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Abstract. This paper is concerned with an inverse scattering problem for Sturm-Liouville oper-
ator with polynomials of spectral parameter in boundary condition. We provide scattering data
and present some spectral properties. In order to study inverse scattering problem, the main equa-
tion is derived. As a consequence, we show that the potential can be recovered uniquely from
scattering data.
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1. INTRODUCTION

Inverse problems in spectral theory often appear in mathematics, mechanics, phys-
ics and other branches of natural sciences. The inverse scattering problem deals with
the recovery of potential from their spectral characteristics, and besides, problems
involving spectral parameter in equation and boundary conditions are an important
part of spectral theory. Sturm-Liouville problems arise in studies of heat conduc-
tion problems and vibrating string problems when boundary conditions depend on
spectral parameter. Cohen [2] presented a method to solve an initial boundary value
problem arising in the theory of diffusion and heat flow. Many examples of spectral
problems which appear in mechanical engineering and contain eigen parameter in the
boundary conditions were presented in the book [5].

In this paper we consider the boundary value problem generated by Sturm-Liouvil-
le operator and spectral parameter dependent boundary condition:

ℓu(x) :=−u′′ (x)+
{

q(x)−λ
2}u(x) = 0, (0 ≤ x < ∞) , (1.1)
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V (u) :=
n

∑
k=0

(
αku′ (0)−βku(0)

)
(iλ)k = 0, (1.2)

where λ is a spectral parameter, q(x) is a real valued function with the condition
∞∫

0

(1+ x) |q(x)|dx < ∞ (1.3)

and for αi, β j ∈ R (i, j = 1, . . . ,n)∣∣∣∣αi αi+2
βi βi+2

∣∣∣∣≥ 0,
∣∣∣∣αi αi+k
βi βi+k

∣∣∣∣= 0, k ̸= 2. (1.4)

Marchenko [18] and Levitan [11] studied inverse scattering problem of the Sturm-
Liouville operator on the half line with a boundary condition at the origin when there
is no spectral parameter. Inverse problem for second order differential operator pencil
on the axis was studied in [6–8, 20]. Problems with spectral parameter dependent
boundary condition were examined in finite interval by several authors in [1,9,10,16,
17, 21, 22] and on the half line in [3, 4, 12–15, 19].

The aim of this paper is to present inverse scattering problem for Sturm-Liouville
operator with polynomials of spectral parameter in the boundary condition. In this
view, we will extend the Marchenko method to the boundary value problem (1.1)-
(1.3), which also introduces a process that can be applied to various other inverse
problems where boundary condition contains polynomials of spectral parameter.

The remaining paper is organized as follows: In section (2), the scattering data cor-
responding to the boundary value problem (1.1)-(1.3) is provided and its properties
are investigated. In Section (3), the main equation required for recovering poten-
tial uniquely is derived. Finally, we give the uniqueness of the solution of the main
equation and the reconstruction of the potential of equation (1.1) in Section (4).

2. SCATTERING DATA

The direct scattering problem concerns the determination of spectral characterist-
ics for the boundary value problem when q(x) is known. Therefore, we shall provide
scattering data for (1.1)-(1.3) and analyze its properties.

It is well known in [18] that the equation (1.1) has a unique solution e(λ,x) which
satisfies the asymptotic behavior, for Im λ ≥ 0,

lim
x→+∞

e−iλxe(λ,x) = 1,

when the condition (1.3) is satisfied. It is called Jost solution and can be expressed
by

e(λ,x) = eiλx +

∞∫
x

K (x, t)eiλtdt, (2.1)
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where the kernel function K (x, t) satisfies the estimate

|K (x, t)| ≤ 1
2

Ω

(
x+ t

2

)
exp
{

Ω1 (x)−Ω1

(
x+ t

2

)}
and the functions Ω(x) and Ω1 (x) have the following notations:

Ω(x)≡
∞∫

x

|q(t)|dt, Ω1 (x)≡
∞∫

x

Ω(x)dt.

