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Abstract. In this paper, we give an identity involving Riemann—Liouville fractional integrals and
partially differentiable function of two variables. Then, we use the newly established identity and
prove some new Newton’s type inequalities for differentiable co-ordinated convex functions. We
also recapture some existing inequalities and obtain some new inequalities in the special cases
of newly established results. Furthermore, we present an example with graphs to illustrate the
obtained main result.
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1. INTRODUCTION

The Hermite—Hadamard and Simpson’s type inequalities have been studied widely
in recent years. Simpson’s inequalities are inequalities that are created from Simpson’s
following rules:

i. Simpson’s quadrature formula (Simpson’s 1/3 rule):

b—a

[ s tet @ ar (“57) +s0)].

ii. Simpson’s second formula or Newton-Cotes quadrature formula (Simpson’s
3/8 rule):

[ rea=tg raesr (257) +ar (457 +r0)]

Simpson’s second rule has the rule of three-point Newton-Cotes quadrature, hence
evaluations for three steps quadratic kernel are sometimes called Newton-type results.
These results are known as Newton-type inequalities in the literature. Many mathem-
aticians have been investigated to Newton-type inequalities. For instance, Gao and
Shi investigated Newton’s type inequalities to the case of functions whose second
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derivatives are convex in the paper [4]. Erden et al. established some error estimates
of Newton-type quadrature formula by bounded variation and Lipschitzian mappings
in [3]. Newton’s type inequalities for quantum differentiable convex mappings were
given in the paper [1]. Luangboon et al. established Newton-type inequalities by
post-quantum integrals in the paper [ 1]. In addition, Noor et al. gave Newton’s type
inequalities based on harmonic convex and p-harmonic convex functions in [13] and
[14], respectively. The reader is referred to [7,8, 12,21] and the references therein for
more information and unexplained subjects about Newton’s type inequalities includ-
ing convex differentiable functions.

Fractional calculus has grown in popularity in recent years. Because of the signi-
ficance of fractional calculus, mathematicians have investigated different fractional
integral inequalities. Riemann-Lioville fractional integrals are the most commonly
used integrals among fractional integrals. Sarikaya et al. presented some inequalit-
ies of Hermite—Hadamard type and trapezoid type by using the first time generalised
the Riemann-Liouville fractional integrals in [18]. Ostrowski-type inequalities using
Riemann-Liouville fractional for differentiable functions are investigated in the pa-
per [20]. Iscan and Wu proved Hermite—Hadamard type inequalities to the case of
harmonic convexity in the paper [9]. Sarikaya and Yildrim presented new Hermite—
Hadamard type inequalities and midpoint type inequalities via Riemann—Liouville
fractional integrals in [19]. Chen and Huang investigated to 1/3 rule type inequality
for s-convex functions involving Riemann—Liouville fractional integrals. Moreover,
several fractional Simpson type inequalities were investigated to functions whose
second derivatives in absolute value are convex in the paper [6]. The reader is referred
to [2,15,16,22] and the references therein for further information about Simpson type
inequalities and varied properties of Riemann—Liouville fractional integrals and vari-
ous fractional integral operators.

2. PRELIMINARIES

In this section, we present the basic definitions and facts about the Riemann—
Liouville integrals for one and two variables.

Definition 1 ([5, 10]). Let us consider that f € L, [a,b] is a function and o > 0
and a > 0. Then, Riemann-Liouville fractional integrals J%, f (x) and J)* f (x) are
defined as follows:

0= i [ 0" O x>

and

b
J;;‘f(x)zr(la)/x (=0 f(O)dt x<b.

Here, I is the well-known Gamma function.
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Definition 2 ([17]). Let f € L; (A= [a,b] X
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[c,d]) be a function and o, 3 > 0 and

a,c > 0. Then, Riemann-Liouville fractional integrals J f . +,J3f de ,+J°Lf . and

];x;ﬁ 4— on co-ordinates are described as follows:

I flxy) = / / )4 (r—)P 1 £ (1,5) dsdr,
I8 ) = rm$w$//u—wH@—w“Vmwmm

by
I twn) = g [ -0 =9 rlesdsar

C
-];(,xfd_ (x>y) =

where I is the well-known Gamma function.

3. AN IDENTITY

b d
Fw;ﬂﬁ//h_”q%*WWIfMﬂwm

x>a,y>c,

x>a,y>d,

x<b,y>c,

x<b,y<d,

In this section, we prove an identity which help us to obtain the main results of

this paper.

