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1. INTRODUCTION

The fractional differential equations has recently been proved to be valuable tools
in the modeling of many phenomena in various fields of engineering, physics, eco-
nomy and science. We can find numerous applications in viscoelasticity, electro-
chemistry, control, porous media, electromagnetic, etc. [8, 11,12, 14,22 23]. There
has been a significant development in fractional differential equations. For more
details on fractional calculus theory, one can see the monographs of Diethelm [Y],
Kilbas et al. [17], Lakshmikantham et al. [19], Michalski [24], Miller and Ross [25],
Podlubny [29] and Tarasov [30]. In the last years, the theory of fractional differential
equations attracted the attention of many authors (see for instance [1-7,10,13,15,16,

,26,27,32,34,35] and references therein).

However, to our knowledge, nonlocal Cauchy problems for fractional evolution
equations involving Volterra-Fredholm type integral operators has not been discussed
extensively. Motivated by the above mentioned works (including our papers [6,
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,21,26,31-33, 35]), the main purpose of this paper is to consider the follow-
ing nonlocal Cauchy problems for fractional evolution equations involving Volterra—
Fredholm type integral operators such as

“Dix(1) =—Ax(@) +1" f (t,x (), (Kx)(1), (Hx)(1)),
teJ=[0T],neZt, qe(0,1), (1.1)
x(0) = g(x) + xo,

where the fractional derivative D¢ is understood here in the Caputo sense, —A :
D(A) — X is the infinitesimal generator of a compact analytic semigroup of uni-
formly bounded linear operators {S (¢),¢ > 0}, the Volterra type integral operator K
and Fredholm type integral operator H are defined by

t T
(K)c)(t)=/0 k(t,s,x(s))ds, (Hx)(t)=/(; h(t,s,x(s))ds.

The function f : J x Xo X Xo X Xo — X(0r Xg, or X,) is continuous where Xy =
D(A%),0 < u <a <1, is a Banach space with the norm ||x||o = || A% x|| for x € X,,.
f, k, h and g are specified latter. It is easy to see that term ¢" appears before the
nonlinear term f. We remark that this term ¢” will help us to overcome the essential
difficult caused by the singular term (f —s)?~! in the formula of the solutions due to
the well known Beta function.

In the present paper, we discuss the existence and uniqueness of mild solutions
for system (1.1). Our results cover the cases for the nonlinear term f taking values
in the spaces such as X, Xy, X;,, where 0 < u < o < 1, the nonlocal term g is lin-
ear completely continuous or satisfies the Lipschitz continuous condition. The main
techniques used here are Holder’s inequality, Beta function via Banach contraction
principle, Schauder’s fixed point theorem for compact maps and Sadovskii’s fixed
point theorem for condensing maps.

The rest of this paper is organized as follows. In Section 2, we give some known
preliminary results on the fraction powers of the generator of an analytic compact
semigroup and introduce the mild solution of system (1.1). In Section 3, we study
the existence of mild solutions for system (1.1) by using fractional calculus, Holder
inequality via Banach contraction principle, Schauder’s fixed point theorem and Sad-
ovskii’s fixed point theorem. At last, an example is given to demonstrate the applic-
ability of our result.

2. PRELIMINARIES

In this section, we introduce some facts about the fractional powers of the gen-
erator of a compact analytic semigroup, the Riemann-Liouville fractional integral
operator that are used throughout this paper.

We denote by X a Banach space with norm || - || and —A4 : D(A) — X is the
infinitesimal generator of a compact analytic semigroup of uniformly bounded linear
operators {S (¢),t > 0}. This means that there exists M > 1 such that ||S(t)| < M.
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We assume without loss of generality that O € p(A4). This allows us to define the
fractional power A% for 0 < o < 1, as a closed linear operator on its domain D(A%)
with inverse A~% (see [28]).

In the sequel, we will also use ||/||;»s, g+) to denote the LP(J, R™) norm of /
whenever [ € L?(J,R™) for some p with 1 < p < oo. We will set & € [0, 1] and
denote by Cy, the Banach space C(J, X) endowed with supnorm given by || X0 =
sup;e s ||x|la, for x € Cqy.

Let us recall the following known definitions. For more details, see [17].

Definition 1. The fractional integral of order y with lower limit zero for a function
[ is defined as

L I(s)
r'y)Jo (t=s)tv

provided the right side is point-wise defined on [0,00), where I'(-) is the gamma
function.

I71(t) =

ds,t>0,y>0,

Definition 2. The Riemann-Liouville derivative of order y with lower limit zero
for a function / : [0,00) — R can be written as

1 dam ! [(s)
Ly
D,l(t)_ [ (n ) Yt”/O (—s) I nds,t>0,n l<y<n.

Definition 3. The Caputo derivative of order y for a function / : [0,00) — R can
be written as

n—1 f
t
CDﬂay=LDVO@}-}}—ﬂ“mo,z>an—1<y<n.
= k!

Remark 1. () If I € C1[0,00), then
1 tol(s)

I'(l—y) Jo (t—s)

(i) The Caputo derivative of a constant is equal to zero.

(iii) If / is an abstract function with values in X, then integrals which appear in
Definitions 1 and 2 are taken in Bochner’s sense.

DY) = ds=1"7I"(t),t>0,0<y<1.

Motivated by Definition 3.1 of [35], we adopt the following concept of mild solu-
tion for our problem.