In addition,

K (x,x) =
1
2

∞∫
x

q(t)dt. (2.2)

Moreover, e(λ,x) is an analytic function of λ in the upper half plane (Im λ > 0)
and is continuous on the real line. The following estimates hold on the half plane
Im λ ≥ 0:

|e(λ,x)| ≤ exp{−Im λx+Ω1 (x)} ,∣∣∣e(λ,x)− eiλx
∣∣∣≤{Ω1 (x)−Ω1

(
x+

1
|λ|

)}
exp{−Im λx+Ω1 (x)} , (2.3)∣∣∣e′ (λ,x)− iλeiλx

∣∣∣≤ Ω(x)exp{−Im λx+Ω1 (x)} . (2.4)

Let W [ f ,g] = f ′g−g′ f denote the Wronskian. For real λ ̸= 0, the functions e(λ,x)
and e(λ,x) form a fundamental system of solutions of equation (1.1) and their Wron-
skian is independent of x and equal to 2iλ.

Let

p1 (λ) :=
n

∑
k=0

αk (iλ)
k , p2 (λ) :=

n

∑
k=0

βk (iλ)
k

and denote by φ(λ,x) the solution of (1.1) satisfying the conditions

φ(λ,0) = p1 (λ) , φ
′ (λ,0) = p2 (λ) .

It is evident that the solution φ(λ,x) holds the boundary condition (1.2).
After stating the above preliminaries, we can now present the following lemmas.

Lemma 1. The following identity is valid:
2iλφ(λ,x)

Θ(λ)
= e(λ,x)−S (λ)e(λ,x) (2.5)

for all real λ ̸= 0 and

S (λ) =
p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0)
p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0)

, (2.6)

S (λ) = S (−λ), |S (λ)|= 1, (2.7)
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where

Θ(λ) = p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0) . (2.8)

Proof. Because of that e(λ,x) and e(λ,x) constitute the fundamental set of solu-
tions of (1.1) for the real λ ̸= 0, the function φ(λ,x) can be represented as a linear
combination of these functions:

φ(λ,x) = c1 (λ)e(λ,x)+ c2 (λ)e(λ,x),

where c1 (λ) and c2 (λ) are provided by evaluating the values of the Wronskians:

W [e(λ,x) ,φ(λ,x)] = c2 (λ)2iλ = p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0) ,

W
[
e(λ,x),φ(λ,x)

]
=−c1 (λ)2iλ = p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0).

Thus, we have

φ(λ,x) =− p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0)
2iλ

e(λ,x)

+
p1 (λ)e′ (λ,0)− p2 (λ)e(λ,0)

2iλ
e(λ,x). (2.9)

Let us define the function Θ(λ) in the form (2.8). Now, it is necessary to show
Θ(λ) ̸= 0 for all real λ ̸= 0. Assume the contrary, then there exists λ0 ∈ R, λ0 ̸= 0,
such that

p1 (λ0)e′ (λ0,0) = p2 (λ0)e(λ0,0) .

Also,

W
[
e(λ0,0) ,e(λ0,0)

]
= 2iλ0

is satisfied. By using these relations, we obtain

|e(λ0,0)|2

|p1 (λ0)|2
n−2

∑
j=0

(α jβ j+2 −α j+2β j) |λ0|2 j
(

λ0
2 −λ

2
0

)
= 2iλ0

and so 0 = 2iλ0, yielding contradiction since λ0 ̸= 0. Thus, by dividing equality (2.9)
by 1

2iλ Θ(λ), we obtain (2.5) where S (λ) is defined with (2.6).
To complete proof, we need to show that S (λ) satisfies the conditions in (2.7). Let

us use the notation Θ1 (λ) for the numerator of S (λ). Since q(x) is real, it follows
that e(λ,0) = e(−λ,0) for real λ ̸= 0. Also, p1 (λ) = p1 (−λ) and p2 (λ) = p2 (−λ)

hold for real λ ̸= 0. Hence Θ(λ) = Θ(−λ) and Θ1 (λ) = Θ1 (−λ), which yields
S (λ) = S (−λ).

By (2.6), we get for all real λ ̸= 0

|S (λ)|2 = S (λ) ·S (λ)
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=
|p1 (λ)|2 · |e′ (λ,0)|2 + |p2 (λ)|2 · |e(λ,0)|2 −2Re

(
p1 (λ) · p2 (λ) · e(λ,0) · e′ (λ,0)

)
|p1 (λ)|2 · |e′ (λ,0)|2 + |p2 (λ)|2 · |e(λ,0)|2 −2Re

(
p1 (λ) · p2 (λ) · e′ (λ,0) · e(λ,0)

