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Abstract. We consider differences coming from Popoviciu’s inequality and give upper and lower
bounds by employing weighted Hermite-Hadamard inequality along with the approximations of
Fink’s two point formula. We testify this scenario by utilizing the theory of n-times differenti-
able convex functions. Our results hold for all n > 2 and we provide explicit examples to show
the correctness of the bounds obtained for special cases. Last but not least, we provide applic-
ations in information theory by providing new uniform estimations of the generalized Csiszar
divergence, Rényi-divergence, Shannon-entropy, Kullback-Leibler divergence, % —divergence,
Bhattacharyya distance, Zipf and Hybrid Zipf-Mandelbrot entropies.

2010 Mathematics Subject Classification: 26A51;41A10; 26D15; 94A17

Keywords: Popoviciu’s inequality, Fink’s identity, weighted Hermite-Hadamard inequality, Shan-
non-Entropy, Kullback-Leibler distance, Zipf and Hybrid-Zipf law

1. INTRODUCTION

We will start with the definition of convex functions that show a vital role in several
areas of mathematics.

Definition 1 ([19, Definition 1.1]). The mapping f: [a,b] C R — R, is said to be
convex if the following inequality holds

fqi+ (1 =1)q2) <tf(q)+(1-1)f(q2)
for all 1,92 € [a,b] and t € [0, 1]. We say that f is concave if (—f) is convex.

There is a nice connection between mathematical inequalities and the theory of
convex functions (see the papers [2, 3, 10]). Like Jensen’s inequality, Popoviciu’s
inequality also characterizes convex functions. Nowadays, Popoviciu’s inequality is
also a topic of interest for many mathematicians since last fifty years.

In 1965, Tiberiu Popoviciu (see [21]) gave the following characterization of con-

vex function.
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Theorem 1. Let §: [py,p2] — R is convex. Then, for each z,,z5,23 € [p1,p2] and
all q1,92,q93 > 0, the following result holds

q1z21 +92Z2 +q3Z3 0222 + 4373
M1+qz+qﬁf< )-—mz+qﬁf<)

q1+92+09q3 q2+ g3

0373 + q121 q1Z1 +q222)

—(13+ S ) — (i =
GE mﬁ<qﬁql> NIQﬁ% PR

+q1f(z1) + 92§ (22) + a3 (z3) > 0.

The ability to maximise and/or minimise a particular function (or specific real
numbers) without requiring derivatives is one of Popoviciu inequality’s most use-
ful applications, making this kind of inequality a crucial tool in approximations and
optimizations. Another important application is the generalization of several well-
known classical inequalities. For instance, Popoviciu’s inequality is a beautiful gen-
eralization of Hlawka’s inequality [16] that makes use of the geometry concept of
convexity.

Without the aid of Hlawka’s inequality, Popoviciu’s inequality could not have been
extended to many variables since the authors were motivated to create a higher dimen-
sional [4] counterpart of Popoviciu’s inequality based on his characterization. Pop-
oviciu’s inequality has several intriguing generalizations and analogues with some
ramifications, which may be found in [12].

Nowadays, a convex function axiom that T. Popoviciu proved in [21] is the sub-
ject of extensive research (see [19] and references with in). Recent developments in
Popoviciu’s inequality are introduced by M. V. Mihai in 2016 (see [15]). The integral
form of Popoviciu’s inequality was presented by C. P. Niculescu in 2009 (see [17]).
Popoviciu’s inequality in [ 18] was further developed by C. P. Niculescu in 2006. Re-
cently, Butt et al. provide a few recent updates and enhancements to Popoviciu’s
inequality in [1, 5,7, 8].

The following is Vasié and Stankovié shape of Popoviciu’s inequality given in [23]
(see also [19] page 173).

Theorem 2. Consider m,v € Nwherem >3 and2 <t <m-—1also [p1,p2] C—
R, z=(z1,...,Zm) € [P1,P2]™, 4= (q1,...,qm) be positive m-tuple in such a way that

m
Y qi= L Iff: [p1,p2] = R is a convex function, then
i=1

—_

T

Y qiZi;

1 v L m_rt o c—1 m

mo1 )y ( q;,) il- < I Y aif (zi) + lf (Z ini> ,
-1 1<ij<..<ig<m \j=1 a, m—13 m-—= i=1

'™~

J=1

or

m
Bz q:f) = —

v v—1
IPF(Z,CI;f)-FmPSf(Z,q;f), (1.1)
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where

T

1 T .;1 Yi;2i;

P?(Z,q;f) :Ptm(Z’q;f(Z)) e | Z ( qij) f ! T )

r—1 I<i<..<ip<m \j=1 Z qi;

=t
is the linear w.rt. §.
From inequality (1.1) we can write
m-—t v—1
F(z,0:§) = —— P (2.0:0) + —— P (2,0:7) = P (2,0:5). (1.2)

In this research article we generalized Popoviciu’s inequality by utilizing Fink’s
identity along with weighted Hermite Hadamard inequality, then for obtained results
we give interesting applications in information theory.