Definition 4. By the mild solution of system (1.1), we mean that the function
x : J — X, which satisfies

t
x(1) = 7(1)[XO+g(X)]+/O (t=9)T 1" (1 =5) [ (5,x(5), (Kx)(s), (Hx)(s)) ds
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for any ¢ € J, where

70 = [T a@swsa0. sw=q [ s56)500)as,

and |
£4(0) = 07 T w, (079) 2 0,
q

where

l & r 1

wq(0) = — Z(—l)n_le_q”_lwsin(nnq), 0 € (0,00).
T n!
n=1

&, is a probability density function defined on (0, c0), that is
o0
£,(0)>0, 0e(0,00) and / £,(0)do = 1.
0
Remark 2. Tt is not difficult to verify that for v € [0, 1],
I'(l1+v)

o0 o0
0vE,(0)dO = / 0 " w,(0)d) = ———.
/0 ! 0 ! I(1+4qv)
The following results are very useful and will be used throughout this paper.

Lemma 1 (Lemma 2.9, [32]). The operators 7 and . have the following prop-
erties:

(1) For fixedt =0, 7 (t) and .7 (t) are linear and bounded operators, that is,
forany x € X,

|7 @x] = Mx]l. [ (O)x]l < lIIXII-
I'(q)
(2) {T(t),t =0} and {.7(t),t > 0} are strongly continuous.
(3) Foreveryt >0, 7 (t) and .7 (t) are also compact operators.
(4) Forany x € X, B €[0,1] and @ € [0, 1], we have
AS)x = AP s ()APx, 1e,

Myql'(2—

wql2=c) 17, 0<t<T.
I'l4+g(l—a))
(5) For fixedt > 0 and any x € Xy, we have

1A% )l =

M
17 @)xNle < M| xlla. [ O)xNe < = Xa-
I'(q)

(6) For a positive number ju withO < u <a <1, fixedt > 0 and any x € X, we
have

— _ M
17 O)xlla < NA*IM I x[ln, 17 Ox e < [|AY7H]

I'(q)

121l
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(7) Tu(t) and Fy(t), t > 0 is uniformly continuous, that is for each fixed t > 0,
and € > 0, there exists h > 0 such that
| Za(t+€)— Tu@)|a <&, for t+e>0 and |e|<h,
|- +€)— S|l <&, for t+€>0 and |e|<h.

where
o0

T = [ ®)3a00)6. S0 =q [ 66,0),170)de.

3. EXISTENCE OF MILD SOLUTIONS

In this section, we give theorems for the existence and uniqueness of the mild
solutions of system (1.1).

We first make the following assumptions.

[Hf1]: f:J x Xq X Xq X Xo — X is continuous and there exist my,my,m3 > 0
such that

| f(t,x1,x2,x3)— f(t,y1, 2, ¥3) || <millx1—y1lle +m2llx2—y2lla +m3]lx3— Y3«

for all x;,y; € Xo,1 =1,2,3and?t € J.
[Hk1]: Let Dy = {(t,5) € R?;0 <s <t < T}. The function k : Dy x Xo — Xg is
continuous and there exists a my (¢,s) € C(Dy, R™) such that

k(. s,x) —k(t,s,y)lle =<mp(t,9)]x—yla
for each (¢,5) € Dy and x,y € Xy. We set

t
K* =max/ my(t,s)ds.
teJ Jo

[Hh1]: Let Dy, = {(t,s) € R?>;0 <s,t < T}. The function / : Dy x Xo — Xg is
continuous and there exists a my(t,s) € C(Dj,, RT) such that

[ht.s,x)=h(t.s,y)lle =mp.s)llx—yla
for each (¢,5) € Dy and x,y € Xy. We set

T
H*=max/ mpy(t,s)ds.
teJ Jo

[Hgl]: g : C4 — X4 and there exists a constant /g > 0 such that
llg(x) —g(»lla = Igllx —ylloo. for arbitrary x, y € C.
[HS2]: A constant §2,, o 4,7 defined by
MyqI'2—a)B(g,n+1) T
Irl4+q(1—oa))
satisfies 2, o4, < 1, Where B(:,-) denotes Beta function.

Pnoqr =Mlg+ n+0=D9 () 4+ K*my+ H*m3)
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Now we are ready to give our first result which is based on the Banach contraction
mapping principle.

Theorem 1. Assume that [Hf1], [Hkl], [Hhi], [Hgl] and [HS2] are satisfied. If
X0 € Xy then system (1.1) has a unique mild solution x € Cy,.

Proof. Define the function I : Cy — Cq by
(I'x)(@) = T (1)[x0 + g(x)] (3.1
+/t(t—S)q_lsny(t—S)f(S,X(S),(Kx)(S),(HX)(S))dSJ €J.
Note that I” is Wefl defined on Cy. Now, take € J and x,y € Cy. Then we have
I(Ix)@) =) Olla = 17 @) (g(x) —g))lla

t
+/0 (t —5)T7 15" |2t —5)[f(5.x(5). (Kx) (1), (Hx)(1))
— f(5.y(8). (Ky)(s). (Hy) ()], ds
<M|gx)—g)lla
+/0 (t —5)T7 s A%Z (t —5)|||| £ (5.x(5). (Kx)(s), (HX)(s))

— f(5.y(5). (Ky)(s), (Hy)(s)) || ds.

which according to [Hf1], [Hk1], [Hh1], [Hgl], (4)-(5) of Lemma 1 and Holder
inequality,gives