Lemma 1. If f: A — R is a partially differentiable function on A°, then the fol-

lowing Riemann—Liouville fractional integrals identity hold:

@06,[3 (a,b;c,d) (b a _c ZIH

where
@0573 (a,b;c,d) — [f(a,c)—|—f(a,d)64;f(b,c)+f(b,d)}

3 c+2d 2c¢+d
(55 (55 ) e (355w (o

3 2a+b 2a+b a+2b
G f( e (35 5) o (57 o (5

9 a+b 2c+ 2a+b c+2d +2b
Tea |l 3 3 >+f( 373 >+f<
+f<a+2 c+ >} 3F OH—I [bf( ZC;_d>_|_J°°f<7C 2d>

3.1

(3.2)

=)

~)
>
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IS [ (b, W) vy <b, "“dﬂ - T e ) I8 f(ad)

3 3 16(b—a)
HIEF (b,)+ I f (b,d)] fg((fm[fﬁf@’; L) i (M52 )
2a+b a+2b B+1 B flac .
+f< > < )] 16(d — [Jd‘f( )+ieed (@)
I F b.0)+IE f (b,d)| + Z((““))f(f t;ﬁ[ (@) fad)

Ja+Bd,f <b7c)+‘]a+,c+f (b7d):| 9

h= ][0 (P - ousas, =[] ~1) (P-]) Q) dsar,
B[4 (P - )ousad, b=~ ]) (P~} Q)b
szfﬁ“—b(ﬁ—é)ﬂvxmmﬂ &:jfﬁ“—®<ﬁ—;ﬂunwmm,
L= 1= (P Dosasa, =[]~ ]) (P-]) 20,
=] ] 0= 1) (P 3 ) dsr,
and .
2 2
Qt,s) = aaf(tb—i—(l—l‘)a,sd—l-(l—s)c) aaf(tb—i—(l t)a,sc+ (1 —s)d)
2 2
~ 35 (ta+(1—1t)b,sd+(1—s)c)+ aaa f(ta+(1—1)b,sc+(1—s)d).

Proof. From the fact of the fundamental rules of integration by parts, we obtain

= oaaat 7-5) Gs) P (525

2a+b c+2d a+2b 2c+d a+2b c+2d
+f , +f : + (55

Ao 2
A DI oo (=2 r(s524)
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1 [ (a c>+f<a )+ f(b,c)+ f (b.d)]

54
—a<31B > {(tb—#(l—t) ;d>+f<tb+(1—z)a,c+32d>
+f(ta+ ZCJF >—|—f<ta—|—(1—t)b,c+32d>}dt

®|

O\w\—

(O Hf b+ (1 —t)a,c)+ f(th+ (1 —1)a,d) + f (ta+ (1 —1) b,c)

wl—

3% 8 3

w (2 e (1=9)a) 47 (S (1= )+ (R e (1-9)a) o

o ot (=0 b (553 ) [0 |7 (P52 s+ (1-0)c)
0

[ 1 @sd+ (1 =9)0)+ f @se+ (1=s)d)+ £ (b,sd+ (1 =5)c)
0

+f(b,sc+ (1—1s)d)]ds
+0c[3//t°‘_1sﬁ_1[f(thr(l—t)a,sdJr(lfs)c)+f(tb+(1—t)a,sc+(1—s)d)
00
+f(ta+(1t)b,sd+(1s)c)+f(ta+(lt)b,sc+(ls)d)]dsdt}. (3.3)
Similarly, we get
1 pL | 11 2a+b 2c+d
Iz(b—a)(d—c){( 3 ><3as> {f( 33 >

+f<2a+b c+2d) +f(a+2b 2c+d)+f(a+2b c+2d>}

T3 3 7 3 3 7 3
1 [2P— 2c+d c+2d 2c+d c+2d
o (B (o257 o (o 52 (025 e (52
oc<13B2 >O/t (tb+(1—t) 2C;d> +f<tb+(1—t)a,c+32d>

