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Abstract. In this paper, we introduce the notion of the generalized ternary ring homomorphism
on non-Archimedean ternary Banach algebras. Using fixed point methods, we prove the su-
perstability and generalized Hyers-Ulam stability of generalized ternary ring homomorphisms
on non-Archimedean ternary Banach algebras associated with a Cauchy-Jensen type functional
equation.
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1. INTRODUCTION

The theory of non-Archimedean spaces has many applications in quantum physics,
p-adic strings and superstrings [13]. The methods that are used in non-Archimedean
spaces are essentially different from the classical normed space theory [6,7,9, 15].

We first review the definition of non-Archimedean spaces [24]. Let K be a field.
A non-Archimedean absolute value on K is a function |- |: K — R such that for all
a,b € K we have

(1) |a| > 0 and equality holds if and only if a = 0,
(2) |ab| = |al|bl,
(3) |a+b| <max{|al,|b|}.

Condition (3) is the strict triangle inequality. By condition (2) we have |1| = | — 1| =
1. By induction on n, one can show that |n| < 1 for each integer n. Note that for
n =1 we have |[1| = 1. Let |n| <1 for each integer n. We prove that |n+ 1| <
1. It follows from condition (3) that |n+ 1| < max{|1],|n|} = max{1,|n|} =1. A
non-Archimedean absolute value |- | is non-trivial, i.e., there is an ap € K such that
|aO| ¢ {07 1}
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Let X be a linear space over a scalar field K with a non-Archimedean non-trivial
absolute value |- |. A function |- [|: X — R is a non-Archimedean norm if it satisfies
the following conditions:

(1) ||x]| =0 if and only if x = 0,
(2) ||rx|| = |r|||x|| for all r € K and x € X,
(3) [lx+y[l < max{]|x||, [|y[|} for all x,y € X.

Then (X, || - ||) is called a non-Archimedean space. It follows from condition (3) that
[ — 21| < max{|lxjp1 —xf|: 1 < j<m—1}

for all m > [ and hence a sequence {x,,} is Cauchy in X if and only if {x,+1 — X}
converges to zero in a non-Archimedean space. A complete non-Archimedean space
is a non-Archimedean space that every Cauchy sequence is convergent. A ternary

(associative) algebra (A, [-,-,-]) is a linear space A over a scalar field F =R or C
equipped with a trilinear mapping, the so-called ternary product, [-,-,-]: A X A X
A — A such that it is associative in the sense that [[a,b,c|,d,e| = [a,[b,c,d],e] =

[a,b,[c,d,e]] for all a,b,c,d,e € A. This notion is a natural generalization of the
binary case. Indeed, if (A,o) is a usual (binary) non-Archimedean algebra, then
[a,b,c] := (aob)oc induced a ternary product making A into a non-Archimedean
ternary algebra which will be called trivial. There are other types of non-Archimedean
ternary algebras in which one may consider other versions of associativity. Let A
be a non-Archimedean vector space. Then [a,b,c] = a — b+ ¢ induced a ternary
product making A into a non-Archimedean ternary algebra. A non-Archimedean
ternary Banach algebra is a complete non-Archimedean ternary algebra A which the
norm satisfies ||[a, b, c]|| <|lal|-||b|| - ||c|| for all a,b,c € A.

The first stability problem concerning group homomorphisms was raised by Ulam
[25] and affirmatively solved by Hyers [11]. A generalization of Hyers’ problem
with unbounded Cauchy differences has been considered by Rassias [20], Bourgin
[3], and Gavruta [10]. Moreover, Rassias [19] considered the Cauchy difference
controlled by a product of different powers of norm. In 1994, Gévruta [ 10] promoted
the stability result into a simple form and reinstated the upper bound by a general
control function. This type of stability result accomplished by Gévruta is known
as the generalized Hyers-Ulam stability of functional equation. For the history and
various aspects of stability theory we referto [12,17,21-23].