[ x) (@) = (Ty)D)lle = Mlgllx = ylloo

—a F(Z—O{) ! —1.n

+ Mot~ =Dy [ =T (9= 0 s
—a F(Z—Ol) ! —1.n

Mgt~ Dy [ =T K6 = (KO s
—a F(2—Ol) ! —1.n

Mgt~ = Oy [ =T ) (5) = ()0 s

Ir'—o)
I'l+qg(l1—uw))
t
X[ — ¥ lloo /0 (1 — )15 ds

MyqI'2—a)B(g,n + l)t
I'l+q(1—-a))

< Mlg|x—ylloo + Magqt™? (my+ K*my + H*m3)

n-l—(l—at)q(m1 +K*m2+H*m3)

§§Mlg+

X [lx = yllco.
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due to
t
/ (t—s)9"'s"ds = B(q.n+ )",
0

[(Kx)(s) = (Ky)(s)lla < K*||x = yloo and [|(Hx)(s) = (HY)(s)la < H*||x — ¥l -
Therefore, we can deduce that

[I"x = I'ylloo
MyqI'2—a)B(g,n+1)
I'l4+q(1—a))

XX =ylloo = 2na,q,71X = Ylloo-

"0 Gy + K*my + H*m3)

5{M1g+

Hence, [HS2] allows us to conclude in view of the contraction mapping principle, that
I' has a unique fixed point x € Cy, and

t
x(1) =7 (D)[xo+g(x)] +/0 (1 =5)T71s" L (1 =5) f (5, (5), (Kx)(5), (Hx)(5)) ds
which is the unique mild solution of system (1.1). U

Our second result uses Schauder’s fixed point theorem.

We assume the following conditions.

[H2]: f :J X Xo X Xo X Xog — Xy is continuous and there exists a positive
function p € L?(J, R™) for some p € (%,oo) such that

If @ x, 5, Dlle = p(2)

forall x,y,z€ Xqy and t € J.
[Hk2]: The function k : Dy x Xo — X is continuous and there exists L; > 0 such
that
||k(f’5’x)—k(t’SvJ’)||a = Ll ”X _y”Ol
for each (¢,5) € Dy and x,y € Xq.
[Hh2]: The function / : Dy, X X — X, is continuous and there exists L > 0 such
that
At s,x)=h(t,s,y)ll« < Lallx =y«
for each (¢,5) € Dy and x,y € Xg.
[Hg2]: g : Cy — X, is compact continuous and there exist 1 > 0, 82 > 0 such
that

llg()llee = B1llxlloo + B2
Now we are ready to state and prove the following existence result.

Theorem 2. Assume that the conditions [Hf2], [Hk2], [Hh2], [Hg2] are satisfied.
If xo € Xy then system (1.1) has at least one mild solution on J provided that

M,Bl < 1.
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Proof. Define the function F : C,, — Cy by
(Fx)(1) = 7 (t)[xo + g(x)]

t
—1—/ (t =) 1"t —5) f (s.x(s), (Kx)(s), (Hx)(s))ds,
0
and for n € Z 1, we choose r such that

= i | Mol £2)

Mp,
p—1
M pg—1 (n+l)p—1)P pq-‘rnpl
= i el 1
rg \p-1" p-1 PULRT)

Let B, = {x € Cy | || X|lco <r}. Then we proceed in three steps.
Step 1. We show that F'B, C B;. Let x € B,. Then for ¢ € J, using (5) of Lemma
1 and Holder inequality, we have

[(FX)@)lla < |7 (2)(x0 + &(x)) e
t
+/0 (t—s5)2" 1" HY(Z—s)f(s,x(s),(Kx)(s),(Hx)(s))”ads
< M(IIXoIIa + 18 la)

/ (t =)T71" £ (5, x(5), (KX) (), (H X)(5)) lla s,

F(q)
which according to [Hf2], [Hg2] and pg > 1 (& (qp_%ip > —1), gives
[(Fx)(@)lo
< Mol +Brlclos + )+ s ([ 1= 50105

r—1

(g—l)p _np r
<M(||X0||oe+,31||x||oo+ﬂz)+—( / (t—s) 54 s,,_lds)

I'(g)
X (/Ot,o(s)pds)p
pq—1 (n+1)p—1)p;1

M
SM(IIXO||a+ﬁ1IIXI|oo+ﬂz)+F(q)B(p -1

pq+np 1
Xt lellLecr,r+y <1, fort € J.

Hence, we deduce || Fx||oo <.
Step 2. We prove that F is continuous. Let {x;,} be a sequence of B, such that
Xm — X in B,. It comes from the continuity of k, 4 and assumptions [Hk2], [Hh2]
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that

/sk(S,‘L',Xm(‘[))d‘L' — /Sk(s,t,x(r))dr,
0 0

T T
/ h(s,t,xm(r))dt — / h(s,t,x(r))dt
0 0
uniformly in s € J on Cy. Then,

S (8. %m(8), (Kxm)(s), (H xm)(5)) = f(5,x(s5), (Kx)(5), (Hx)(5)) (3.2)

as m — 00, because the function f is continuous on J X Xy X Xg.
Further, one has

g(xm) — g(x) asm — o0 (3.3)

because g is continuous on Cy,.
Now for ¢ € J, according to [Hf2], [Hg2], (5) of Lemma 1 and Holder inequality,
we have