+f (ta—I— (1—-10)b Zc+d> +f(ta+(1—t)b,c+32d)] dr

+
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L 2) [ s (00

1

(=3,
(

3

sd+ (1) )+f( 2

a+2b

: scm_s)d)}ds

_|_

f

_g/sﬁ—l [f (a,sd+(1—s)c)+ f(a,sc+(1—s5)d)+ f(b,sd+(1—s5)c)
+f(b,sc+(1—s)d)]ds

+af

o\w\~

/t“’lsﬁ’l [f (th+ (1 —1)a,sd+(1—s)e)+ f(tb+ (1 —1)a,sc+ (1 — s)d)

+f(ta+(1—1)b,sd+(1—s)c)+ f(ta+ (1 —1)b,sc+ (1 —s)d)]dsdt}, 3.4

a6 6)) G b (5 55)

+f(Za—&-b c+2d> +f(a+2b 2c+d> <a+2b c+2d

3 |
(i @) ) ) s 025) 0552
AP (50 (2 (52

+ [f(a0)+f(a,d)+f(b,c)+f(b,d)]

2l -

+“<(§)B—;> Zt“‘l [f <tb+(1—t)a, ZC;d> +f(tb+(1—t)a,c+32d)

+f <ta+(1—t)b, 2c3+d> +f(m+(1—t)b +32d>} dr

1
3

_%/;OH [f(tb+(1—1t)a,d)+ f(tb+ (1 —t)a,c)+ f (ta+ (1 —1)b,d)

+f(ta+(1—1)b,c)]dt
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1
D) P o) (-

3

+f (“Ezb,sdﬂl—s)c) +f<“+32b,

1
—g/sﬁf1 [f(a,sd+ (1=s)c)+ f(a,sc+(1—s5)d)+ f (b,sd+ (1 —s)c)

sc+(1—s)d>} ds

+f(})7sc+(1 —s)d)]ds

W=

+a5// (B[ f (b + (1= 1) aysd + (1= s)¢) + f (th+ (1 =)@, s¢+ (1 — 5)d)

3

—|—f(ta+(1—t)b,sd—|—(1—s)c)+f(ta+(1—t)b,sc—|—(1—s)d)]dsdt}, (3.5)

I 21\ (1 1 2a+b 2c+d 2a+b c+2d
vt ) (5w PO o (357 5)

(b
n a+2b 2c+d n a+2b c+2d
373 3 7 3

201 2a+b 2a+b a+2b a+2b
() [ (B57) + (3500 e (50) +s (579
(31[5 ;)/: [ (tb+ 1—1)a, C;rd>+f(tb+(1—t)a,c+32d)

2C+d> +f(ta+(1 —t)b,czzd)] dr

t“ Yfb+ (=0 a,d)+ f(tb+(1—t)a,c)+ f (ta+ (1 —1)b,d)

+

1
8

Q

+f<ta+

|
®|Q
w"—\ww

+f(ta+(1—1)b,c)|dt

1
3

_B<20c_1>0/sB 1{f<2a;b7sd+(l_s)c>+f(2a3+

+f<a+32b,sd+(1—s) >+f< 2 sc+(1—S)d>}ds

b,sc+(1—s)d>
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21

-I-Ocﬁ//t“*lsﬁfl [f(tb+(1—t)a,sd+(1—s)c)+f(tb+ (1 —1)a,sc+ (1 —s5)d)

10
3

+f(@ta+(1—1)b,sd+ (1 —s)c)+ f(ta+ (1 —1)b,sc+ (1 —s)d)]dsdt}, (3.6)

(b_a;(d_c){ <2°ﬂ3g1) (2;1) [f(Za;—b)Zc;—d) +f(2a3—|—b7c+32d>

a+2b 2c+d a+2b c+2d
(5 (55

2B 2 2
—a 3B> t‘“ ( +(1-1)a c+d)+f th+(1—1t)a c+ d>

+f<ta—|— l—z)b, ) (ta+ (1-1)b C+32d)]
2
21\ [ 5, 2a+b 2ath
30 /s ysd+(1—s)c 3 (1—s5)d
1
3

+f<“+2b sd+(1—s) )+f<“+2b +(1s)d>}ds

u‘_\ww w

'@

Wi

+ocB// PN (tb+ (1= 1) a,sd + (1 —5)¢) + f (tb+ (1 — 1) a,sc+ (1 —5) d)

3 3

+f(@ta+(1—1)b,sd+ (1 —s)c)+ f(ta+ (1 —1)b,sc+ (1 —s)d)]dsdt}7 3.7

ot (=) () -5) b (5 55)