) .
Since the condition (1.4) holds and λ is real, we obtain

2Re
(

p1 (λ) · p2 (λ) · e′ (λ,0) · e(λ,0)
)
−2Re

(
p1 (λ) · p2 (λ) · e(λ,0) · e′ (λ,0)

)
= p1 (λ) · p2 (λ) · e′ (λ,0) · e(λ,0)− p1 (λ) · p2 (λ) · e(λ,0) · e′ (λ,0)

− p1 (λ) · p2 (λ) · e′ (λ,0) · e(λ,0)+ p1 (λ) · p2 (λ) · e(λ,0) · e′ (λ,0)

=
[

p1 (λ) · p2 (λ)− p2 (λ) · p1 (λ)
]
·
[
e′ (λ,0) · e(λ,0)− e(λ,0) · e′ (λ,0)

]
=

n−2

∑
j=0

(α jβ j+2 −α j+2β j) |λ|2 j
(

λ
2 −λ

2
)
·W
[
e(λ,0) ,e(λ,0)

]
= 0 ·2iλ = 0.

By combining the results, it follows that |S (λ)|2 = 1, i.e., |S (λ)|= 1 for all real λ ̸= 0.
The proof is completed. □

The function S (λ) defined by (2.6) is called the scattering function of the boundary
value problem (1.1)-(1.3).

Lemma 2. The function Θ(λ) may have only a finite number of zeros on the half
plane (Im λ > 0). All the zeros are simple and lie on the imaginary axis.

Proof. By the proof of Lemma 1, we have Θ(λ) ̸= 0 for all real λ ̸= 0 and the
point λ = 0 is the possible zero of Θ(λ). Since e(λ,0) and e′ (λ,0) are analytic in
the upper plane Im λ > 0, it follows from the expression Θ(λ) that it has the same
property. We now show that the set of zeros is bounded. Assume the contrary, i.e. let
the set of zeros be unbounded. Then, there exists the numbers λk such that Θ(λk) = 0
for Im λk > 0 and |λk| → ∞, and hence we have

e′ (λk,0) =
p2 (λk)

p1 (λk)
e(λk,0) .

With the help of (2.4)∣∣∣∣ p2 (λk)

p1 (λk)
e(λk,0)− iλk

∣∣∣∣≤ Ω(0)exp{Ω1 (0)} ,

we have

|λk| ≤
∣∣∣∣ p2 (λk)

p1 (λk)
e(λk,0)

∣∣∣∣+Ω(0)exp{Ω1 (0)} .

Since the equality (2.3) and limk→+∞ e(λk,0) = 1, the right side of the equality has a
finite limit. We arrived at the contradiction, which yields that the set {λk} is bounded.
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Thus, the set of zeros of Θ(λ) is bounded and form at most countable set having zero
the only possible limit point.

To show that zeros of Θ(λ) lie on the imaginary axis, we assume that λ1 and λ2
are zeros of Θ(λ), which follows that they satisfy the equation (1.1):

− e′′ (λ1,x)+q(x)e(λ1,x) = λ1
2e(λ1,x) , (2.10)

− e′′ (λ2,x)+q(x)e(λ2,x) = λ2
2e(λ2,x). (2.11)

Let us multiply (2.10) by e(λ2,x) and (2.11) by e(λ1,x), subtract the second from
the first and finally integrate this result according to x from 0 to infinity. As a result,
we obtain(

λ1
2 −λ2

2
) ∞∫

0

e(λ1,x)e(λ2,x)dx−W
[
e(λ1,x) ,e(λ2,x)

]∣∣∣∣∣
x=0

= 0. (2.12)

On the other hand, since λ j’s ( j = 1,2) are zeros of Θ(λ), we have

W
[
e(λ1,x) ,e(λ2,x)

]∣∣∣∣∣
x=0

=

(
p2 (λ1)

p1 (λ1)
− p2 (λ2)

p1 (λ2)

)
e(λ1,0)e(λ2,0).

When we take λ1 = λ2 = µ and substitute in (2.12), the following result is obtained

(
µ2 −µ2) |e(µ,0)|2

|p1 (µ)|2
n−2

∑
m=0

(αmβm+2 −αm+2βm) |µ|2m +

∞∫
0

|e(µ,x)|2 dx

= 0.

Thanks to the condition (1.4), the expression in the parentheses is positive, which
implies µ2 = µ2. Since µ isn’t real, we conclude that µ is pure imaginary, i.e. µ = iλ,
where λ ≥ 0.