I(Fxm)(t) = (FX) ()]l < |7 (£)(g(xm) — g ()|
+ [0 sy |7t =) f (5. %m (5). (KxXm) (5). (H X (5))
— f(5.x(5). (Kx)(5). (Hx)(s))]|| , ds
<M|g(xm)—gx)|la
+ % /0 = S5 m ). (Kom) (). (Hom) ()
— f(5.2(5). (Kx)(5), (Hx)(5)) |ads

rp—1

t (g=)p _np p
(t—s) P=1 sr=Tds

= MlgCom) =gWlla + 55 ( 0

t
x ( / 152 X (5), (K ) (5)s (H ) (5))
0

— f(5,x(5), (Kx)(s), (HX)(S))IIPdS)

—1
pq—1 (n+1)p—1)pp tw
J2)

M
iMllg(xm)—g(X)llaJrF(q)B( o1 p—1

t
X (/0 /(52 2m (5). (Kxp) (5), (H Xm) (5))
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P

— [(5.x(5). (Kx)(s5). (Hx)(s)) IIPdS)

pq_l (l’l+1)p—1)p1’_lqu+zp—l

M
nglg(xm)—g(X)llaJrF(q)B(p_l o p—1

T
x ( / £ 52 m (5)s (K ) (5, (H ) (5))
0

r
— f(5.x(5). (Kx)(s). (HX)(S))II”dS)
Therefore, using (3.2), (3.3), [Hf2] and the Lebesgue Dominated Convergence The-
orem, it can easily been shown that
lim ||Fxy— Fxl|loo =0, as m — oo.
m—00

That is, F is continuous.

Step 3. We show that F' is compact. To this end, we use the famous Ascoli-
Arzela’s theorem. We first prove that {(F x)(¢) | x € B} is relatively compact in Xy,
for all t € J. Obviously, {(Fx)(0) | x € B} is compact. Let ¢t € (0,T]. For each
h € (0,t), arbitrary § > 0 and x € B,, we defined the operator Fj, by

t—h
(Fps)(0) = T (0)xo + g(0)] + S(h98) /0 (1 —5)T 1"

X (q/ooeéq(Q)S((t—s)q9—hq8)d9)f(s,x(s),(Kx)(s),(Hx)(s))ds
)
= 7 ()[xo + g(x)]
t—h poo
—|—q[0 [8 0(t —s)? 1 5"E,(0)S((t —5)0)
X f(s,x(s),(Kx)(s),(Hx)(s))dOds.

From above expression, we can see that the sets {(F}, sx)(¢) | x € B} are also re-
latively compact in X, since the operator Sy (h95), h?6 > 0 are compact in Xg.
Moreover, using [Hf2] and Holder inequality, we have

[CFx) (1) = (Fp,sX)(2) |l

t 6
//0(:—s)q—ls"gq(e)S((z—s)qe)
0 JO

=q

X f(s,x(s5),(Kx)(s),(Hx)(s))dOds

o
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t o0
+qH/O /8 0(t —5)771s"£,(0)S((t —5)16)
X f(s,x(s5),(Kx)(s),(Hx)(s))dOds
—h poo
—/t / 0(t —5)17 15" £,(0)S((t —5)10)
0 1]

X f(s,x(5),(Kx)(s),(Hx)(s))dOds

o

§
Sq/()tfo 01 —s5)7"s"E,(0)]| S (1 —5)76)
X f(s,x(5), (Kx)(s),(Hx)(s)) Hadéds

t 00
+q/;_h/8 9([—s)q_lsnsq(e)HS((t_S)qe)
X f (5.2(5). (Kx)(s). (Hx)(5)) |, d0ds

8
<qM /0 t /0 O(t —s5)77 15" £, (0)p(s)dOds
t o0
+qM /, B /5 0(t —s5)? 15" E,(0)p(s)dOds
§
ng( /0 t(t—s)q_ls”p(s)ds) /0 0&,(0)do

t [ele}
g—1 R
+qM( /;—h(t 5) p(s)ds) /0 0&,(0)db.

It comes from

[ esaeris =

and

! t 4g—)p _np pT_l t %
/ (t—s)q_ls”p(s)dsf( (t— s) =1 §p— 1ds) (/ p(s)pds)
0

pg—1 (n+1)p—1 pq+np
sB( s e

p—1" p-1

137
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p—1
and for a fixed y € (1, —(l—q)p)’

t t _ "
/ (t—s)q—ls"p(s)dss(/ (z_s)‘qp—lf"spfnds)
t—h t—h

x(p—1)
t (x—Dp
< ds
t—h
r—1

x(p—1) —1 n XP  xp(g—1)p+n)
shu—“PB(X(Z_l)p Jrl,lf_p1 +1) N A

p—1
J2

([ sy

t
xg—=)p xnp xp
(/ h(f—S) =l S”‘lds) lellrr,r+)
t_

that
I (Fx)(2) = (Fpsx) ()|l

p—1
pq—l (I’l—|—1)p—1 P pq+np—1 8
< I e [ 05(@)a0

r—1
M B(x(q—l)pH’ xnp +1) 7 a4y
I'(q) p—1 r—1

x(p—1)
llpllLr s,y *=D7 — 0

as § — 0 and 4 — 0. Therefore, {(Fx)(t) | x € B} is relatively compact in X
for all ¢ € (0, T] and since it is compact at = 0 we have the relatively compactness

in Xy forallt € J.
Next, let us prove that F(B;) is equicontinuous. For 0 <1, <t; < T, we have