Bourgin [2, 3] is the first mathematician dealing with stability of the (ring) homo-
morphism f(xy) = f(x)f(y). The stability of the approximate homomorphism, the
approximate generalized homomorphism g(xy) = g(x) f(y), where f is a (ring) homo-
morphism, and the derivation on some suitable Banach spaces was studied by a num-
ber of mathematicians, see [1,5-8, 16, 18] and references therein. Let (A,[-,-,-]) and
(B,[,-,]) be two non-Archimedean ternary Banach algebras. A mapping f: A — B
is a ternary ring homomorphism or a ternary additive homomorphism if f is additive
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and satisfies

F(y,2) = [f(x), f(y), £(2)]

for all x,y,z € A. We introduce the notion of a generalized ternary ring homomorph-
ism between two non-Archimedean ternary Banach algebras A and B as follows. We
say that a function g: A — B is a generalized ternary ring homomorphism if g is an
additive function and there exists a ternary ring homomorphism f: A — B satisfying

g([x,y,2]) = afg(x),g(), f(2)] +Blg(x), £ (), &(2)] +Yf (x),8(y),&(2)]

for all x,y,z € A and o, B,y € R with o+ B+ 7= 1. It is clear that every ternary ring
homomorphism g is a generalized ternary ring homomorphism by taking f = g but
the converse is not true in general. So, our results recover the stability of the ternary
ring homomorphism, see [0, &].

We now mention the following fixed point theorem [14]. Let (X,d) be a gen-
eralized metric space. An operator F: X — X satisfies a Lipschitz condition with
Lipschitz constant L if there exists a constant L > 0 such that d(Fx,Fy) < Ld(x,y)
for all x,y € X. If the Lipschitz constant L is less than 1, then the operator F is called a
strictly contractive operator. Note that the distinction between the generalized metric
and the usual metric is that the range of the former is permitted to include the infinity.
We recall the following theorem by Margolis and Diaz.

Theorem 1 ([14]). Let (,d) be a complete generalized metric space and F : Q —
Q a strictly contractive mapping with Lipschitz constant L. Then for each x € Q,
either
d(F"x,F"x) = oo,
for all m > 0 or there exists a natural number mq such that
(1) d(F™x,F"'x) < oo for all m > my,
(2) the sequence {F™x} is convergent to a fixed point y* of F,
(3) y* is the unique fixed point of F in the set A = {y € Q: d(F™x,y) < o},
@) d(y,y*) < 117d(y,Fy) for all y € A,
Throughout this paper we suppose that (A,[-,-,-]) and (B,[,-,-]) are two non-

Archimedean ternary Banach algebras. For convenience, we use the following ab-
breviations for two given functions f;: A — Band f,: A — B,

Buf (5.3) =mf () = ) = ),

Dfl (x,y,z) = fl([x,y,z]) - [fl (X),fl(y),fl(Z)],
Dfl-,fz(xvyaz) = fZ([x7yvz]) —Ot[fz(x),fz(y),fl(z)]
= BlLaM), A1), 2(2)] =Yf1(x), f2(3), f2(2)]

for all x,y,z € A and o, B,y € R with oo+ +7y = 1, where m is a natural number.
In this paper, using fixed point methods, we investigate the superstability of gen-
eralized ternary ring homomorphisms on non-Archimedean ternary Banach algebras.
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Moreover, we prove the generalized Hyers-Ulam stability of generalized ternary ring
homomorphisms on non-Archimedean ternary Banach algebras associated with the
functional equation

Amf('xvy) =0.

2. SUPERSTABILITY OF GENERALIZED TERNARY RING HOMOMORPHISMS ON
NON-ARCHIMEDEAN TERNARY BANACH ALGEBRAS

In this section we establish the superstability of generalized ternary ring homo-
morphisms on non-Archimedean ternary Banach algebras. We first need to prove the
following lemma.

Lemma 1. Let f: A — B be a mapping.

(1) f is additive if and only if Ay f(x,y) = 0 for all x,y € A and all natural
numbers m # 2,
(2) f is additive if and only if f(0) =0 and Ay f (x,y) = 0 for all x,y € A.

Proof. (1) Since m # 2, it follows from A,, f(0,0) = 0 that £(0) = 0. So, f(x) =
L #(mx) for all x € A. On the other hand, A,, f (mx,my) = 0 for all x,y € A. Therefore,
f is additive. The converse is obvious.

(2) It follows from A,f(x,0) = O that f(x) = 1f(2x) for all x € A. Since
Arf(2x,2y) = 0 for all x,y € A, we conclude that f is additive. The converse is
obvious. U

In the following two theorems we provide the conditions which give the supersta-
bility of generalized ternary ring homomorphisms on on non-Archimedean ternary
Banach algebras.