The following theorem is proved by A. M. Fink:

Theorem 3. Let n € N, f: I — R be such that f(”_l) is absolutely continuous,
I C R an open interval, p1,p2 € 1, p1 < p2. Then, the following identity holds
n p2

7) = r)dr
@) P2—pP1 Jp )

_nZl<”—W> D (p1) (z—p1)" ="V (p2) (z—p2)"
- w! P2 —P1

+ ! /p2 (z—r)"" " wlPred (1,2) 5 () dr,
(n—=1)!(p2—p1) Jp,

where
R[Phpz](rz): rePL PLSTSZSP (1.3)
’ r—p2, p1<z<r<ps.

Butt et al. gave in [1] the following generalized identity for Popoviciu inequality
under the effect of Fink’s identity:

Theorem 4. Let all the assumptions of Theorem 3 be valid and let m,t € N, m > 3,
2<r<m—1, [pl,pz] C—R,z= (Zl,Zz,...,Zm) € [pl,pz]m q= (ql,qz,...,qm) be
a real m-tuple such that Y5_, qi; # 0 for any 1 <iy <--- <ir <mand 3%, q; = L.

Ztl 9i;%i;
Also let =% € [p1,p2] forany 1 <ij <--- <i, <mwith RIP1-P2] (r,z) be the same
)y qi/'
j=1

J
as defined in (1.3) then, we have the following identity:
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n—1 n—w
F(z,q:f(z)) = WZ:‘,Z <W!(p2_p])> (1.4)

L £ (02) F (2,05 (2 p2)") — £ (p1) F (2,3 (2~ p1)") |
1 P2 s (z—7 n—1 plp1,p2] rz (n) 7 dr
+(n—1)!(l32—91)/pl F(,q,( yRRE ))f ) dr

The weighted Hermite-Hadamard inequality given in the following theorem (see

[24D.

Theorem 5. Iff: [p1,p2] — R is convex and p: [p1,p2] — R is of a constant sign
on [p1,p2], then we have

) < 5 [T po0a < 2 gy 4 2Pl

P(p2) Jp, P2 —Pi P2 —pi
where 0
P(p2) = /p p(r)dr, (1.5)
1
and
A= ! /pzt ()dt (1.6)
P(p2) Jo, T '

We can write above inequality as

P2 pz_}\/ k—Pl
P < [ pioa<p( 2= 0+ 2Pl ). )

In this research article, we will formulate upper and lower bounds for Popoviciu’s
difference by utilizing Fink’s identity along with weighted Hermite Hadamard in-
equality. We will also give results for a particular case when n = 2, then for obtained
results we will give applications in information theory.

2. MAIN RESULTS

Theorem 6. Under the assumptions of Theorem 4, let for all n > 2, " (-) (n-th
derivative of §) is convex and

F (z,q; (z—r)" L RIPIPI (), z)) >0,  relpi,p] 2.1

then the following inequalities are valid

Pi(n) ™) (% (n
CEDICETHU

<Fleai)- Y (o)
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< (10 (p2) F (2,02 (2= p2)") = 1"~ (p1) F (2,03 (= p1)") )
Py(n) (Pz —Mi(n) 7 (01) + Mln)—p1 f<n>(p2)> . (2.2)

= (= 1)(p2—p1) \ p2—pi YT
Where
p
Pl(n):/ ZF(Z,q;(Z—r)"_lR[pl’pZ] (r,z)) dr
p1
(z—p)"' = (z—p2)""!
(Z’q’< n(n+1) ’
or

7 n—1 n—w
Pi(n) = (n—1)!(p2—p1) [F (Z’q;n,> N Z’zn!(n—ME+ 1)()pz—P1)

() o R (o p)) -l R G- o)

and
P24 F (z,q;(z—r)" ' RIPLP (£,2) ) dr
v (2.0 >_1 (7))
S (2,: (2= )" RO (1,2) ) dr
_ ( (np1+22)(z—p1)"! — (np2+22)(z— p2)"*!
‘F(Z""< nn+)(n+2)P; (n) ))
kl(n) — (l’l— 1)'(92—91)

Pi(n)

: !F (q<+11>'> ‘Ziz(<n+1>!<njv;f2><pz—pl>>
("0 (4R ) o R i p)))

Proof. As f(") is assumed to be convex for all n > 2, thus by applying weighted
Hermite Hadamard inequality (1.7) for the convex function f(”) with positive weight

p(r)=F (Z, q;(z— r)"_lR[p“'pz](r,z)), we get
PO,
e )

= (n—1)! zpz —p1) /:2F (Z’q; (z—r)" 'R (7, Z)) £ (r) dr
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Py(n) (Pz —hi(n) ) M (1) =1 ) >
+— . 23

~ (n—=1)Y(p2—p1) P2 —P1 QY P2 —P1 P (p2) 2.3)
Thus, by substituting the value of

(n—1)! zpz “o1) /:ZF (Lq; (z—r)" ' RIPOP (7, Z)) £ (r) dr

from (1.4) in (2.3), we get required result.
Now, we find the value of Pj(n) by utilizing the kernel function (1.3) defined in
the remainder term of Fink’s identity. By replacing z with z; in (1.3) we get,

- Sr<zi < P2
RIP1.P2] ) = r—p1, Pi1 i
(21 {r—Pz, p1 <z <r<p.