ICFx) (1) = (Fx)(@2) |l < (T (1) = T (12))[x0 — g (¥)] |

15}
+H / (t1 =) "L (t, — 5) — S (t2 —5)]
0

X f(5.x(s), (Kx)(s). (Hx)(s))ds

o

15
+H/ [(t1—5) " =12 — )T 5" L (t2—5)
0

X f(5.x(s5). (Kx)(s). (Hx)(s))ds

o

/tl (11 =5)771" L (1 = 5) f (5,x(5), (Kx)(5), (Hx)(5)) ds

2

:

o
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Denote
I = (T (t1) — T (t2))[x0 — g (X)] |«

1%}
I = H/o (t1 =) " [ L (1 —5) — S (t2—5)]

X f(5.x(5). (Kx)(s). (Hx)(s))ds

’

15 )
= H / [(t1 =) = (12 =)' ]s"S (12— 5)
0
x f(s,x(s), (Kx)(s), (Hx)(s))ds| .
ls = ‘ =S 1 =5) £ (5. 0(5). (KX 0) () ds
159 «

Now, we need to check that /1, I, I3, 14 tend to O independently of x € B, when
1 — .

In fact, by the compactness of the set g(B;) in view of (2) of Lemma 1, one can
deduce that lim;, s, /1 = O uniformly.

Next for 0 < h < tp, when tp > 0, we similarly derive

%)
I < /0 (11 =)' | S (11— ) = St =)
<L (5.(5). (K)(5), (HX)(5)) ladls
tr—h
< /0 (2 =)0 p($) | S 11 = 5) = S 12— 5) |l
1)
+ f (62— )71 5" p(5) |- S (11 —5) = S (12 ) s
tr—h
tr—h
< e =9) = Faa=9)a [ (=975 p(0)ds

2M (P2
+—/ tr —s)? 15" p(s)ds
F@) Jpa® f

rp—1
—1 (n+Dp—1\ »
< max | 7a0—5)~ alts=5)luB (’;" (n+Dp )

~ se[0,t—h -1 p-1
prq+np—1
xty, " pllLr,r+
p—1
2M | x—1 -1 n S xpla=Lptm
+F(q)h(x—”" B (X(i — l)p +1, ;{_pl + 1) , 7 lellrr,r+)
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from which we deduce that lim t,)— (0,¢,) /2 = 0 uniformly, since by (7) of Lemma
1.

Using the inequality (x — y)? < x% — y“ for any x,y > 0 and a > 1, analogically
we derive
M
L<s—— | (=9 —(ta—5)"|s"
I'(q) Jo
X|Lf (5. x(8). (Kx)(5), (Hx)(5)) |lads
<1 /tzl(t Y7 = (=) 15" p(5)d
< 1—S —(ta—s s"p(s)ds
I'(q) Jo

—1

2 » 2 ap p 7
< ([ owras) ([7s#510 =51 = a0 ras)

p—1
M /IZ np ( G—=Dp i
< M 0=9) P == ) ds) " ol
F(q)( 0 ) LHIRD)
p—1 p—1
— _ pqg+tnp—1 pgtnp—=1\ ~p
< M p(pazl ntDp=1) 7 o7 1 ” ?
~I'(g) p—1 p—1

p—1
0 ap @=p o
+ (/ §P—T (tl —S) r—1 dS) :|||p||L1’(J,R+)
%]

-1
Mo g(Pa=1 (it Dp—1\7

) Rt eat] I U

—1

prq+np—1 pqg+np—1 pp
P P
X l‘2 —l‘1

p—1
-1 Sp xpla=DpEm 4
x(q )pJrl anH) xp o +]

t — 1) 5500 ,
+ (11 z)X ( P o1

Thus, lims, ¢, /3 = 0 uniformly.
Finally,

151
I4 E/l (11— )T s™ | (01— 5) f (5. x(s), (Kx)(s). (Hx)(5)) | ads

o f (61— )" p(s)ds

M f np_ (@—1p o
<ﬂ([ 721 (1 —5) ds) lolLr .zt
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r—1
M (p—1) —1 xr
< (ll—fz)i(xf”l’B(X(q )p-i-l, AP +1)
I'(q) p—1 p—1
xp((q—_lip+n)+1
xty " ol e (s, RHYs

from which we deduce that lim;, -5, /4 = 0 uniformly.

In summary, we have proven that F(B;) is relatively compact, for t € J, {Fx |
x € B,} is a family of equicontinuous functions. Hence by the Arzela-Aascoli The-
orem, F' is compact. By Schauder fixed point theorem F has a fixed point x € B,.
Consequently, system (1.1) has at least one mild solution on J. O

Our next result is based on the following well-known fixed point theorem.

Lemma 2 ([18]). Let I' be a condensing operator on a Banach space X. If
I'(B) C B for a convex, closed and bounded set B of X, then I' has a fixed point in
B.

Now, we assume the following conditions and apply the above fixed point theorem.
[Hf3]: (1) There exists u with 0 < u <« < 1such that f : J x Xo X Xo X Xog =

X, 1s continuous and there exist LJ([I), L}z), LJ(,3) > 0 such that

£ (x1x2,%3) = £ y1. 92,93 e < L1310 = yilla + L k2 = 2l

+LPx3—y3lla

forall x;,y; € Xo,i =1,2,3andt € J.
(2) There exist two positive constants ¢, d® such that for each (t,x,y,2) €
I X Xg X Xo X Xqy

£y, 2w < eOxlla + 1y la +l1z]le) +dD.