Theorem 2. Let f1: A — B and f>: A — B be two mappings for which there exist
some functions @: A — [0,00) and y;: A> — [0,00) such that

[Anfi(x,y)[| < max{@(x),e(y)}, (2.1)
1D, (x, 3, 2) || < Wi (x,3,2), (2.2)
I1Df.f, (6,3, 2) | < W2 (x,,2) (2.3)

forall x,y,z € A, i € {1,2}, and all natural numbers m > 2. If there exists a constant
0 < L < 1 such that

@(mx) < |m|Lo(x), 24)
Wi(mx,my, mz) < m*Lyi(x. y.2) (2.5)
forall x,y,z € A, then f, is a generalized ternary ring homomorphism.

Proof. It follows from (2.4) and (2.5) that

1
lim —@(m"x) =0, (2.6)

5
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Jm Bl

y;(m"x,m"y,m"z) =0 2.7)

for all x,y,z € A. By (2.6), lim,,_,, ﬁ(p(O) = 0. Hence, @(0) = 0. Lettingx=y =0
in (2.1), we get ||(m—2)£;(0)|| < ¢(0) = 0. Since m > 2, f;(0) = 0.

Let Q be the set of all mappings g: A — B and define a generalized metric on €2
as follows

d(g,h) = inf{zr € (0,00): [|g(x) —h(x)[| <10(x), x € A}.

It is easy to show that (Q,d) is a generalized complete metric space [4]. Consider the
mapping F: Q — Q defined by (Fg)(x) = %g(mx) forall x € A and all g € Q. Let
d(g,h) <tforg,h € Qandt € (0,0). Then

[lg(x) = ~(x)[| < re(x) (2.8)

for all x € A. Replace x by mx in (2.8) to find that ||g(mx) — h(mx)|| < t@(mx) for
all x € A. Using (2.4), we get || g(mx) — Lh(mx)|| < Ltg(x) for all x € A, which
implies d(Fg,Fh) < Lt. Therefore, d(Fg,Fh) < Ld(g,h) for all g,h € Q, that is, F
is a strictly contractive mapping of Q with the Lipschitz constant L. Putting y = 0 in
(2.1), one has

I fi(2) = fi(x) | < max{o(x),0(0)} = o(x) 2.9)

for all x € A. Replace x by mx in (2.9) and divide both sides by |m| and then use (2.4)

to derive
1 1
10) = om0 < re(ms) < L)
for all x € A. So, d(f;,F fi) < L < eo. It follows from the fixed point alternative that
there exists a fixed point H; of F in  such that

C 1
H;(x) = lim ﬁfi(mnx) (2.10)
for all x € A, since lim, . d(F" f;, H;) = 0. On the other hand, it follows from (2.1),
(2.6) and (2.10) that
1

Al = fim A i) |

< Tim —— max{@(m"x), p(m"y)} = 0.

=

Hence, A, H;(x,y) = 0 for all x,y € A. This means that H; is additive. Using (2.2),
(2.7) and (2.10) one can deduce

1Dy (x,3,2) 1| = [|H ([x,3,2]) = [H1 (x), i (v), Hi (2)]

= lim —\| fi ([m"x,m"y,m"z]) — [fi(m"x), fi (m"y), f1(m"z)]

N—so0 ‘m’3n




416 I. NIKOUFAR

< lim

< m W\pl (m"x,m"y,m"z) = 0.

So, Hi([x,y,2]) = [H1(x),H:(y),H:(z)] for all x,y,z € A. Therefore, H, is a ternary
ring homomorphism. Using (2.3), (2.7) and (2.10) one can also deduce

fz([m"x, mny’ mnz]) - a[fQ(mnx)7f2(mny)7f1 (mnz)]

Hy([x,y,2]) — a[Ha(x), Ha(y), Hi (2)]

1Dty s (5,3, 2) | = '

— BlHa(x), Hi (y), H2(2)] = YIH1 (x), Ha(y), H2(2)]

1
= lim —
T

—Bla(m"x), f1(m"y), fo(m"2)] —¥[f1(m"x), f2(m"y), f1(m"z)]

.1
= jim m[3n Dy, 1, (m"x,m"y,m"z)||

o
< him [

Yo (m"x,m"y,m"z) = 0.
This indicates that

Hy([x,,2]) = a[Ha(x), Ha(y), Hi(2)] + B[H2(x), Hi (), Ha(2)]
+V[Hi(x), Ha(y), Hi(2)]

for all x,y,z € A. Therefore, H; is a generalized ternary ring homomorphism.
Set x =01in (2.1) to find that

Imf(2) = £ < 9(0) = 0.
1

This implies f(y) = - f(my) for all y € A. According to the fixed point alternative H;

T m
is the unique fixed point of F in the set

Ai={gecQ:d(f,g) <o},

where i € {1,2}, so H; = f;. It follows that f is a ternary ring homomorphism and
/> is a generalized ternary ring homomorphism. U

The proof of the following theorem is similar to that of Theorem 2, if we define
the mapping F: Q — Q by (Fg)(x) = mg(3;) forallx € Aand all g € Q.