Now we calculate jg)le (z,q; (z—r)" ' RIPLPI (f, Z)) dr as by comparing (1.5),
we have

Pi(n) = /psz (Z,CI; (z—r)" ' RPP2L (1, z)) dr 2.4)

z P2

= F(z,q;(z—r)"fl(r—p1)> dr+/ F(z,q;(z—r)"fl(r—p2)> dr
P1 z

=L+bL—1.

It is pertinent to mention that the difference in last equality is obtained by using
the explicit form of our functional as given in (1.2), where

h= 220N [ ek [T - o],

m—135" 1/
m n—1
_ izi [ m
Iz:;_ll /pizlq (;qizi—r> (r—p1)dr
P2 n-l
+/m (Z qiZi r) (r—p2)dr|,
L aizi \i=1
and
1 v
L= 1o Z ‘ <Z Qij>
—1 I<< . <ie<m \j=1
¥ n—1

iz
qxj ij

J

T
. _;qi.izi.i
x/fl'f = | -8
1 Zqij
j=

[(Raetsd
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n—1
P2 ]ZIClz Zi;
+ );ql ; - —r (r—p2)dr
l
y ai; g’ i

=1

First we calculate I; as,

—1 Zi n PZ n—
L= —lqu[/ zi—r)"" (r—p1) dr—l—/ zi—r)"(r—py) dr

Zi

(p1—r)(zi—n" (z—r""

= qi -
1~ n nn+1) o
n n p
P @—r)"  (zi—r) o
n nin+1) |
B m—t m , Zi_pl)n+l - (Zi_pz)n-H B
_m—li;ql 0+ n(n+1) n(n+1) 0
_ m—t iq (Zi_pl)n-‘rl _(Zi_pZ)n+1
m—14" n(n+1) '

Similarly, we can evaluate

m n+1 m n+1
_ <.Z qizi — Pl> - <_Z qizi —Pz>
r—1 i=1 i=1
L=

m—1 n(n+1) ’
and
r ¢ n+1 3 n+17
jgl quzij jgl Clisz]
T - pl - T - p2
Y qi; X ai;

—1 1<i<..<ip<m

L=—"7 Z (Zlqi/) — n(rH—l)j:l .

By taking difference I 4+ I, — Iz and rewriting it in compact functional form, we
get

_.m L n+l n+1
I1+12—I3:m tZCIi[(Zl P1) (2~ p2)

m—15 n(n+1)
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m n+1 m n+1
<Z UIiZi—Pl> - (Z ini_p2>
+ v—1 i=1 i=1

m—1 n(n+1)

1

r (2 Bl =
= qi. : :
?—11 1<i)<..<iz<m \ j=1 K n(n+1)

B ' (Z o pl)nJrl o (Z o pz)n+1
_F<Z’q’< nn+1) ))

Method 2 for computing Py (n): If we choose (z) = %;

F<Z,Q;’Z1}:> Ly (”_W) (nn=1)- - (n—w+2))

in (1.4), then we obtain

aW:Q w!l(p2—p1)
{2 UF (2,2 (2= p2)") VR (2,4: (2= 1)) |
1 p2 -1
- F(z,q;(z—r)" "RP®I(r,2)) dr. 2.5
TG e . FlEwEn rg)d @3

Comparing (2.4) and (2.5) leads to

Pl(n) . , ﬁ _lnfl & . o
(n—l)!(pz—pl)_F<’q’nz> n!v;2<wg(p2_pl)>(( 1) (n=w+2))

{2 (2, (2= p2)") — o1 VR (2.: (2 p1)") }

Now by multiplying above result with (n— 1)!(p, — p1) and after simple
calculations, we get

Pi(n)=(n—1)!(p2—p1) [F (qu;zr;> _:212 <n!(n—w’jr_l;‘zpz—91)>

y (Z) {pz(n—W“)F (z,q;(z—p2)") — PEWWH)F(Z’q; (2~ pl)w)}} '

Here we use the fact that

nn—1)- (n—w+2) 1 )<n>.

w! (n—w+1
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Now, we have to calculate the value of A;(n), which can be obtained dir-
ectly in our case by comparing with (1.6) as

o rF (z q:(z—r)" ' RlP1P2] (r,z)) dr

fsz( (Z—r)"_lR[PlvPZ] (r, Z)) dr
_ Lo <y py—1 plorp2]
_Pl(n) /p1 rF (z,q,(z r)" 'R (r,z)) dr

For this, we first calculate fpz rF ( z,q;(z—r)" ' RIPvP2 (, z)) dr as under
by using integration by parts:

7&1 (I’l)

P2
/ rF (z,q; (z—r)" ' RP1P (r,z)) dr (2.6)
p1
z p
= [ (= =p0) drs [ (2 @—r) r—p)) ar
P1 z
=L+ 1I5—

Again, we use the explicit form of our functional as given in (1.2) and for
simplifications of integrals , we use the following notations

m-—t

[ e e [T e al],

and
T
.glqijzi/ t n—1
1 17)5 Z CIi;Zij
X i j=1 5
I = —— Z (qu,) / =1 . —r (r fp1r) dr
—1 1<<.<ii<m p1 y ai,
Jj=1
v n—1
P2 JZl qijZl]
X = 2
—l—/)‘: _— - —r (r — pzr) dr
=1 ) )
¥ a Z i
j=1 Y j=1

=L+I5—1I.
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First we calculate the integrals in /4 as

Zi _ 1 Z(Zi_ pl)n+2
A\ 1(2 _ - = L n+1
/pl (zi—r) (r plr) dr 1) [pl(z, P1) +7n+2 ,
and
P 12 _ _ N "SI 2(z; —p2)" 2
/Zi (zi—r) (r pzr) dr= "t 1) [ p2(zi —p2) — 12 |

Hence, we can get

m—t & [ (np1+22)(zi—p1)"! — (np2+22;) (zi — p2)""!
Iy=——Y ai :
m—15 nn+1)(n+2)
Similarly, we have
t—1
Is =
> m—1
m m n+1 m m n+1
(npl + 2_21 CliZi> <-Z1 qizi — P1> - <np2 + 2_21 CIiZi> (_Zl qizi — Pz)
1= 1= 1= 1=
n(n+1)(n+2) ’
and
1 T
16 = m—1 Z qi/’
—1 1<i<..<ir<m \ j=1
B v 5 n+1
L ;% L ;%
npy +25 — —p1
X qi; X qi;
% j=1 Jj=1
n(n+1)(n+2)
i T T n+1
L aizi; ;lmjlij
npy +25 — —p2
X i L ai;
j=1 " j=1 "
n(n+1)(n+2)
Now, by taking the difference Iy + Is — I, we get
m-—t
L+ 1I5—1Is =

m—1



« iqi [(npl +22i)(zi_pl)n+1 —(npy+22;)(z; — pz)n+1:| . 1

X
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n(n+1)(n+2)P(n) m—1

i=1
m m n+1 m m n+1
("Pl + 2; CIiZi> (; qizi — Pl) - (npz + 2; CIiZi> (; qizi — Pz>

n(n+1)(n+2)P(n)

v n+1
jglq,‘jzij
—P1

( )E di;
Jj=1 "
+2)P1(I’l)

nn+1)(n

Z qt Zr
npy +2
1 T JE qi;
Cm—l Z Z qij
v—1 1 j=1

<ij<..<ir<m

(s ({042 (1p2+ 20e=p )

n(n+1)(n+2)P(n)

Method 2 for computing A, (n): Now we will find the value of A;(n) by em-

1

ploying identity (1.4) for f(z) = +1), as:
1 —
F ; Dn---(n—
(Z’q’(n+1)!> n—l—l ;2 wi( pz—p1> ntne(n=w3))

< {py PR (2,012 p2)") =" R (2,0 (2 —p1)") }
1 P2
= TGy, T (BT R ) e @)

By comparing (2.6) and (2.7), we get

Pi(n) B - Z"t! 1 n_l n—w
<n—1>!<pz—p1>’“<”)‘F( 8 <n+1>!> i) 2 (W'(Pz—P1)>
X((n+1)n---(n—w+3))

<P (g (2= p2)") = ol R (2 (2= p1)")
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after simple calculations, we get

() = L e )

X [F (Z,q;(nzfi)!) _jvz_:lz((n+1)!(n—nv;4v—1)2)(l32—91)>
« (”:: 1) (pg”*W”)F(z,q;(z—Pz)w)

n—w-+2 w
"R a2 p1)")]
Here we use the fact that

(n+Dnn—1)---(n—w+3) 1 n+1
w! _(n—w+2)( w )

The following corollary is the special case of Theorem 6

Corollary 1. Considering the assumptions of Theorem 6, then for a particular
case when n =2, if f"(-) (twice derivative of f) is convex and the weight function
condition (2.1) is satisfied, then the following result holds:

B (a(2) < F (o)
Pi(2) [(p2—M(2) s M(2)—p1
_(Pz—Pl)< prpr ) PUTT f(p2)>'
Where
P(2) = /p TZF (2.0:(z—r) RP#2) (r2)) ar
:F<Z,q;((z—mf;(z—pzﬁ))7
or 22
P1(2)=(P2—91)F<Zaq;2!>7
and
2rF (z,q; (z—r)RIPP2] (1, 2)) dr
M(2) = o, ¥ (2,8 (2 ) RBP (7)) 4

pple (z,9;(z—r)RIP1P2] (r,2)) dr

. <z,q; <(2pl +22)(z—p12):P—1((22)Pz+22)(Z—Pz)3>> |
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or
3
M(2) = (p2—p1)PI(2)F ( q’y)