[Hk3]: (1) The function k : Dy X X — X, is continuous and there exists a L,(cl) >
0 such that for (¢,5) € D and x,y € Xy,
t
1
| s —kslds| = LO eyl

o

(2) There exists a constant L,(cz) > (0 such that for (¢,5) € Dy and x,y € X,

[Hh3]: (1) The function 4 : Dy, x X, — X is continuous and there exists a L;ll) >
0 such that for (¢,5) € Dy and x,y € X,

2
< L1+ ||x[la)-

o

t
/ k(t,s,x)ds
0

T
/0 (h(t.s.3) —h(t.s.)lds| < LV x =y

o
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(2) There exists a constant L;lz) > ( such that for (¢,5) € Dy, and x,y € X,

< L1+ [1x]la).

o

T
/ h(t,s,x)ds
0

[Hg3]: g: Cy — X, is compact continuous and there exists a nondecreasing func-
tion ¢ : Rt — R such that for all x € C,,

o)

Ig()]le = #(llxlloo). and  lim inf——= =4 < o0
[—+o00

Now we are ready to state and prove the following existence result.

Theorem 3. Assume that the conditions [Hf3], [Hk3], [Hh3], [Hg3] are satisfied.
If xo € Xy then system (1.1) admits at least one mild solution on J provided that

[A*HI T (n) ¢ (1 @, ;2
Mls§+— "~ 1+ L L]t <1 3.4
+F(n+q+1)[c (1+L;” + L] (3.4)
and
M||A*™H| I (n) M, ;@0 ;3,0
T (L LYY L LYY < 1. 3.5
CETESY (L' + L7 L+ L7 L) (3.5

Proof. Define the operator I" : C, — Cy given by (3.1). For each positive number
[,let B ={x € Cy | ||x|lco <!} then, for each [, B; is obviously a bounded closed
convex set in Cy.

First, we claim that I"(B;) C B; for some [/ > 0. If it is not true, then for each
[ > 0, there would exist x; € B; and #; € J such that || (I"x;)(¢;)|lo > [. However, on
the other hand, by [Hf3], [Hk3] and [Hh3]

=< (T xp)@)lle < 1177 () (x0 + g(x1) |
17}
+/0 (1 —5)271s" |7 (1 —5) f (5, x1 (), (Kxp) (0), (Hx1)(0)) | ds
< M([xolle + lg(x1)ller)

Ml oial ”FA(:;M” [P +LP0+1)+LP (1 +1)+dD] /Otl (t—9)* 5" ds
< M(||lxolle + ¢ (1))
—”Aar_(:yM [P+ LP0+D+LP 1+ +dV]Bg.n+ i)™
< M(||lxolla + ¢ (1))
M || A*H|| T (n)

D@+ LD+ +LP 0 +1)+a D]+,
raTa<D) [P+ L70+D+ L, 0+D+d"V]
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Dividing both sides by / and taking the lower limit as / — +o00, we obtain
[ A% T"(n)
I'n+q+1)

which contradicts the expression (3.4). Thus, for some positive number /, I"(B;) C
B;.
We decompose I = Iy + I as

(Nx)(1) = 7 (1)[xo + g(x)].

t
(1“236)(l)=/0 (t =) S (1 =5) [ (5, (5), (Kx)(5), (Hx)(s)) ds.

15M{*% [P +LP + L),

Second, we show that I'] is compact continuous and I is a contraction. By [Hg3],
we can infer that I} is compact continuous on X,. Next, we prove that [, is a
contraction on Bj. In fact, for each t € J, x,y € B;, by [Hg3] we have

[(I2x)(1) = (I29) (1) [l

M t
< 4 [ =T 6,0 (K0, ()0
— [ (5,¥(5),(Ky)(s). (HY)(5)) ||, ds
M t
< IIA‘)““IIF((Z)/0 (=)7L 1x(5) = y(5)

+ LPIK)$) = (Ky) ) o + LY | (Hx)(5) = (Hy)(s) la]ds

Mo @, 3w [ -
<A s (P + LP LD+ LI [ ot sy
_ MT (n) 1) @) ;M 3y
< || A% 1 —Tn+q L LYL L7L - .
Thus,

M||A* | I (n)
Fn+q+1)

| F2x = T2y oo < LY+ LP LY+ 1P L)

f f
X ”X _y”OOv

which implies that I, is a contraction by (3.5).
At last, we can conclude that I" = I'1 4 I'; is a condensing map on B;. By Lemma
2, system (1.1) admits at least one mild solution on J. O

4. AN EXAMPLE

In this section, we present an example, which indicate how our theorems can be
applied to concrete problems.
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Consider the following problem:

“Dix(t.y)— Ax(1.y)

= (e,i% +e ")cos [x (t,y)+ fot sin(t + s)x(s,y)ds

+ fOT cos(ts)x (s, y)ds],

yef, t,se(0,T], qg= ;—O,
x(l")’) |y€39:0’ t>0,

x(0,9) = [o JT h(t,y)log(1+ |x(1,£)|2)dtdE,

4.1
where A is the Laplace operator in R3, 2 C R3 is a bounded domain, 02 € C3, and
h(t,y) e C(J x ).

We apply Theorem 2 by taking X = L2(£2), D(A) = Hz(.Q)ﬂHO1 (£2), and
Ax = —Ax for x € D(A) and set o = 0.

