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Abstract. This paper is concerned with an inverse scattering problem for Sturm-Liouville oper-
ator with polynomials of spectral parameter in boundary condition. We provide scattering data
and present some spectral properties. In order to study inverse scattering problem, the main equa-
tion is derived. As a consequence, we show that the potential can be recovered uniquely from
scattering data.
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1. INTRODUCTION

Inverse problems in spectral theory often appear in mathematics, mechanics, phys-
ics and other branches of natural sciences. The inverse scattering problem deals with
the recovery of potential from their spectral characteristics, and besides, problems
involving spectral parameter in equation and boundary conditions are an important
part of spectral theory. Sturm-Liouville problems arise in studies of heat conduc-
tion problems and vibrating string problems when boundary conditions depend on
spectral parameter. Cohen [2] presented a method to solve an initial boundary value
problem arising in the theory of diffusion and heat flow. Many examples of spectral
problems which appear in mechanical engineering and contain eigen parameter in the
boundary conditions were presented in the book [5].

In this paper we consider the boundary value problem generated by Sturm-Liouvil-
le operator and spectral parameter dependent boundary condition:

u(x) := —u" (x) + {q(x) = A }u(x) =0, (0<x <o), (1.1)
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n

V() =Y (owad (0) = Brue(0)) (V)" =0, (1.2)
k=0
where A is a spectral parameter, ¢ (x) is a real valued function with the condition

oo

/(1+x)\q(x)|dx<oo (13)

0
and for o, ﬁjER (i,j=1,...,l’l)

o Q2 O Otk
Bi Bi+o Bi Bitk
Marchenko [18] and Levitan [1 1] studied inverse scattering problem of the Sturm-
Liouville operator on the half line with a boundary condition at the origin when there
is no spectral parameter. Inverse problem for second order differential operator pencil
on the axis was studied in [6-8,20]. Problems with spectral parameter dependent
boundary condition were examined in finite interval by several authors in [1,9, 10,16,

,21,22] and on the half line in [3,4, 12—15, 19].

The aim of this paper is to present inverse scattering problem for Sturm-Liouville
operator with polynomials of spectral parameter in the boundary condition. In this
view, we will extend the Marchenko method to the boundary value problem (1.1)-
(1.3), which also introduces a process that can be applied to various other inverse
problems where boundary condition contains polynomials of spectral parameter.

The remaining paper is organized as follows: In section (2), the scattering data cor-
responding to the boundary value problem (1.1)-(1.3) is provided and its properties
are investigated. In Section (3), the main equation required for recovering poten-
tial uniquely is derived. Finally, we give the uniqueness of the solution of the main
equation and the reconstruction of the potential of equation (1.1) in Section (4).

>0

— )

=0, k#2. (1.4)

2. SCATTERING DATA

The direct scattering problem concerns the determination of spectral characterist-
ics for the boundary value problem when ¢ (x) is known. Therefore, we shall provide
scattering data for (1.1)-(1.3) and analyze its properties.

It is well known in [ 18] that the equation (1.1) has a unique solution e (A, x) which
satisfies the asymptotic behavior, for Im A > 0,

lim e ™e(A,x) =1,
X—o0

when the condition (1.3) is satisfied. It is called Jost solution and can be expressed
by

e(hx) =M+ /K(x,t) eMdr, 2.1)
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where the kernel function K (x,1) satisfies the estimate

<32 (7)o@ (7))

and the functions Q (x) and Q; (x) have the following notations:

x)z/|q(t)|dt, Q (x)E/Q(x)dt

-
K (x,x) = E/q(t)dt. (2.2)

Moreover, e (A,x) is an analytic function of A in the upper half plane (Im A > 0)
and is continuous on the real line. The following estimates hold on the half plane
ImA > 0:

|K (x,1)]

\S) \

In addition,

le (A, x)| <exp{—ImAx+Q;(x)},
‘e(l,x) —eﬁ“‘ < {Ql (x) —Q (x—i— |71»|> }exp{—lm M+Qr(x)},  (2.3)