2a+b c+2d a+2b 2c+d a+2b c+2d
+f 3 +f 3 7 3 +f 373

1 2°u1 2a+b 2a+b a+2b a+2b
s () (7)o () oo (552 o (5579))

—%/t“_l[f(tb+(1—t)a7d)+f(tb+(l—t)a,c)+f(ta+(l—t)b,d)

+f(ta+(1—1)b,c)]dt

W
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+a<(§)ﬁ—;> /%t‘“ {f (tb+(1 —t)a, ZC;—d) +f(tb+(1—t)a7c+32d>

+f(ta+(1—-1)b, 2c+d> +f(ta+(1 _t)b7c+32d)] dr

(
—6(2“3;1)fsﬁ1 {f(za;—b,sd—&—(l—s) >+f( 2a+b sc—i—(l—s)d)
( ;

W

3 ,sd—l—(l—s)c) —|—f(a—;2b

,s¢+ (1 —s)d)} ds

i
Jr(xﬁ//t“_lsB_I[f(tb+(17t)a,sd+(1—s)c)+f(tb+(lft)a,sc+(lfs)d)
+f(ta+(1—1)b,sd+ (1 —s)c)+ f(ta+ (1 —1)b,sc+ (1 s)d)]dsdt}, (3.8)

st~ (73) () -5 P (5 557)

+f<2a+b,c+2d> +f<a—|—2b726+d>+f(a—|—2b’c—|—2d)]

3 3 3 3 3

A 2o 25 52
(R (252 r(520)]

[f (a,e) + f(a,d) + f (b,c) + f (b, d)]

o) \

OO\»—-

+

2l -

OO\Q

1
/t‘“ fb+(1—1t)a,d)+ftb+(1—1t)a,c)+ f(ta+(1—1)b,d)
+f(ta+(1—1)b,c)]dt
1
( )2/t c+2d)

<tb+1t 3 >+f<tb+(1t)a, 3

I
+f<ta+(l—t)b 2 ;d> +f<ta+(1—t)b ngdﬂdt

b((5) ) o) (-0
0

2c+d
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—|—f<a+32b,sd—|—(1—s) >—|—f<a+2b sc—|—(1—s)d> ds

1 §
// B F(tb+ (1=t a,sd+ (1= s)c) + £ (th+ (1 —1t)a,sc+ (1 — s)d)
20

+f(ta+(1—t)b,sd+ (1 —s)c)+ f(ta+ (1 —1)b,sc+ (1 s)d)]dsdt}, (3.9)

261 7 2a+b 2c+d
Ig -9 f ’
3B 8 3 3
2a—|—b c—|—2d a—|—2b 2C+d a+2b c+2d
+f +f 33

pL | 2c+d c+2d 2c+d c+2d
m w 3 >+f<a,3>+f<b’3>+f<b, )

c+2d
3

+

1
8

)+f<tb+(1—t)a,

2¢+ 2
+f(ta+(1—1)b C3 d) (ta+ (1-1)b C+3 d)]dt

<
(YD) [0 (-0
<

at2b ysd+(1—s c) < at2b ,s¢+ 1—s)d)}ds

|
Q
Ve PN
[\)
) @
=
v
LIS
w_
Q
L e—|
\
/\
|
=

/sﬁfl [f (a,sd+ (1 =s)c)+ f(a,sc+(1—s5)d)+ f (bysd+ (1 —s)c)

+f(b,sc+(1—s5)d)]ds

2
3

+OL[3// (01 B l[f(tb—i—(l—t)a sd+(1=s)c)+f@b+(1—1t)a,sc+(1—s5)d)

3 3
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+f(@ta+(1—1)b,sd+ (1 —s)c)+ f(ta+ (1 —1)b,sc+ (1 —s)d)]dsdt} (3.10)

and

st ()3 (6 D5 25)

<2a+b c+2d> f(a—|—2b 20+d> f<a+2b c—|—2d)

)-
o5 |
(G () s (257 o (55
() D)2 () o (5522 (529)]

[f (a,c)+ f(a,d)+ f (b,c) + f (b,d)]

= w

1
T
+0c<(§) —Z) Z/t“' [f <tb+(1 —1)a, 2c:d> +f(zb+(1—t)a,czzd)

B 1
+f (ta—|—(1 —1)b, 2C;rd> +f<ta+(l —t)b,c+32d>} dr

e+ (1 —t)a,d)+ f(th+ (1 —1t)a,c) + f (ta+ (1 1) b,d)