Theorem 3. Let f1: A — B and f,: A — B be two mappings for which there exist
some functions @: A — [0,00) and y;: A3 — [0,00) such that ¢(0) = 0 and satisfying
(2.1), (2.2) and (2.3). If there exists a constant 0 < L < 1 such that

X 1

@(;) < ‘m—|L<p(X),
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Xy z 1
(= = 2)< —L
vil o) < pE WX, Y,2)
forall x,y,z € Aandi € {1,2}, then f, is a generalized ternary ring homomorphism.

Remark 1. A generalized ternary ring homomorphisms on a non-Archimedean
ternary Banach algebra associated with the functional equation A, f(x,y) = 0 is su-
perstable with an additional assumption f(0) = 0.

Corollary 1. Let A, p, and s be non-negative real numbers and f1: A — B and
f2: A = B be two mappings such that f;(0) =0 and

[[Amfi(x, y) || < Amax{{[|x[|”, [|y[|”},
1D, (2,3, 2) [ < Ml [yl [|z]]*
1D s (3, ) < AP llyl* Iz
forall x,y,z € A and i € {1,2}, where m > 1 is a natural number. Then each of the
following two conditions asserts that f, is a generalized ternary ring homomorphism.
(1) p>1and3s—p>2,
2) p<land3s—p<2.

Proof. Define
@(x) = Allx]”,
Vilx,y,2) = ALyl |zl
for all x,y,z € A and i € {1,2}. If part (i) holds, then choosing L = |m|"~! and

applying Theorem 2, we get the desired result. If part (ii) holds, then the result
follows from Theorem 3 by letting L = |m|' 7. O

3. STABILITY OF GENERALIZED TERNARY RING HOMOMORPHISMS ON
NON-ARCHIMEDEAN TERNARY BANACH ALGEBRAS

In this section we consider the generalized Hyers-Ulam stability of generalized
ternary ring homomorphisms on non-Archimedean ternary Banach algebras. In the
following two theorems we give the conditions which imply the stability of general-
ized ternary ring homomorphisms on non-Archimedean ternary Banach algebras.

Theorem 4. Let fi: A — B and f,: A — B be two mappings for which there exist
some functions @: A% — [0,00) and y;: A> — [0,00) such that

[Anfi(x,9)] < 0(x,y), (3.1)
||Df1 (x,y,z)H < Wl(xayaz)a (32)
Hthfz(x’va)” < WZ(xayaZ) (33)

forall x,y,z € A, i € {1,2} and all natural numbers m > 2. If there exists a constant
0 < L < 1 such that

Q(mx,my) < |m|Lo(x,y), (3.4)
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Wi(mx7my7mz) < ‘mPL\lfi(x7y7Z) (35)
for all x,y,z7 € A, then there exist a unique ternary ring homomorphism Hy: A — B
and a unique generalized ternary ring homomorphism Hy: A — B such that

1) = Hi @] < 727 9(5,0), (6

126) ~ Ha0) | < 120050 (37)

forall x € A.
Proof. It follows from (3.4) and (3.5) that

: n n _
) 1
r}gr;lo Wq}i(mnx,m"y, ng) =0 (39)

for all x,y,z € A. By a similar argument as in the proof of Theorem 2 we conclude
that f;(0) = 0. Define a generalized metric on Q, the set of all mappings g: A — B,
as follows

d(g,h) = inf{t € (0,00): [[g(x) = h(x)[| <19(x,0), x € A}.