¢ (h,x) — ike’“‘ < Q(x)exp{—Im Ax+Q; (x)}. 2.4)

Let W [f,g] = f'g— ¢ f denote the Wronskian. For real A # 0, the functions e (A, x)
and e (A, x) form a fundamental system of solutions of equation (1.1) and their Wron-

skian is independent of x and equal to 2iA.
Let

)i=Y o (M), (V) =Y B (V)
k=0 k=0
and denote by ¢ (A, x) the solution of (1.1) satisfying the conditions
¢(7‘70):P1 (7\’)7 (I)/(}\'ao):pZ(}\’)

It is evident that the solution ¢ (A, x) holds the boundary condition (1.2).
After stating the above preliminaries, we can now present the following lemmas.

Lemma 1. The following identity is valid:
2ihd (A, x)

o =e(A,x)—S(A)e(A,x) (2.5)
for all real A # 0 and
~_ p1(M)e(A,0)—p2(A)e(r,0)
S = M) (0 = p2 (W) e (h,0)° 20

SM)=S(=A), ISMI=1, 2.7)
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where
O(A) =p1(A)e' (A,0) —p2(X)e(2,0). (2.8)

Proof. Because of that e (A, x) and e (A,x) constitute the fundamental set of solu-
tions of (1.1) for the real A # 0, the function ¢ (A,x) can be represented as a linear
combination of these functions:

o (hx) =1 (M) e (hx) +c2 (M) e (M),
where ¢; (A) and ¢, (A) are provided by evaluating the values of the Wronskians:
Wle(X,x),0(A,x)] = c2 () 2ih = p1 (M) €' (1,0) — p2 (A) e (,0),
W [e(hx), 0 (2)| = —e1 (M) 20k = p1 () (R, 0) — p2 (W) e (1,0).

Thus, we have

iV e (A0)—pa(A)e(A,0)

O(Ax) = — o e (A, x)
e, o)2 1_7\. p2(M)e (A, 0)—— e, (2.9)

Let us define the function ®(A) in the form (2.8). Now, it is necessary to show
O (A) # 0 for all real A # 0. Assume the contrary, then there exists Ay € R, Ay # 0,
such that

p1(ho)e’ (o,0) = p2(ho) e (R0,0).
Also,

W [e (X0,0) ,6(7»0,0)} —2ikg
is satisfied. By using these relations, we obtain

e k ’ 2n 2 .
E T (@Byia ) ol (0 -13) = 204
]:

and so 0 = 2iAy, yielding contradiction since A # 0. Thus, by dividing equality (2.9)
by 75© (L), we obtain (2.5) where S (1) is defined with (2.6).

To complete proof, we need to show that S (A) satisfies the conditions in (2.7). Let
us use the notation ®; (A) for the numerator of S(A). Since ¢ (x) is real, it follows
that e (A,0) = e (—A,0) for real A # 0. Also, p; (A) = p1 (—=A) and p2 (A) = p2 (—A)
hold for real A # 0. Hence ® (L) = ®(—A) and O; (A) = ®; (—A), which yields
S(A) =S(—A).

By (2.6), we get for all real A # 0

SMF=5H)-S()
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P11 R 0) P+ 12 () |e (1,0) = 2Re (p1 (A) - p2 (K] ¢ (,0) -/ (,0) )

PP 0) P+ p2 (WP e (A, 0) —2Re (p1 () p2(A) ¢ (1,0) - (A,0))
Since the condition (1.4) holds and A is real, we obtain
2Re (p1 (1) p2(A)-€ (2,0)-€(2,0) ) ~ 2Re (p1 (W) - p2 (W) - (1,0) - ¢ (1,0)
=p1(A)-p2(A) €' (1,0)-(A,0) = p1 (A) - p2 (1) - ¢ (1,0) - ¢/ (A,0)
—p1(})-p2(2)-€ (2,0)-e(X,0) + p1 (M) - p2 (1) - € (1,0) -¢' (1, 0)
=[P ) P2 = P2 ) 1 () ~[e’<x,o>-e<x,o ~e(1,0)-¢(1,0)]

\/

A

n—2

= L (@Byea—ayuaf) 1Y (3 =27) - W [e(2.,0) e (1,0)|
= O 2iL=0.

