C1ρ+L(T )+
C4

2p
MpT 1− γ

α
− d(p−1)

αq , (3.17)

where C4 is the same as in (3.13).
By (3.16), (3.17) and (3.6), we get Fϕ(u) ∈ X . That is Fϕ maps X into X .
Letting ϕ = ψ in (3.14), we have

d(Fϕ(u),Fϕ(v))≤ KMp−1T 1− γ

α
− d(p−1)

αq d(u,v). (3.18)

By (3.7), we conclude that Fϕ is a contraction mapping from X into X . Therefore Fϕ

has a unique fixed point in X , which is the mild solution of (1.1). □
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