Define x(1)(y) = x(t,y), (Kx)(©)(y) = [osin(t + $)x(s.y)ds, (Hx)(t)(y) =
fOT cos(ts)x(s,y)ds, and

S (. x(2),(Kx)(1). (Hx)(1)) (»)
et t T
= (— +e_t)cos [x(t) +f sin(¢ +s)x(s)ds+/ cos(ts)x(s)ds] (y),
0 0

el + et

T L .
¢)() = /Q /0 Bt y)log(1 + |x(t. )| $)drdt. y € @.x € C(J. X).

Then, A generates a compact analytic semigroup in X with M =1, and
—t

1 (ox (@), (Kx) (), () @) || < pe) = ( +e—f) (mes($2))*

el +e!
with p € LP(J,R™), p = 10. Moreover, g is compact (see [20]). Next, using log(1 +

a) < a for any a > 0, we derive

1 1 3 1 )3
[ e+ x@1b1ae = [ fr@lbae = mes(ni g = T 1
2 2

for any x € X. Hence using ||x(¢,-)| < ||x]|oo for any x € C(J, X), we obtain
T 7
lgCll = = (mes(§2))*  max _[a(t, )| (1 +[|Ix]le0) . x € C(J. X).
teJ,yef?
Thus problem (4.1) can be rewritten as
*Dix(r) = —Ax() +1" f (t.x(1), (Kx)(1). (Hx)(1)).

teJ,neZ%, qe(0,1),
x(0) = g(x) + xo.
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_1

Obviously, g = ;—g > % = -. Furthermore, if 7" and h(z, y) satisfy

p

T(mes(2))% max _|h(t,y)| <2
tedJ,yef?

then all the assumptions given in Theorem 2 are verified. Therefore, the problem
(4.1) has at least one mild solution.

(1]

(2]

(3]

[4

—

(5]

(6]

[7

—

[8

—_—

[9

[

(10]
(1]
(12]
(13]

[14]
(15]

REFERENCES

R. P. Agarwal, M. Benchohra, and S. Hamani, “A survey on existence results for boundary value
problems of nonlinear fractional differential equations and inclusions,” Acta Appl. Math., vol. 109,
no. 3, pp. 973-1033, 2010.

B. Ahmad and J. J. Nieto, “Existence of solutions for anti-periodic boundary value problems in-
volving fractional differential equations via Leray-Schauder degree theory,” Topol. Methods Non-
linear Anal., vol. 35, no. 2, pp. 295-304, 2010.

Z. Bai, “On positive solutions of a nonlocal fractional boundary value problem,” Nonlinear Anal.,
Theory Methods Appl., Ser. A, Theory Methods, vol. 72, no. 2, pp. A, 916-924, 2010.

K. Balachandran and J. Y. Park, “Nonlocal Cauchy problem for abstract fractional semilinear
evolution equations,” Nonlinear Anal., Theory Methods Appl., Ser. A, Theory Methods, vol. 71,
no. 10, pp. A, 4471-4475, 2009.

M. Benchohra, J. Henderson, S. K. Ntouyas, and A. Ouahab, “Existence results for fractional
order functional differential equations with infinite delay,” J. Math. Anal. Appl., vol. 338, no. 2,
pp. 1340-1350, 2008.

Y.-K. Chang, V. Kavitha, and M. M. Arjunan, “Existence and uniqueness of mild solutions to
a semilinear integrodifferential equation of fractional order,” Nonlinear Anal., Theory Methods
Appl., Ser. A, Theory Methods, vol. 71, no. 11, pp. A, 5551-5559, 2009.

F. Chen, J. J. Neito, and Y. Zhou, “Global attractivity for nonlinear fractional differential equa-
tions,” Nonlinear Anal.:RWA, vol. 13, no. 1, pp. 287-298, 2012.

K. Diethelm and A. D. Freed, “On the solution of nonlinear fractional order differential equa-
tions used in the modeling of viscoelasticity,” in Scientific Computing in Chemical Engineering
II-Computational Fluid Dynamics, ser. Reaction Engineering and Molecular Properties, F. Keil,
W. Mackens, H. Voss, and J. Werther, Eds. Heidelberg: Springer-Verlag, 1999, pp. 217-224.

K. Diethelm, The analysis of fractional differential equations. An application-oriented exposition
using differential operators of Caputo type, ser. Lecture Notes in Mathematics. Berlin: Springer,
2010.

M. M. El-Borai, “Semigroups and some nonlinear fractional differential equations,” Appl. Math.
Comput., vol. 149, no. 3, pp. 823-831, 2004.

L. Gaul, P. Klein, and S. Kempfle, “Damping description involving fractional operators,” Mech.
Syst. Signal Process., vol. 5, no. 2, pp. 81-88, 1991.

W. G. Glockle and T. F. Nonnenmacher, “A fractional calculus approach of self-similar protein
dynamics,” Biophys. J., vol. 68, no. 1, pp. 46-53, 1995.

J. Henderson and A. Ouahab, “Fractional functional differential inclusions with finite delay,” Non-
linear Anal., Theory Methods Appl., vol. 70, no. 5, pp. A, 2091-2105, 2009.

R. Hilfer, Ed., Applications of fractional calculus in physics. Singapore: World Scientific, 2000.
L. Hu, Y. Ren, and R. Sakthivel, “Existence and uniqueness of mild solutions for semilinear
integro-differential equations of fractional order with nonlocal initial conditions and delays,”
Semigroup Forum, vol. 79, no. 3, pp. 507-514, 2009.