By combining the results, it follows that |S (A)|* =1, i.e., |S (A)| = 1 for all real A 0.
The proof is completed. O

The function S (A) defined by (2.6) is called the scattering function of the boundary
value problem (1.1)-(1.3).

Lemma 2. The function ® (N) may have only a finite number of zeros on the half
plane (Im A > 0). All the zeros are simple and lie on the imaginary axis.

Proof. By the proof of Lemma 1, we have ® (L) # 0 for all real A # 0 and the
point A = 0 is the possible zero of ® (X). Since e (A,0) and ¢’ (A,0) are analytic in
the upper plane Im A > 0, it follows from the expression ® (A) that it has the same
property. We now show that the set of zeros is bounded. Assume the contrary, i.e. let
the set of zeros be unbounded. Then, there exists the numbers A; such that ® (A;) =
for Im Ax > 0 and |Ax| — oo, and hence we have

¢ (A, 0) = Z &ge(xk,m.
With the help of (2.4)
Z&Z;e(xk,m—m < Q(0)exp{Q (0)},
we have
< | 208 00) + 2 0)exp (22 (0).

Since the equality (2.3) and limy_, 1. € (A, 0) = 1, the right side of the equality has a
finite limit. We arrived at the contradiction, which yields that the set {A4 } is bounded.
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Thus, the set of zeros of ® (A) is bounded and form at most countable set having zero
the only possible limit point.

To show that zeros of @ (A) lie on the imaginary axis, we assume that A; and A,
are zeros of @ (A), which follows that they satisfy the equation (1.1):

— " (M,x) +q(x)e (A, x) =M %e (M, x), (2.10)
— " (M) +q (x) € (A, ) = AoZe (g, ). (2.11)

Let us multiply (2.10) by e (Ay,x) and (2.11) by e(A;,x), subtract the second from
the first and finally integrate this result according to x from O to infinity. As a result,
we obtain

oo

xl —xz /e (M) e (R, 1) [e(ll,x),e(lz,x)}

0
On the other hand, since A;’s (j = 1,2) are zeros of ® (A), we have

_[(p2M) P2 (M)
o \P1M) pr(h)

When we take A; = A, = u and substitute in (2.12), the following result is obtained

=0. 2.12)
x=0

w [e(kl,x),e(kg,x)}

)e(kl,O)e(M,O).

n—2

2 oo
? _ﬁz) M Z (amBm—l—Z _Ocm—l—ZBm) ’lvl|2m+/|e(,u,x)|2dx =0.

(“ = /

Thanks to the condition (1.4), the expression in the parentheses is positive, which
implies y? = @i%. Since u isn’t real, we conclude that u is pure imaginary, i.e. u = i\,
where A > 0.

Next, let us prove that there are only finitely many zeros. Let d denote the infimum
of the distances between two neighboring zeros of ® (A) and show & > 0. Assume
the opposite and let {iA;} and {l?\,k} be two sequences of zeros of the function ® (L)
such that

l}im (/71]( —7»]() =0, 0<M §/7\\.k, m]?xik <M.
—> 00

It follows from the estimate (2.3) that, for A large enough, the inequality
e (ik,x) > %e*kx
is satisfied uniformly with respect to x € [A,e0) and A € [0, ). Thus, we obtain
—A @Hk) o-24M

7 !
/ (o) e () > - > . (2.13)
4 4 (M-I—M) 8M
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On the other hand, the equality (2.12) yields
~ e i/ik,o e (i?\.k,()) n—2 . m
e <i7\.k,x> e (i?x,k,x)dx—i— ( ) = Z ((xmBerZ - (merZBm) (7\.]9%)
p1(ik)p1 (z%k) m=0