©| Q

I
—_

+f(ta+(1—t)b c)]dt

(D o (s
(S w100 (2 -
Ej fla,sd+(1=s)c)+ f(a,sc+ (1 =s)d)+ f (b,sd + (1 s)c)
f(zs + (1 —=s)d)]ds

+a //oc 1B 1 fb+(1—1t)a,sd+(1—s)c)+ f(tb+(1—t)a,sc+ (1 —s)d)

+f(ta+(1—t)b,sd+(l—s)c)+f(ta—|—(l—t)b,sc—i—(l—s)d)]dsdt}. (3.11)



836 F. HEZENCI, T. TUNC, H. BUDAK, AND M. A. ALI

By adding the equalities (3.3)—(3.11) and by using the change of the variable, it can
be rewritten as follows:

;n CEDICED) { 116 [f (a,c)+ f(a,d)+ f (b,c)+ f (b,d)] (3.12)

[f <a,2C;’rd) +f<a, C‘J;Zd) +f<b, 2C;rd) +f<b, c+32d)]
n 136 [f<2a3+b >+f<2a+b d> +f<a4;2b,c) +f<a+32b,dﬂ
9

+B f(2a3—|—b72c+d>+f<2a—|—b’c—|—2d) +f<a+2b,2c—|—d>

3 3 3 3 3
+f(a—;2b7c+32d>} :;1;150:—1)1) {J(x f( ZC;-d) +J;}_f<a,c+32d)
+f( 2c+d> +f< c+2d)]

_w VS (@) + T f (a,d) + T3 (b, 0) 0 £ (o)

O (%) o (5] (252

+f(aJrzb d)] _4((5_"’_;)%[Js_f(a7c)+Jf+f(a,d)+Js_f(b &)+ 1 (b,)]

Fa+1)T(P+1)
+
(b—a)*(d—c)®

e Baf )+ P )+ b0+ I (m)]}.

Multiplying the both sides of equality (3.12) by (b_a)ztﬁ, equality (3.1) is obtained.
This finishes the proof of Lemma 1. 0

4. NEWTON INEQUALITIES FOR RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

In this section, we will give fractional Newton-type inequalities in the case of
differentiable co-ordinated convex function.

== | IS
co-ordinated convex function, then we obtain the following inequality

08 (a.bre.d)| < LI g1 (0) 03 (00 + 3 (@) o1 (B) + 0 (B) + 3 (B)]
*f > f > f 9’ f
><Hasat(a,c)‘—&—‘m(a,d)‘—i—‘m(b,c)‘ 3500 (b, a’)H

“4.1)
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where
1
3 i
1 2n (1yIt+q 1 1
o1 (n) =S| —gfdr = (5) "+ G — o
2
? 1 AR L S O s
(P2(ﬂ):~lf"n_§‘dt:n%1(§) "t T T
3
1 1
- Tl dqr — 20 (7\1*+7 | 2ty 35
®s (n)—{‘tn—g|dt—n—&(§) (n+fg3n+1 T 240
3
and OB (a,b;c,d) is given in equality (3.2).
Proof. If we take absolute value of (3.1), then the following inequality holds:
b—a)(d—c)
0% (a,b:c.d ‘<(— L. 42
e S ML (42)

2
From the fact that ’%’ is co-ordinated convex function, we have

y 2
zu—l‘ ’sﬁ Haaa Fltb+(1

—t)a,sd+ (1 —s)c)

02 02

—tf(tb—i—(l—t)a,sc—f—(l—s)d) aaf(m—i—( —t)b,sd+(1—s)c)

0ds9d
2
+828tf(m+( 1—1)b,sc+ (1 —s)d)|dsdz
5y
< [l sl e ol 5 el [z >\ [y ool
00
2 2 P2
—o@e B || 3L 00| + | 3L @a|+[SL b0+ T ea. @
Similarly, we state the following inequalities
[| &*f ’f O’ f *f ]
L] < @1 (o) 92 (B) _ m(aac) + m(flad) ﬁ(bvc) m(bad) |
4.4
[ 9°f *f O f O’ f ]
‘13,5@1(05)@3([3) -m(a,C) + aat(a d) m(bac) aat(b d)_v
4.5)
[ 9°f *f O*f O*f ]
‘I4’S(P2((X)(p1 (B) _@((LC) + aat (Cl d) aat (b C) aat (b d) )
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[] 9% f f 0*f