Next, let us prove that there are only finitely many zeros. Let δ denote the infimum
of the distances between two neighboring zeros of Θ(λ) and show δ > 0. Assume
the opposite and let {iλk} and

{
îλk

}
be two sequences of zeros of the function Θ(λ)

such that

lim
k→∞

(
λ̂k −λk

)
= 0, 0 < λk ≤ λ̂k, max

k
λ̂k < M.

It follows from the estimate (2.3) that, for A large enough, the inequality

e(iλ,x)>
1
2

e−λx

is satisfied uniformly with respect to x ∈ [A,∞) and λ ∈ [0,∞). Thus, we obtain

∞∫
A

e
(

îλk,x
)

e(iλk,x)dx >
1
4

e−A
(

λ̂k+λk

)
(

λ̂k +λk

) >
e−2AM

8M
. (2.13)
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On the other hand, the equality (2.12) yields

0 =

∞∫
0

e
(

îλk,x
)

e(iλk,x)dx+
e
(

îλk,0
)

e(iλk,0)

p1 (iλk)p1

(
îλk

) n−2

∑
m=0

(αmβm+2 −αm+2βm)
(

λ̂kλk

)m

=

A∫
0

e
(

îλk,x
)[

e(iλk,x)− e
(

îλk,x
)]

dx+
A∫

0

e
(

îλk,x
)

e
(

îλk,x
)

dx

+

∞∫
A

e
(

îλk,x
)

e(iλk,x)dx+
e
(

îλk,0
)

e(iλk,0)

p1 (iλk)p1

(
îλk

) n−2

∑
m=0

(αmβm+2 −αm+2βm)
(

λ̂kλk

)m

and letting k → ∞, we get

lim
k→∞

∞∫
A

e
(

îλk,x
)

e(iλk,x)dx ≤ 0 (2.14)

since

lim
k→∞

[
e(iλk,x)− e

(
îλk,x

)]
= 0

holds uniformly with respect to x ∈ [0,A]. Comparing (2.13) and (2.14), we obtain a
contradiction, yielding δ > 0 and hence we conclude that the function Θ(λ) has only
a finite number of zeros: iλk, k = 1, . . . ,N.

Finally, let us show that all zeros of the function Θ(λ) are simple. By the derivation
of the equation

−e′′ (λ,x)+q(x)e(λ,x) = λ
2e(λ,x) (2.15)

with respect to λ, we get

−ė′′ (λ,x)+q(x) ė(λ,x) = λ
2ė(λ,x)+2λe(λ,x) , (2.16)

where the dot shows differentiation with respect to λ. Multiplying (2.15) by ė(λ,x)
and (2.16) by e(λ,x) and subtracting the second from the first and integrating this
relation with respect to x over (0,∞), we obtain

2λ

∞∫
0

[e(λ,x)]2 dx+W [e(λ,x) , ė(λ,x)]

∣∣∣∣∣
x=0

= 0.

Let λ be a zero of the function Θ(λ). With the help of the expression of the function
Θ(λ), the result is found that

W [e(λ,x) , ė(λ,x)]

∣∣∣∣∣
x=0



668 A. ÇÖL AND K. MAMEDOV

=−Θ̇(λ)e(λ,0)
p1 (λ)

−
(

e(λ,0)
p1 (λ)

)2

i
n

∑
k=1

k
n−k

∑
m=0

(αmβm+k −αm+kβm)(iλ)
2m+k−1

and hence we conclude that

2λ

∞∫
0

[e(λ,x)]2 dx+
(

e(λ,0)
p1 (λ)

)2

2λ

n−2

∑
m=0

(αmβm+2 −αm+2βm)(iλ)
2m

=
Θ̇(λ)e(λ,0)

p1 (λ)
. (2.17)

Substituting λ = iµk, µk > 0, in (2.17) and multiplying −i, we find that the left side
of the equality is positive. Thus Θ̇(iµk) ̸= 0, i.e. the zeros of Θ(λ) are simple, which
completes the proof. □

The numbers mk, k = 1, . . . ,N are defined by

m−2
k ≡

∞∫
0

|e(iλk,x)|2 dx+
|e(iλk,0)|2

|p1 (iλk)|2
n−2

∑
j=0

(α jβ j+2 −α j+2β j)λ
2 j
k

and called norming numbers for the boundary value problem (1.1)-(1.3).