e (i?x,k,x) [e(i?\,k,x)— e (lﬁk,xﬂ dx—i—/Ae (iik,x> e (i?\.k,x)dx
0

o
I

St~ T3

P ~ . e i}\\.k,o e(l?\.k,()) n—2 . m
+/€ (i)uk,X> e(ikk,x)dx+ <> ~ Z (amBerZ - (merZBm) (MJ%)
N D1 (l?\,k>p1 (l?uk> m=0
and letting k — oo, we get
lim [ e (iik,x) e (M, x)dx < 0 (2.14)
k—yoo
A

since
%1_{}1010 [e (ilg,x) —e (i}:k,x)} =0

holds uniformly with respect to x € [0,A]. Comparing (2.13) and (2.14), we obtain a
contradiction, yielding 8 > 0 and hence we conclude that the function ® (1) has only
a finite number of zeros: Ay, k=1,...,N.
Finally, let us show that all zeros of the function ® (1) are simple. By the derivation
of the equation
—e" (M x) +q(x)e(A,x) =A%e(A,x) (2.15)
with respect to A, we get

—e" (Mx)+q(x)é(Ax) = Aeé (A, x) +2Xe (A, x), (2.16)

where the dot shows differentiation with respect to A. Multiplying (2.15) by é (A, x)
and (2.16) by e(A,x) and subtracting the second from the first and integrating this
relation with respect to x over (0, o0), we obtain
2 [ le ()P e+ W [e (h) e (o)) =0,
0 x=0
Let A be a zero of the function ® (A). With the help of the expression of the function
O (X), the result is found that

Wie (A, x),é(A,x)]

x=0
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_0e(h0) [e(h0) nk i
B p1(A) <P1(7u)> Zkz (Pt = OB ) (1)

and hence we conclude that

r 2 (e(0)) o
2A 0/ [e (A, x)]>dx + <p1 (M) 2xr§0(amﬁm+z—am+zﬁm) (id)

©(M)e(r,0
_OW)e(r,0) 2.17)
p1(A)
Substituting A = iy, g > 0, in (2.17) and multiplying —i, we find that the left side
of the equality is positive. Thus ® (i) # 0, i.e. the zeros of O (A) are simple, which
completes the proof. U

The numbers my, k =1,...,N are defined by

oo 2n 2
5 ) ) e (il,0) 2
mkzz/]e(zkk,x)] dx+ —— 75 ) 2 Z B2 — 0j2Bj) Ay
/ [p1 (i)™ 20

and called norming numbers for the boundary value problem (1.1)-(1.3).

Definition 1. The collection {S RN ,{mk}szl} is called the scattering
data of the boundary value problem (1.1)-(1.3).

Using (2.1) and substituting related expressions into the function ® (1), we get

O =pi (M) A=K (0,0)+ / Ko (0,0)e™dt S —pa () d 1+ / K(0,1)eMdr
0 0
= (i)™ o, ro (1
g A
if o, # 0 as |A| — 0. In a similar way, we obtain

@ () = p1 (W) d —ih—K(0,0) + / K (0,0)e ™Mdr
0

—pp (M 1+ /m K(0,1)e"™dr § = (ih)""! [—an+0<i>].
0

Taking these into account, we deduce that

—1-5(%):0(1), IA| — oo,



INVERSE SPECTRAL PROBLEM FOR STURM-LIOUVILLE OPERATOR 669

In the case that o, = 0, we find that

Q) = (L) {ocn_l —B.+0 (i)]

and
01(0) = ()" -0 1,01 )]

as |A| — oo. Therefore, the following result is obtained

Butont ooy (L
o —SM=0(5), W=

Bn+(xn71 —
S(oo) = ananfl ’ an o 07
717 Oy 7& Oa

S(e0) =S (A) € Ly (—o0,0) and hence the function

Let us define

Fs(0)= o [ (S(=) =S () e™an,

also belongs to the space Lj (—eo,00).

3. THE MAIN EQUATION

In this section, we shall derive the main equation which is extremely important for
discussions of inverse scattering problem.

Theorem 1. For every fixed x > 0, the kernel K (x,t) to the solution (2.1) satisfies
the integral equation

F(X—I-y)+K(x,y)—|—/K(x,t)F(t+y)dt:0, y > x, (3.1
where
F(x)= i e hx 4 L /w (S (e0) — S (N)) e™MdA (3.2)
= k 27'C . .