\I5]§(p2((x)(p2(|3)_ﬁ(a,c) + aat(a d) + aat(b C) + aat(b d)-,
4.7
[19%f ?f 0*f
‘16’§(P2(0°)(P3(|3) _ﬁ(a,c) + aat(a d) + aat(b C) -+ aat(b d)-,
4.8)

[ 92 0? 0°
Bl <03@ o B) || 5L (@) +| S @)+ | S v,0)| +| L a)]|

4.9)

| 92 0? 0° 0°
1 <03 @0:B) || L (0.0 + |9 L (@) 4| S L .0 + |2 6,0 |,

(4.10)

and

2
\MSmm%¢ﬂ *f

*f
@A.11)

Hence, we reach the required inequality by adding from (4.3) to (4.11) and then
(b—aL(d —c) . 0

2f
0sot

0% f
asaz(“’c)'+

w0 +[5;

multiplying by

Example 1. Let us consider that the function f: [0,1] x [0,1] = R, f(¢,s) = t*s>
such that %’ is co-ordinated convex function on [0, 1] x [0, 1]. From the facts of
assumptions, the following inequality holds:

1 1] o?4a+2 B2+p+2 [o(a+ 1) +2] [B(B+1)+2]
9 6 [(oc+l)(oc+2) B+D(B+2)] " 4(a+1)(a+2)(B+1)(B+2)
< @1 (@) + 02 (00) + 93 ()] [@1 (B) + 92 (B) + 93 (B)]

where @1, ¢, and @3 functions are as given in Theorem 1.
With easy computations, we obtain the following equalities

[f (a,¢) + £ (a, d)+f(b )+f(b,d)] 1

64’

3 2c+d c+2d 2c+d c+2d 5
/(27557 ) o (55 ) (o 559) 4 (55| =
3 2a+b 2a+ a+2b a—+2b 5
i/ (35570 1 (35 ) 0 (557 1 (570 =

3
9 2a+b 2c+d 2a+b c+2d a+2b 2c+d
|7 +1(55 + (575
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a+2b c+2d 25
- ( T3 ﬂ—sm’
and

3 (a+1) [;;f( 2c+d>+Jg_f<a’c—|;2d> +f< 2c+d>

16 (b —a)®
« (b c+2d  5(+a+2)
Jat ~48(a+2) (o +1)°

From the facts of the definitions of Riemann-Liouville fractional integrals, we obtain
1) [ . (2 +a+2)
— J, d)+J b J, =
16(b_a)06 [ b—f(a7c)+ b—f(a )+ +f( C)+ +f( )] 16(0(—}—2) ((X—’—l),

3r(B+1) [ 8 (2a+b > B <a+2b ) <2a+b >

— |\ | —=—.c |+ f ,C f

16(d—c)P [ 3 d 3 o

a+2b _ 5(B*P+B+2)
*f( d)]‘48m+axs+1y

TB+1) 18 B (B*+B+2)
T [def(a )+ I8 f(a,d)+ I8 f(b.c)+IP f (b, d)] IS
and

F((X+1)F(ﬁ+l) o, a, a, o,
e [Jb_‘fd_ flao)+ a0 flad)y+ I8P, fo.e)+I8E r (b,d)]
_ 5(BP+B+2)

C48(BH2)(BH1)

The left hand side of the inequality (4.1) is
1_1[ o +o+2 B2+PB+2 [o(o+1)+2] [BB+1)+2] ’._\P
9 6|(a+D)(a+2)  B+DHP+2)] " 4o+ Da+2)B+DPE+2)|

and the right hand side of the inequality (4.1) is
(1 (c0) + 2 (c0) + 3 ()] [ 1 (B) + 92 (B) + 03 (B)] := 2.

As you can see in Figure 1 above, the result of our appropriate choices in Example 1
is satisfied in the inequality (4.1).