The space (Q,d) is a generalized complete metric space [4]. Let F: Q — Q be a
mapping, given by (Fg)(x) = Lg(mx) for all x € A and all g € Q. The same method
as in the proof of Theorem 2 shows that F is a strictly contractive mapping of Q with
the Lipschitz constant L. Put y = 0in (3.1) and apply (3.4) to obtain

1
1o fi(mx) = fi(x)|| < Le(x,0) (3.10)
for all x € A. Thus, d(f;,Ff;) <L < e. From the fixed point alternative it follows
that there exists a fixed point H; of F in Q such that lim, .. d(F" f;,H;) = 0, so
o1
H;(x) :,}gg ﬁf,(m”x) (3.11)
for all x € A. Now, by (3.1), (3.8) and (3.11) we conclude that

. 1
IG5 = Jim A i )|

1
< .[“ _— n n =
< 31_}00 |m|n(p(m x,m"y) =0

for all x,y € A and so H; is additive. The definition of Hy, (3.2) and (3.9) imply
|1Dg, (x, 3, 2)|| = [ Hi ([x, ,2]) — [H1 (x), Hi (v), Hi (2)]]]

~ lim ‘mlp L (fx,my, m'2]) — L (), £ ') o (2) |

n—oo
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= lim [mp7 Dy, (m"x,m"y, m"z) |

< Jim jmpn V1 (m"x,m"y,m"z) =0

for all x,y,z € A. Therefore, H; is a ternary ring homomorphism. The definition of
H>, (3.3) and (3.9) imply

1D 1 (5,3, 2) | = |[Ha (3. ) = Ol (), Ha ), H (2)] = B ), H (3), Ha(2)
—Y[H) (), Ha (). H 2

1
= lim —«-
N—soo ’m|3n

fz([mnxamnyv mnz]) - Oc[fz(m"x),fz(m"y),f] (mnz>]

= BL(m"), 1), f2(m"2)] = YLFi ("), fo ("), fo("2)] |

= r}l_r)l;lo W 1Dy, g, (m"x,m"y,m"z) |

< Jim WW(’”"W”"% m'z) =0

for all x,y,z € A. Therefore, H, is a generalized ternary ring homomorphism. The
fixed point alternative yields H; is the unique mapping such that

1/i(x) = Hi(x) || < 19(x,0)

for all x € A and ¢ > 0. Again using the fixed point alternative, we get

1 L
d(fi,H;) < ﬁd(ﬁnyi) < 1-L
and so we deduce that

L
1 fi(x) = Hi(x)[| < E(P(xyo)
forall x € A and i € {1,2}. This completes the proof. O

Theorem 5. Let fi: A — Band f,: A — B be two mappings with f;(0) =0 for
which there exist some functions @: A% — [0,00) and y;: A3 — [0,0) satisfying (3.1),
(3.2), and (3.3). If there exists a constant 0 < L < 1 such that
1
(

y
)< —
,m) < |m|L<p(x,y),

S

3=

W,’( [

3=
3 [

1
) < WLWi(xayvz)

3=



420 I. NIKOUFAR

forall x,y,z € A and i € {1,2}, then there exist a unique ternary ring homomorphism
Hi: A — B and a unique generalized ternary ring homomorphism Hy: A — B such
that

1)~ Hi()l| < - 0(x,0)
for all x € A.
Proof. Define (Fg)(x) := mg(=.) for all x € A and g € Q and apply then a similar
method as in the proof of Theorem 4 to get the desired result. O

In the following two theorems we show that Theorems 4 and 5 hold for the case
where m = 1,2.

Theorem 6. Let fi: A — B and f,: A — B be two mappings for which there exist
some functions @: A% — [0,00) and y;: A> — [0,0) satisfying (3.2), (3.3), and

AL ()] < 0(x, y). (3.12)

If there exists a constant 0 < L < 1 such that
©(2"x,2"y) < [2|"Lg(x,y), (3.13)
Wi(2'x,27y,2"2) < 2] Lyi(x,y,2) (3.14)

forall x,y,z € Aand i € {1,2}, then there exist a unique ternary ring homomorphism
Hi: A — B and a unique generalized ternary ring homomorphism Hy: A — B such
that

17
L=

(x) — H. < _ -
Hfl(x) l(x)H — |2|(1_L)(p(x7x)
forall x € A, where r € {—1,1}.
Proof. Letr € {—1,1}. It follows from (3. 13) and (3.14) that

(p(znrx7 onr ) _ hm wi(znrx’ 2nry7 anZ) =0

’2‘3nr
for all x,y,z € A. Let Q be the set of all mappings g: A — B and define

d(g.h) = inf{t € (0,%0): [|g(x) — h(x)]| < ro(x,x), x € A}.
Clearly, (Q,d) is a generalized complete metric space. Define F: Q — Q by
(Fg)(x) = %g(Z’x) for all x € A and all g € Q. Letting x =y in (3.12) and applying
(3.13), we get