The following are the examples related to our main results given in Theorem 6:

Example 1. For even (n > 4) the function g(z) = (z—r)" ' RIP?2 (r,z) in Fink
identity (1.4) is convex. We start with the case when n = 4, first we satisfy the
following condition:

F (z,q;(z—r)3R[p"pz](r,z)> >0, relpi,p2

Now taking [p;,p2] =[0.1,1] and z; = 0.2,z, = 0.3,z3 = 0.4 and r = 0.35. Since it

is true for any positive p;, here we choose q; = o = q3 = %

‘We can rewrite the above functional for m = 3 and vt = 2 as:
F (z, q;(z— r)3R[“’b] (r, Z))
=q1(z1—r)’(r—=b)+q(zz—r)(r—b)+as(zs —r)*(r—a)

3
q1Z1 + 9222 + 4373 _r> (r—b)
q1+q2+a3

+(Q1+Q2+Q3)<

3 3
0222 + 323 ) <q323+q121 >
+ =P ) r—a)+ (g3 + BETA ) (r—b
(92 Q3)< G+ 93 (r—a)+ (93 +q1) RS (r—>b)

3
q1z1 + 9222 >

Haitm) (=1 (r=b)|.
(qm Q2)< PR, (r—>b)

By substituting the values and after simple calculations we get
= 0.0003625 >0

For the function §(z) =z where § (z) = 62, f (z) = 30z%, " (z) = 12023, " (z) =
360z2. Now by writing (2.2) for n = 4, we get

Pi(4)
Grog) M)
<F(z.0:](2)

(o5 ) (FOF (aa=17) ~f O.0F (s (2= 0.7
1

(f//(l)F<z,q;(z—l)3) ¥ (O.l)F(z,q;(z—O.l) ))

2 (4? (1 — i (4) (0.1) + M(40).;01f(4)(1)> 7 (2.8)
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now by substituting the values, we get
0.015936 < 0.017155 < 0.023741.

B (201 —(z-1)"\) _
P (4)=F <z,q, ( 5 )) = 0.000598,
and

z)(z—0.1)° — 2)(z—1)°
K1(4)=F<z,q;((4(0'1)+2 I 1502(4)(4” )z=1) >> = 0.632173.

The following example is same as above example but we calculate Pj(n) and A (n)
with second method which give us same results.

Where

Example 2. Assuming all the values taken in example 1 but here we calculate
Py (n) and A;(n) as given below:

Pi(4) = (3)1(0.9) [F <z,q; f:)

i (09)
d

X {(fZ(Z4)|2—]F (Z,q; (z— 1)2> _ &(14)‘220_11? (Z7C|; (2—0.1)2) }

-~ (09)

X {C?;(z“ﬂz—]F (z,q;(z— 1)3> _ (;1;(%)‘2_0.]1; (Z,q; (Z_0_1)3> }}

= 0.000598,
and
_ (3)1(0.9) '25
o= B0 )

X {;Z(z5)|z1F (z,q; (z— 1)2) _ %(Zs)\z:oiF (z,q; (z—0.1)2) }

X {(;1222(Z5)|ZIF <Z,q; (z— 1)3) C;Z(Z5)|ZO.1F <Z,q; (Z—0.1)3> }]
= 0.632560.
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Now by substituting P;(4), A;(4) and all other values in (2.8), we get
0.015952 < 0.017155 £ 0.023753

3. APPLICATIONS IN INFORMATION THEORY

Mathematically, the techniques and ideas that control message transmission
through communication systems are covered by information theory. When Claude
Shannon, an American electrical engineer, published a ground breaking article that
transformed communication, the field received a significant boost. Using an Abel-
Gontscharoff interpolating polynomial, Butt et al. in [9] have provided some inter-
esting bounds for Shannon, relative, and Mandelbrot entropies.

First, we present some fundamental definitions and results concerned with this
section. Csiszdr in [1 1] presented the following divergence functional:

Definition 2 (Csiszar divergence). Let I = [p;,p2] C R and §: I — R be a function,
then for q=(q1,...,qm) € R™ and p=(p1,...,pm) € RT such that % celli=1,...,m),
the Csiszar f-divergence functional is defined as:

De(a.p) = Y i (g)
=1 L

Definition 3 (Kullback-Leibler divergence). Let g and p be two p.p.d, then Kull-
back-Leibler divergence is defined as

Dy (q,p) = Zqiln%-

Definition 4 (Rényi-divergence). Let q and p be two positive probability distri-
butions (p.p.d) and u be a real number which is nonnegative such that u # 1, the
Rényi-divergence is defined as

1 L _
Dre(d,p) = —In (2 arp ‘”) -
H i=1

Definition 5 (Shannon-entropy). The Shannon-entropy (information divergence)
for a p.p.d p is given as:

S(p) ==Y pilnp;. (3.1)
i=1

Theorem 7. Let the assumptions of Theorem 6 are valid and also let q =
¥
(q1,---,9m) € R™ and p=(p1,...,pm) € RY such that "gp'

i=1

» o € lp1,po] for i =
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1,...,m, then
Pi(n) (n)
(n—l)!(pz—pl)f (A1 (n))
cmots (q P)-i-t_lf(iq')— 1 Z <ip‘)f jzlqi/‘
“m—-1 " m—1" \&" < < iem =1 v ipi,-
=1
n_l n—w
_VVZ_:2<W!(92—91))
{7 oF (a2 -p0" ) <1V o0 F (1. 520" ) |
Pi(n) <Pz—7~1(n) (n) M (1) —P1 ) )
_(n—l)!(Pz—Pl) 02— pi f (p1)+ 02— pi f (Pz) . (32)

Proof. First we rewrite the equivalent form of (2.2) as

Pi(n) ™) (s (n

m—r & r—1 o
< m;qif(zi) +mf <l; CliZi>
y

1 ¢ L 9i;Zi; n—1 new
= _
w1 Z < 1qu> I w_2<W!(pZ—pl)>

T
=1 1<i<..<ir<m \ j= L a;;

. J

j=1

% {f(w—]) (p2)F(q, 2 (z— pZ)W) _ f(w_l) (p1)F(q,zi;(z— pl)w>}

Pi(n) P2 —Mi(n) () M(n) —p1 ()
_(”—1)!(P2—pl)< P2 —p1 A P2 —P1 f (p2)>,

now replace z; by % and q; by p; after simple calculations we get the required result.
0

Remark 1. Under the assumptions of Theorem 7, then for n = 2 we have the fol-

lowing result

P1(2) /" m-—=v - t—1 AL
Wf (A1(2)) < m_ ch(q,p)—F mf (l; Cli)
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wi I (Enil b

v
r—1 I<ii<..<i;<m \j=1 Zpl
J

Pi(2) (p2—M(2) (2 —P1
_(Pz—Pl)< P2 —P1 o+~ P2 —pP1 sz))'

Corollary 2. Let [py,p2] be a subset of the set of positive real numbers and ¢, p
be two p.p.d such that % € [p1,p2] fori=1,...,m, then

(~1)"Pi(n)
(n—1) (p2—p1) (a ()"

T
Y qi
1 - =1’ ol n—w
e I (Ealn| S )
t—1 1<i<..<ie<m \j=1 Y pi; wep \W:{P2 —P1

w—l(w_3)! w
S <q’p,’( 1) )}
P (=) (pa—a(m)) | (=1 () —p1)

)< + e ) ) 3.3)

(n=1)(p2=p1) \ p1" ' (p2—p1) p2" (P2 —p1
Proof. Let f(z) = zlnz, z € [p1,p2] then for even n, {")(z) = (—1)" (" 2) >0

and f"*2)(z) = (—1)""2-2 > 0. It follows that f*) and §"*2) are convex functlons,
therefore using (3.2) for f( ) = zInz, we derive (3.3).

0

Remark 2. Under the assumptions of Corollary 2, then for n = 2 we have the
following result

Pi(2) m-—t -1
(P2 —p1) (M1(2)) S Dkl(q p)—i— Zq,ln (Zq)
1 gql’
T ~m—1 Z (Z q’/) In J;
—1 I<ii<..<iz<m Z plj

Jj=
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P(2) ((92—7»1(2))+(7»1(2)—Pl)>
~(p2—p1) \pi(p2—p1)  p20p2—p1) /)

Corollary 3. Let [p1,p2] CRY. Also let q, p be two p.p.d and u > 1 such that
Z G(H, (Z)" € [p1,pa) fori=1,...,m, then

(=1)"Pi(n)
(u=1)(p2—p1) (A1 (n))"

)
m—t & -1 A v—1
< . a _
_mflgql (,ulln<pi> ) mlere(q’p)

t
1 - jgl qé-l"pijliﬂ
+ m—1 Z Zqii In v
r—1 1<i<..<ip<m \j=1 Z Cli,-
1

Pl(n)
(=1 (p2—p1)

34

—1)" (A () — Pl))
P (p2—p1) P3(p2—p1) '

Proof. Letz € [p1,p2], f(z) = —i - In(z) then for even n, ) (z) = (—1)" (21_1]))2!,1 >
0 and §"+2)(z) = (—1)*2) (H("JF)IZLZ > 0. Which grantee that the functions §) and

§("+2) are convex, now using (2.2) for f(z) = — ﬁln( z) and z; = (%)“ !, we derive
(3.4). 0

Remark 3. Under the assumptions of Corollary 3, then for n = 2 we have the
following result

P (2)

(1= )( p1) (Mi(2))?