Remark 1. 1If we choose oo = § = 1 in Theorem 1, then we get

1©"! (a,b;c,d)|

9 f

9’ f
(b,c)|+ 3501

3501 (b,d)

|

<(b-a)(d—

625
Jsot

*f
) 331776 | |asar >++

E a,c

]
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FIGURE 1. Graph for the result of Example 1 computed and plotted
in MATLAB program.

which is given by Iftikhar et al. in [12] and ®"! (a,b;c,d) equals to

0" (a,b;c,d) = flac) +f(a’d)6t1f(b’6) £rbd) (4.12)

+i [f<a72cg—d> +f(a7c+32d> +f<b,2C;_d> +f<b,c+32d>
+f<2a3+b,c> <a+2b <2a+b >+f<a%;2b’d>]

)
9 {f(Za—f-b 20+d> ( 2a+b c-|-2d)

3

b
2a+b 2c+d a+2b c+2d 1
+f< 3 ) 3 >+f< 3 ’ 3 >:| _S(b—a) /f('x7c)dx

b

a/f(xddx+3/f( 2c+d>dx+3/f< c+2d>dx]
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Theorem 2. Suppose that the conditions of Lemma [ are valid. Suppose also that
q
%‘ , is a co-ordinated convex function for q > 1. Then, we obtain the following

Newton inequality:

09 (a.brc.d)| < “"{fd‘){ (04 () + 06 (0.) (0 (B.) + 05 B.p)

) - S rwa)| +5| 5 s .o +5| & s @a)| +25| i f (@) é
324

(3l eal || v | rwaf 5| g wol )
324

NG St b.d) +25| 5 f b.)[ +| it (@) +5] 5 ()] l
324

X 25| B f bd)| +5| L .)| +5] G f (@) + [ E s (ase)| %
324

2[@4 (0, p) + 6 (0, p)] 05 (B, p)

Lt )| + Tt (a0

Tt b0 +5
108

q
asazf(“vd)‘ +5

a q
- aaif (@, C)‘ '

108

q
5‘aazf(bd’ +5’aaz C)’

i/ (a d)‘ T

+20s ((X,p) [(P4 (va) + 96 (va)]

Tt (b,d)| +5

q
aSa,f(bvc)‘ +
108

2
Tt (ad)| +5

d K
mf(aac)‘
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1
AN
5

Lol + it @a) +

Tt (b0 +5
108

az
mf(aac)‘

_l’_

+4(p5 (OC,p) D5 (B)p)

o < S (b, d)’ -

2 q
asa,f(b C)‘ + %f(aad)‘ +

36

Lt (@) }

Here g ' +p~' =1, %P (a,b;c,d) is given by (3.2), and

]

the following inequalities hold:

11
3 3 1
e[ [l=ill
00
1
1| 92

+// t“—g sﬁ—g aaf(tb—i—( t)a,sc+ (1 —s)d)|dsdt

82

5501 dsdt

—f(tb+(1—1t)a,sd+ (1 —s)c)

o | p_1]] 9% N _
+ZZt s S (ta (1= 1) b,sd + (1= 5) )| dsd

F il 1 1] 2
O Y B _ —
+0/0/t sl s 8s8tf(ta+(1 t)b,sc+ (1 —s)d)|dsdt

2 f
Tg,(tas)

q

b
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t(x

L1
3.3
00

q

X (0/0/ aaftb—i—(l—t)a,sd—i—(l—s)c) dsdr

1 1
3 3 2 ‘
* // asatf(tb+(l t)a,sc+(1—s)d)| dsdt
00
1
by Y
* // s S tat(1=1)b,sd +(1=s5)c)| dsdi
0 0
1
92 . 7
* //aa (ta+(1—1)b,sc+(1—s)d)| dsdr
0

< Q4 Oc,p 04 (B.p)

1
g\ L
» asat +5 asatf(b’c)‘ +5 asatf(aad)‘ +25 a;azf(aac)‘ !
324
2 q 2 q :
q
N 5|2 (b, d)‘ +| 55 f (o) 425 %f(a,d)‘ +5 %f(a,c)‘
324
1
2 4q 2 q 2 q 2 q\ g
NG L) +25| 5 r .o +| Gf@a) +5 5 @)
324
1
q q\ o
n 25 asazf(b d)‘ +5 asa,f(b7c)‘ +5 asa,f(%d)‘ + aia,f(a C)) 1
324
Similarly,

L] <204 (0, p) 05 (B, p)
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i) +

Bsatf(b C)‘ +35

agazf("»d)‘

|l

108

‘%f(b,c)’qu

s/ (. d)‘ +

i/ (a. c)\q)q

<5£;f(b,d))q+5
n

|I3| < @4 ((x’vp) Do (B)p)

asarf(b d)) +

108

it (b,0)| +25

2 q
%f(a,d)‘ 45

s/ (. C)q) '