—o0

The integral equation (3.1) is called the main equation for the boundary value
problem (1.1)-(1.3).

Proof. In order to obtain the main equation for the kernel K (x,#) of the solution
(2.1), we use the equality (2.5) provided in Lemma 1. Rewriting the identity (2.5),
we obtain the following result

217\,(1) (}\/,X) —ihx

o) —e —I-S(OO)e’?“x
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- / S(00) K (x,1) M di + / 1S (o0) — S(W]K (x,1) ™.

Multiplying both sides of this result by ie”‘y and integrating it according to A over
(—oo,00), we find

1/00 [m(_g)(%’x)—em-i-S(OO) eﬁ“} eMd)

27
1 (o] (e}
—I—%//K(x fe ’ydtdk——//S ) M) gy,
+% / [S (00) — S (M)] K (x,1) ) drd. (3.3)
Here
% / / K(x,1)e ™drdh = / K(x1) — / =M gds

and since K (x, —y) = 0 for y > x, it follows that

1 rr (r+y) / 1/00 n(i+y)
27t//5( K (1) eMdrdd = [ S(e0) K (10) o [ €M) ahs

X
/th —y)dr = S (=) K (x,—y) = 0.
Therefore, on the right of (3.3), we obtain

K(oy) +Fs(etn)+ [Ken @y, y>x
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where

oo

/"w(w)—sxxnabux

—o0

1

FS (x) = %

On the other side, using the residue theorem and Jordan’s lemma, we get

1 2iM (M x) s m] Ay o 2iMf (i, x) )
ZMO(AY) it | g (o) o | o) = — § ZMOUALY) gy
m/[@@) me TS () e o) ¢

Taking formula (2.17) into account, we can transform this expression to the form

Z 217%(1) l)uk, —My

= O(i)
N 2ip (ikg) A N
=y T (i x)e ™ ==Y mie (il x e MY
;dmm®mg( ) gk( )
N (o]
= _ Z m} | e M) —i—/K(x,t)e*)”"(t”)dt
k=1

If we substitute this value into the left side of (3.3), we provide integral equation (3.1)
and F (x) is defined by the formula (3.2). The theorem is proved. O

4. SOLVABILITY OF THE MAIN EQUATION

The inverse scattering problem deals with the recovery of the coefficient ¢ (x) from
the scattering data of the boundary value problem (1.1)-(1.3). From the identity (2.2),
it is obvious to determine g (x) that it is sufficient to know K (x,7). Therefore, we
suppose that the collection {S A, {iM 3, ,{mk}i\;l} is given and construct the

equation (3.1) on the basis of this collection. In this equation, we can take kernel
K (x,t) as unknown and regard it as a Fredholm-type equation for every fixed x.

Theorem 2. For every fixed x > 0, the main equation (3.1) has a unique solution
K (x,.) € Ly [x,0).

Proof. Let us take g(y) = K (x,y) in the equation (3.1). In order to prove the
unique solvability of the equation, it suffices to verify that corresponding homogen-
eous equation has only null solution:

+/ Flt+y)dt=0,  g(y)€Li[r,e). @.1)

The auxiliary function F (y) in the equation (4.1) has the same properties as the
auxiliary function of the boundary value problem without spectral parameter in the



672 A. COL AND K. MAMEDOV

boundary conditions. Therefore, the operators which appear in this equation are com-
pact (the proof of this fact is similar to that of Lemma 3.3.1 in [18]) and hence we ob-
tain the proof of the theorem by applying Theorem 3.3.1 in [ 18] to equation (4.1). [

Theorem 3. The scattering data of the boundary value problem (1.1)-(1.3) de-
termines potential q (x) in equation (1.1) uniquely.

Proof. From given scattering data {S A, i, {me }, the main equation

(3.1) is established and we find a unique solution K (x,y) for every x > 0 by solving
the main equation with the help of Theorem 2. Thus, we have the kernel K (x,y) of
the Jost solution (2.1) and obtain the potential with

d
q(x)= —ZEK (x,x).
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