i (—1 <$>”1)_;__11Dw(qu)
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| Z q; ptjl s
+ m—1 Z (Zq11> In J_ti
r—1 1< <. <ip<m Z di;
=
Pi(n) <(Pz—l1(2))+(7»1(2)—91)>
T (w=D(p2=p1) \pi(p2—p1) ~ P3(P2—p1) /)

Corollary 4. Let [p1,p2] CRT and p be a p.p.d such that é € [p1,p2] for i =
1,...,m, then

(=D)"Pi(n)
(P2—p1) (i (n))"

— _1 1 T T
< :I_IS(P) _ =t In(m) — ot Y (Z, Pz,) In (;%)

m—1 T— 1 1< <. <ie<m
i ( n—w >
o 1)(p2—p1)

2
{( 5 ) (q,;xz—pz)vv)—(%{;TI)F(q,;xz—pl)W)}
(-1

Pi(n ) (p2—ri(n) . (=1)"(Ai(n) —p1)
(P2—01)< pT(p2—p1) * pA(p2—p1) > 3.5)

Proof. Let §(z) = —1In(z), z € [p1,pa2] then for even n, {)(z) = (—1)”(";,,1)! >0
and §"+2)(z) = (—1)"*2% > 0. It follows that the functions §) and §"+?) are

convex, therefore using (3.2) for f(z) = —In(z), and (qy,...,qm) = (1,1,...,1), we

derive (3.5).
O

Remark 4. Under the assumptions of Corollary 4, then for n = 2 we have the
following result

P2 m-v r—1
) MR S w1 P~ ()

1 T
Toml )y . ( pi/) In <Z pi./)
r—1 1< <..<ie<m \j=1 =1

Pyi(2) <(P2—7V1(2)) (M(2) - Pl))
~(p2—p1) \ pi(p2—p1)  P3(P2—p1)

-
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4. RESULTS FOR ZIPF AND HYBRID ZIPF-MANDELBROT ENTROPY

One of the basic laws in information science is Zipf’s law (see [20,22]). It has
many interesting applications in linguistics. Let c¢,d be the real numbers such that
¢ €[0,00) and d € (0,0) and N be natural numbers, then the Zipf-Mandelbrot entropy
can be given as:

Zu(H,c.d) = -2 iln In(HY,) (4.1)
C, .
szd i= l—|—C o
where
N
Ha= Y
Consider

[a—

pi= f(i;N,C,d) = (42)

((i+ c)dHQ’d) ’
where (4.2) is a discrete probability distribution known as Zipf-Mandelbrot law.
There are many applications of Zipf-Mandelbrot law in linguistic and information
sciences. One can find recent results about Zipf-Mandelbrot in (see [0, 13, 14]).

Theorem 8. Let p be a discrete probability distribution given in (4.2) with para-
meters 0 < ¢ < oo, 0 < d < oo and N be natural numbers, we have the following
result

(-1)"Pi(n)
02— p1) ()"
< O (H,e.d) = S(p) ~ - In(m)

- 17 <,I<Z<, . (Zp”>ln (Zm,)
2(w pz—p1)>
L
( o= F ((i+c)'H2y)s (z—p1)" )}

( —1)"(p2 —Mi(n —1)"(Mi(n) — >>
(pz—pl) pl(pz—pl) P5(p2—p1) '
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Proof. We can obtain Mandelbrot entropy (4.1) from Shannon entropy by substi-
tuting p; in (3.1).

Zpllnpl

N 1
; z+cdHN) ((i—l—c)ngd)
d X ln z—i—c

HN Z H )

Finally, substituting this p; = in (3.5), we get the required result. O

Remark 5. Under the assumptions of Theorem 8, then for n = 2 we have the fol-
lowing result

Pi(2) cmot
(P2—p1) (M(2))? ~ m—1
t—1 1 " A
_m_lln(m)_ m—1 . Z Zpij In Zpij
r—1 1<ii<..<ie<m \ j=1 j=1
Pi(2) <(Pz—7»1(2)) (7»1(2)—Pl>>
= 2 +3 ‘
(P2—=p1) \ pi(P2—p1)  P3(P2—p1)
Corollary 5. Let Zipf—Mandelbrot law defined as q and p with parameters c1,cp >
0, di,dr >0, let HY ;, = z G+ S and HY ; = z

ZM(H’Cvd) :S(p)

o G-I—Lz . Now using p; =

and q; = in (3.3), then the following holds
(i +Cl)d1Hf]?\1] di ! (i +02)d gdz
—1)"Py(n m—t t—1 & L
( ) 1() n—1 < Dkl(qap)—i—izqiln qu
n—1 — n m— m— 1= -
(n—=1)(p2—p1) (Mi(n)) 1 1= =
T
Z qi;

1 t J n—1 n—w
=) <Z ) — |- X (w'(p—p))
t—1 1< <..<ir<m \j=1 Zpll w=2 -\P2 1

j=1
di gN
<A L l—I—Cl) Hel gy (2 p2)”
1+02)d2HZ\2/d2
) N
(—1)" l+Cl 'H. 4 (2 p1)”
(i+c dZHN ' P1
2 c2,d>
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Pi(n) ((—1)"(92—7»1('1))+(—1)”(7»1(")—Pl)>
T (n=1)(p2—p1) \ p1" 1 (p2—p1) P2 t(p2—p1) /)