146

(16]

(17]

(18]

(19]
[20]
(21]

(22]

(23]
[24]
(25]
(26]
[27]
(28]

(29]

(30]

(31]

(32]

(33]
[34]

(35]

JINRONG WANG, WEI WEI, AND MICHAL FECKAN

0. K. Jaradat, A. Al-Omari, and S. Momani, “Existence of the mild solution for fractional semi-
linear initial value problems,” Nonlinear Anal., Theory Methods Appl., vol. 69, no. 9, pp. A,
3153-3159, 2008.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and applications of fractional differential
equations, ser. North-Holland Mathematics Studies. Amsterdam: Elsevier, 2006, vol. 204.

V. Lakshmikantham and S. Leela, Differential and integral inequalities. Theory and applications.
Vol. I: Ordinary differential equations, ser. Mathematics in Science and Engineering. New York-
London: Academic Press, 1969, vol. 55.

V. Lakshmikantham, S. Leela, and J. Vasundhara Devi, Theory of fractional dynamic systems.
Cambridge: Cambridge Scientific Publishers, 2009.

J. Liang, J. H. Liu, and T.-J. Xiao, “Nonlocal problems for integrodifferential equations,” Dyn.
Contin. Discrete Impuls. Syst., Ser. A, Math. Anal., vol. 15, no. 6, pp. 815-824, 2008.

H. Liu and J.-C. Chang, “Existence for a class of partial differential equations with nonlocal
conditions,” Nonlinear Anal., Theory Methods Appl., vol. 70, no. 9, pp. A, 3076-3083, 2009.

F. Mainardi, “Fractional calculus, some basic problems in continuum and statistical mechanics,”
in Fractals and Fractional Calculus in Continuum Mechanics, A. Carpinteri and F. Mainardi, Eds.
Wien: Springer-Verlag, 1997, pp. 291-348.

E. Metzler, W. Schick, H. G. Kilian, and T. F. Nonnenmache, “Relaxation in filled polymers: A
fractional calculus approach,” J. Chem. Phys., vol. 103, no. 16, pp. 7180-7186, 1995.

M. W. Michalski, “Derivatives of noninteger order and their applications,” Diss. Math., vol. 328,
p- 47, 1993.

K. S. Miller and B. Ross, An introduction to the fractional calculus and fractional differential
equations. New York: John Wiley & Sons, Inc., 1993.

G. M. Mophou and G. M. N’Guérékata, “Existence of the mild solution for some fractional differ-
ential equations with nonlocal conditions,” Semigroup Forum, vol. 79, no. 2, pp. 315-322, 2009.
G. M. N’Guérékata, “A cauchy problem for some fractional abstract differential equation with non
local conditions,” Nonlinear Anal., Theory Methods Appl., vol. 70, no. 5, pp. A, 1873-1876, 2009.
A. Pazy, Semigroups of linear operators and applications to partial differential equations, ser.
Applied Mathematical Sciences. New York: Springer-Verlag, 1983, vol. 44.

I. Podlubny, Fractional differential equations. An introduction to fractional derivatives, fractional
differential equations, to methods of their solution and some of their applications, ser. Mathemat-
ics in Science and Engineering. San Diego, CA: Academic Press, 1999, vol. 198.

V. E. Tarasov, Fractional dynamics. Applications of fractional calculus to dynamics of particles,
fields and media, ser. Nonlinear Physical Science. Berlin-Beijing: Springer-Higher Education
Press, 2010.

J. Wang, X. Xiang, and W. Wei, “A class of nonlinear integrodifferential impulsive periodic sys-
tems of mixed type and optimal controls on Banach space,” J. Appl. Math. Comput., vol. 34, no.
1-2, pp. 465-484, 2010.

J. Wang and Y. Zhou, “Analysis of nonlinear fractional control systems in Banach spaces,” Non-
linear Anal., Theory Methods Appl., Ser. A, Theory Methods, vol. 74, no. 17, pp. 5929-5942,
2011.

W. Wei, X. Xiang, and Y. Peng, “Nonlinear impulsive integro-differential equations of mixed type
and optimal controls,” Optimization, vol. 55, no. 1-2, pp. 141-156, 2006.

S. Zhang, “Existence of positive solution for some class of nonlinear fractional differential equa-
tions,” J. Math. Anal. Appl., vol. 278, no. 1, pp. 136148, 2003.

Y. Zhou and F. Jiao, “Existence of mild solutions for fractional neutral evolution equations,” Com-
put. Math. Appl., vol. 59, no. 3, pp. 1063-1077, 2010.



FRACTIONAL VOLTERRA-FREDHOLM EQUATIONS 147

Authors’ addresses

JinRong Wang
Department of Mathematics, Guizhou University, Guiyang, Guizhou 550025, P.R. China
E-mail address: wjr9668@126.com

Wei Wei
Department of Mathematics, Guizhou University, Guiyang, Guizhou 550025, P.R. China
E-mail address: wiei@gzu.edu.cn

Michal Feckan

Department of Mathematical Analysis and Numerical Mathematics, Faculty of Mathematics, Phys-
ics and Informatics, Comenius University, Mlynska dolina, 842 48 Bratislava, Slovakia and Mathemat-
ical Institute, Slovak Academy of Sciences, Stefanikova 49, 814 73 Bratislava, Slovakia

E-mail address: Michal .Feckan@fmph.uniba.sk