Q=

X(S

Tt b.d)[ +5

2 q
Lt b.e)| +5

324

q
%’f(a,d)‘ 425

a{i;,f(a,c)q)

9?2 q
mf(a,C)‘

* 324
q q
25| i f (b, d)’ +5| 2 f (bl + 5| B (e, d)’ + | di /(. C)‘ '
* 324
2 q 2 q
(313w @] +as|gr e o] + [ @ 45| @)

<=

14| <2¢5 (0, p) 04(B, p)

324

|

+(5

IIs| < 4¢s(a,p)os (B, p)

5t 00| +5|Zf b0) + | s @a) +5| s @o)| ) !
108

Tt bd)| + | f 6,0 5| B f @ a)| + af,;f(a,c)q)q
108 ’
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9?2 q By aN\ g
(e O +| s 00| + [ @) +| it (a0)
36 ’
‘16’ < 2(P5 (a,p)(Pﬁ (Bap)
1
2 q 2 q\ g
y 5| st (b, d)‘ +[ & o) +5 %f(a,d)‘ + S @0\
108
2 q 2 qaN\ g
i 0d)|" 45|57 0|+ |35 @) 45 [ @)
108 ’
’I7| S(P6(0‘7P)(P4(B7p)
q 2 qa~\ ¢
5|22 f (b, d)) +25 asazf(b’c)‘ + | f (a, d)‘ +5 %f(a,c)‘ ’
- 324
) 1
2 q 2 q 2 q q~\ g
X 25| 2 (b, d)| 5|35 f (b.0)| 5| (@) + [ B (ae)|
324
82 q 82 q az q é
Tt b.d)| +5| 5 f k.o +5] 5 f @a)| +25] 5 (a0
" 324
1
2 q 2 qa\ ¢
5| 5 )|+ | s .0)[ +25 | (@) 45| @)
* 324

‘18’ < 205 ((X,p) ®s (Bap)

Lt b.a)[ +5

q
asazf(b=c) +

92
Osot

az
Jsot

flad)| +| s @)

X(S

108
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1

92 q
mf (aac)‘ !

Bsatf(b d)‘ +

Tt (b.0)| +5
108

q
asatf (a,d)‘ +3

and

15| < @6 (, p) 96 (B, p)

[ 2 q 2 q 2 q q
25| 2 f b, )| 45| 2 f (b0 +5 | f @) +| i f a,0)
8 324
2 q 2 q
S| &t b, )| +25| s b0 +| G f (@ )| +5| i f a0
* 324
2 q 2 q
S| gt b )|+ [ B .) +25| i f (@) +5| i f a0
* 324
q 2 q 2 q
Tt 0.d)[ +5 5 f .0)[ +5] 5 f (@) +25 | 25 f (a0
* 324

This finishes the proof of Theorem 2.

Corollary 1. Let us consider oo = B = 1 in Theorem 2. Then, it follows

sl [ () G)))

B 1
q q q qa\ ¢
Tt b +5| s b0 +5| L @) +25 ] a,0) "\ !
8 324
) 1
q qa\ ¢
5|2t )| + [ s 0| +25| i f @a)| +5 | B @a) ) !
* 324
1
q qa\ ¢
5|2t )| +25| B .0)| + |t @) +5| B @) ) !
* 324

=

Q=

eI
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25

Tt (b.d)| +5

2
Tt (b0 +5
324

p+1\\38 24 p+1\6

i f (@) +

J? q
mf (aac)‘
_l’_

~

[ 4 2 q 2 aN g
y il (b, d)‘ + | (. C)‘ +5 ﬁf(a,d)‘ +5 %f(a&)‘
108
) 1
q > g\
N 5|25/ (b, d)‘ +5 |5 f (b,0)| + | i f (a, d)’ + %f(aac)‘ !
108
1
2 4q 2 q 2 q 2 qa\ g
il )| +5] 50 +| S @a) +5|F @l !
+
108
1 & 7, N
5| it 0d)[ +| Tt 6.0 +5 | T f )|+ | B f (@)
- 108

2
2 /1\PTh\7?
4 —=— [ =2
* p+1<6)

251, d)‘ +‘aatf(b C)’ +
36

1
‘ q '

a?atf(“ c)

asazf(“ d)‘ +

Here, ®"! (a,b;c,d) is given by (4.12).
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