Remark 6. Under the assumption of Corollary 5, then for n = 2 we have the fol-
lowing result

Pi(2) m-—t t—1 & In L
<m—mﬂma»§nv4D“*”+m—§*1<Z*)

| . .ZICIi,-
]:
T m—1 Z ( 1qij> In v

t—1 1< << <m \ j=

Il
-

Pi(2) <(Pz—7~1(2))+(7»1(2)—91))
~(p2—p1) \pi(p2—p1)  p2(p2—p1) /)

Now we will give result for Hybrid zipf-Mandelbrot entropy.

Hybrid Zipf-Mandelbrot entropy is the generalization of Zipf-Mandelbrot entropy.
Consider N be natural numbers, 0 < ¢ <o and 0 < d,® < oo,

Hybrid Zipf-Mandelbrot entropy is defined as:

N i : K}
Zy(H*,c,d,®) = : Y ® T ln<(l+c) )—i—ln( o) (4.3)

| (i+c o
Where
N i

” ()

d,o =

64,0 E{ (i+c)d
Consider

o'
pi=f(i5N,¢,d,0) = . 4.4)
(1+c)dHC’d7w

is known as Hybrid Zipf-Mandelbrot law.

Theorem 9. Let p be a discrete probability distribution given in (4.4) with para-
meters 0 < ¢ < oo, 0 < d,m < o and N be natural numbers, then we have

(—=1)"Py(n) m—t e 1
0P ) S w1 )~y in(m)

1 v T n—1 n—w
- i: 1 i —
oy 1§i.<¥<itgm j;p’ ' j;p" Ez(w(w—l)(f)z—m))

_1yw-1 i+c)H*
X{((;% )FG}%-;C¢%@_my>
2
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—1)w-1 i+c)'H*
(e L)
1

Pi(n) <(—1)”(pz—7»1(n))+(—1)”(7»1(11)—91))
=~ (p2—p1) Pi(p2—p1) P53 (p2—p1) '

(4.5)

Proof. We can get Hybrid Zipf-Mandelbrot entropy (4.3) by substituting p; defined
in (4.4) from Shannon entropy (3.1).

N . .
- ms Leer [ (rer) <H1d>]
_ H;ﬂ{@ﬁ-{ (H(i)’c)d [ln <(z JCrOlC)d> in( :7d7m):|
=L g (S5 et
Finally, substituting this p; = W in (3.5), after simple calculations we get
(4.5). O

Remark 7. Under the assumption of Theorem 9, then for n = 2 we have the fol-
lowing result

Pi(2) cmot =1
(P2—p1) (Mi(2)) " m—1

1 T T
T md Z < Pi,) In (Z pi_i)
1 1<ii<.o.<ie<m \j=1 =1

Pi(2) ((Pz —M@2)  ME@) - pﬁ) ‘

= (p2—p1) \pi(p2—p1)  P3(P2—p1)
Corollary 6. Ler Hybrid Zipf-Mandelbrot law defined as q and p with para-
. o
meters ci,cy > 0, ®1,0,d;,d» > 0. Now using p; = (i—i—cl)dl}-ljl Y and q; =
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o
(itcr) dzi-l* in (3.3), then the following holds
CzadZ-,('oZ
—1)"P _ -1 m m
(=1)"Pi(n) _ cm tDkl(q,P)ﬂLtiZqi]n Y a
(n—1)(p2—p1) (M1 (n)) m—1 m—15 i=1
T
Y q
1 : = = ( n—w >
- — qi; In — -
s l§i1<;<it§m = i P W;Z wl(p2—p1)
=
w1 (w—3)! wé(i_‘_cl)le:l,dlvml .
<D P22 b o (i+c2)2H? H(z=p2)
1 2 c2,dr,0)
_(_l)w_l(w—3)!F ; wé(i—l_Cl)le:hdhOJl.(Z_pl)w
P2 T\ Vol (i+e)®H,, 4 0,
)

Pi(n) <(—1)”(Pz—7w(n) (—1)"(7~1(n)—91)>
T (m=1)(p2—p1) \ p1" ' (p2—p1) P2 Hp2—p1) /)
Remark 8. Under the assumption of Corollary 6, then for n = 2 we have the fol-
lowing result

P1 (2) m-—zt t— 1 m m
S Dy(g,p)+——Y q;ln ;
(P2—p1)(M(2)) " m—1 () m_ i;q i;q
y
qi;
1 t =
T m—1 Z qi,- In T
t—1 I<<.<ie<m \j=1 Z Pi/
=1

P(2) <(Pz—7»1(2))+(7»1(2)—91)>
~(p2—p1) \pi(p2—p1)  p2(p2—p1) /)
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