Definition 1. The collection
{

S (λ) ,{iλk}N
k=1 ,{mk}N

k=1

}
is called the scattering

data of the boundary value problem (1.1)-(1.3).

Using (2.1) and substituting related expressions into the function Θ(λ), we get

Θ(λ) = p1 (λ)

iλ−K (0,0)+
∞∫

0

Kx (0, t)eiλtdt

− p2 (λ)

1+
∞∫

0

K (0, t)eiλtdt


= (iλ)n+1

[
αn +O

(
1
λ

)]
if αn ̸= 0 as |λ| → ∞. In a similar way, we obtain

Θ1 (λ) = p1 (λ)

−iλ−K (0,0)+
∞∫

0

Kx (0, t)e−iλtdt


− p2 (λ)

1+
∞∫

0

K (0, t)e−iλtdt

= (iλ)n+1
[
−αn +O

(
1
λ

)]
.

Taking these into account, we deduce that

−1−S (λ) = O
(

1
λ

)
, |λ| → ∞.
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In the case that αn = 0, we find that

Θ(λ) = (iλ)n
[

αn−1 −βn +O
(

1
λ

)]
and

Θ1 (λ) = (iλ)n
[
−αn−1 −βn +O

(
1
λ

)]
,

as |λ| → ∞. Therefore, the following result is obtained

βn +αn−1

βn −αn−1
−S (λ) = O

(
1
λ

)
, |λ| → ∞.

Let us define

S (∞) =

{
βn+αn−1
βn−αn−1

, αn = 0,
−1, αn ̸= 0,

S (∞)−S (λ) ∈ L2 (−∞,∞) and hence the function

FS (x) =
1

2π

∞∫
−∞

(S (∞)−S (λ))eiλxdλ,

also belongs to the space L2 (−∞,∞).

3. THE MAIN EQUATION

In this section, we shall derive the main equation which is extremely important for
discussions of inverse scattering problem.

Theorem 1. For every fixed x ≥ 0, the kernel K (x, t) to the solution (2.1) satisfies
the integral equation

F (x+ y)+K (x,y)+
∞∫

x

K (x, t)F (t + y)dt = 0, y > x, (3.1)

where

F (x) =
N

∑
k=1

m2
ke−λkx +

1
2π

∞∫
−∞

(S (∞)−S (λ))eiλxdλ. (3.2)

The integral equation (3.1) is called the main equation for the boundary value
problem (1.1)-(1.3).

Proof. In order to obtain the main equation for the kernel K (x, t) of the solution
(2.1), we use the equality (2.5) provided in Lemma 1. Rewriting the identity (2.5),
we obtain the following result

2iλφ(λ,x)
Θ(λ)

− e−iλx +S (∞)eiλx
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= [S (∞)−S (λ)]eiλx +

∞∫
x

K (x, t)e−iλtdt

−
∞∫

x

S (∞)K (x, t)eiλtdt +
∞∫

x

[S (∞)−S (λ)]K (x, t)eiλtdt.

Multiplying both sides of this result by 1
2π

eiλy and integrating it according to λ over
(−∞,∞), we find

1
2π

∞∫
−∞

[
2iλφ(λ,x)

Θ(λ)
− e−iλx +S (∞)eiλx

]
eiλydλ

=
1

2π

∞∫
−∞

[S (∞)−S (λ)]eiλ(x+y)dλ

+
1

2π

∞∫
−∞

∞∫
x

K (x, t)e−iλ(t−y)dtdλ− 1
2π

∞∫
−∞

∞∫
x

S (∞)K (x, t)eiλ(t+y)dtdλ

+
1

2π

∞∫
−∞

∞∫
x

[S (∞)−S (λ)]K (x, t)eiλ(t+y)dtdλ. (3.3)

Here

1
2π

∞∫
−∞

∞∫
x

K (x, t)e−iλ(t−y)dtdλ =

∞∫
x

K (x, t)
1

2π

∞∫
−∞

e−iλ(t−y)dλdt

=

∞∫
x

K (x, t)δ(t − y)dt = K (x,y)

and since K (x,−y) = 0 for y > x, it follows that

1
2π

∞∫
−∞

∞∫
x

S (∞)K (x, t)eiλ(t+y)dtdλ =

∞∫
x

S (∞)K (x, t)
1

2π

∞∫
−∞

eiλ(t+y)dλdt

= S (∞)

∞∫
x

K (x, t)δ(−t − y)dt = S (∞)K (x,−y) = 0.