1—r

I i(2%) - f,~<x>||<L‘2| 9(x,)

for all x € A. Thus, d(f;,F f;) < L|22| < oo, The fixed point alternative implies there

exists a fixed point H; of F in Q such that lim,Hoo (F"fi,H;) =0, so

H;(x) = llm—fl(Z’" )

n—oo QNI
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for all x € A. By a similar method as in the proof of Theorem 4 one can show that H;
is a ternary ring homomorphism and H; is a generalized ternary ring homomorphism.
It follows from the fixed point alternative that H; is the unique mapping such that

L'
1—-L

1
d(fi,H;) < ﬁd(finfi) <

and so we find that

1—-r
L7
1100~ ()| < 7= o)
forall x € A and i € {1,2}. This completes the proof. O

Theorem 7. Let fi: A — B and f,: A — B be two mappings with f;(0) =0 for
which there exist some functions @: A% — [0,00) and y;: A> — [0,0) satisfying (3.2),
(3.3), and ||Axf (x,y)|| < @(x,y). If there exists a constant 0 < L < 1 such that the
inequalities (3.13) and (3.14) hold, then there exist a unique ternary ring homo-
morphism Hy : A — B and a unique generalized ternary ring homomorphism Hy : A —
B such that

L%
1fi(x) = Hi(x) ]| < E<P(x70>
forallx € A, wherer € {—1,1} and i € {1,2}.
Proof. The proof is similar to the proof of Theorems 4 and 5 for m = 2. O

Corollary 2. Let A,,&, p,q,s, and t be non-negative real numbers with
max{2q,s —2,3t —2} < p < I.
Let fi: A — Band f>: A — B be two mappings with f(0) =0 and
[ AnfiCe V)T < AAn(lxll” + [ 117) + Gl ][],
1Dy (e, v, 2)[| < A+l + Iyl =+ 112l1*) + &l el [l
1D, (6,3 D)1 < AAn (Il + I+ 1zl1) + &l [yl [zl

for all x,y,z € A, i € {1,2}, and all natural numbers m. Then there exist a unique
ternary ring homomorphism Hy: A — B and a unique generalized ternary ring ho-
momorphism Hy: A — B such that

Hmm—muNS{2@?;”“+MWV+QMWLMZL
T A7), m > 2
for all x € A.
Proof. Define
@(x) == A+n([x[l”+ [y [17) + &l ]y]17,
i,y 2) == Al + 111+ lzl1) + Il 1=l
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for all x,y,z € A and i € {1,2}. The proof falls naturally into three parts. For m = 1
and m = 2, apply Theorems 6 and 7, respectively by letting r = —1 and L = |2|'~7.
If m > 2, choose r = —1 and L = |m|'~? and apply Theorem 5 to get the desired
result. U

Corollary 3. Letm,&,p,q,s, and t be non-negative real numbers with
1 < p <min{2q,s—2,3t —2}.
Let fi: A— Band f>: A — B be two mappings such that
[1Am fiGe V)T < M (llell? 4 [ [17) + &l el ][],
1D (x, 3, 2) | < (el 11+ [12[1) + Sl 1 1=]F
1Dz (6, 3 2) I < MUl + 111+ [1z2]*) + &l el [l

for all x,y,z € A, i € {1,2}, and all natural numbers m. Then there exist a unique
ternary ring homomorphism Hy: A — B and a unique generalized ternary ring ho-
momorphism Hy: A — B such that

1 2
st (2| [x] [P +Elx][*), m =1
A ’ ’
i _Hl S b=
1£i(x) = Hi(x) { 1P, m > 2.

1—[m[p—1

Proof. Define
@(x) == n(llxll” 4 [[y[I7) + &l el 1] [v[1%
vi(x,y,2) =+ I+ 1) + &yl [zl
for all x,y,z € A and i € {1,2}. The proof divides into three parts. For m = 1 and
m = 2, the result follows from Theorems 6 and 7, respectively by choosing » = 1 and
L=2|P~L. For m > 2, it is sufficient to choose r = 1 and L = |m|P~! and then apply
Theorem 4 to get the desired result. ([l

We note that when p =1 in Corollaries 2 and 3, the stability result does not hold.
Since in this case we have L = 1 and the condition 0 < L < 1 in Theorems 6 and 7
does not fulfill.
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