Therefore, on the right of (3.3), we obtain

K (x,y)+FS (x+ y)+
∞∫

x

K (x, t)FS (t + y)dt, y > x,
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where

FS (x) =
1

2π

∞∫
−∞

[S (∞)−S (λ)]eiλxdλ.

On the other side, using the residue theorem and Jordan’s lemma, we get

1
2π

∞∫
−∞

[
2iλφ(λ,x)

Θ(λ)
− e−iλx +S (∞)eiλx

]
eiλydλ =−

N

∑
k=1

2iλkφ(iλk,x)
Θ̇(iλk)

e−λky.

Taking formula (2.17) into account, we can transform this expression to the form

−
N

∑
k=1

2iλkφ(iλk,x)
Θ̇(iλk)

e−λky

=−
N

∑
k=1

2iλk p1 (iλk)

e(iλk,0)Θ̇(iλk)
e(iλk,x)e−λky =−

N

∑
k=1

m2
ke(iλk,x)e−λky

=−
N

∑
k=1

m2
k

e−λk(x+y)+

∞∫
x

K (x, t)e−λk(t+y)dt

 .
If we substitute this value into the left side of (3.3), we provide integral equation (3.1)
and F (x) is defined by the formula (3.2). The theorem is proved. □

4. SOLVABILITY OF THE MAIN EQUATION

The inverse scattering problem deals with the recovery of the coefficient q(x) from
the scattering data of the boundary value problem (1.1)-(1.3). From the identity (2.2),
it is obvious to determine q(x) that it is sufficient to know K (x, t). Therefore, we
suppose that the collection

{
S (λ) ,{iλk}N

k=1 ,{mk}N
k=1

}
is given and construct the

equation (3.1) on the basis of this collection. In this equation, we can take kernel
K (x, t) as unknown and regard it as a Fredholm-type equation for every fixed x.

Theorem 2. For every fixed x ≥ 0, the main equation (3.1) has a unique solution
K (x, .) ∈ L1 [x,∞).

Proof. Let us take g(y) = K (x,y) in the equation (3.1). In order to prove the
unique solvability of the equation, it suffices to verify that corresponding homogen-
eous equation has only null solution:

g(y)+
∞∫

x

g(t)F (t + y)dt = 0, g(y) ∈ L1 [x,∞) . (4.1)

The auxiliary function F (y) in the equation (4.1) has the same properties as the
auxiliary function of the boundary value problem without spectral parameter in the
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boundary conditions. Therefore, the operators which appear in this equation are com-
pact (the proof of this fact is similar to that of Lemma 3.3.1 in [18]) and hence we ob-
tain the proof of the theorem by applying Theorem 3.3.1 in [18] to equation (4.1). □

Theorem 3. The scattering data of the boundary value problem (1.1)-(1.3) de-
termines potential q(x) in equation (1.1) uniquely.

Proof. From given scattering data
{

S (λ) ,{iλk}N
k=1 ,{mk}N

k=1

}
, the main equation

(3.1) is established and we find a unique solution K (x,y) for every x ≥ 0 by solving
the main equation with the help of Theorem 2. Thus, we have the kernel K (x,y) of
the Jost solution (2.1) and obtain the potential with

q(x) =−2
d
dx

K (x,x) .

□
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[19] H. Menken and K. R. Mamedov, “On the inverse problem of the scatterıng theory for a boundary-

value problem.” Proceedings of the 7th International Conference on Geometry, Integrability and
Quantization, pp. 226–236, 2006.

[20] A. A. Nabiev, “Inverse scattering problem for the Schrödinger-type equation with a polyno-
mial energy-dependent potential.” Inverse Probl., vol. 22, no. 6, pp. 2055–2068, 2006, doi:
10.1088/0266-5611/22/6/009.

[21] A. A. Nabiev, “On a boundary value problem for a polynomial pencil of the Sturm Liouville
equation with spectral parameter in boundary conditions.” Appl. Math., vol. 7, pp. 2418–2423,
2016, doi: 10.4236/am.2016.718190.

[22] V. N. Pivovarchik, “Direct and inverse problem for a damped string.” J. Oper. Theory, vol. 42,
no. 1, pp. 189–220, 1999.

Authors’ addresses

Aynur Çöl
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