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Abstract. With the purpose of applying the Łukasiewicz fuzzy set to sub-hoop in hoops, the
concept of Łukasiewicz fuzzy sub-hoop is introduced, and its properties are investigated. The
relationship between fuzzy sub-hoop and Łukasiewicz fuzzy sub-hoop are discussed. Conditions
for Łukasiewicz fuzzy set to be a Łukasiewicz fuzzy sub-hoop are provided, and characterizations
of Łukasiewicz fuzzy sub-hoop are displayed. Conditions under which ∈-set, q-set, and O-set
can be sub-hoops are investigated.
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1. INTRODUCTION

Hoops, which are introduced by Bosbach and Bosbach (see [6, 7]), are a nice
algebraic structure to research the many-valued logical system whose propositional
value is given in a lattice. Several properties of hoops are displayed in [1–3, 5, 8,
12, 13]. Substructures in hoops are a very important factor in studying hoops, and
studies have been conducted on various types of substructures. The sub-hoop is the
most basic substructure of hoops. The fuzzy set acts as a bridge so that algebra theory
can be applied to applied sciences. Various kinds of fuzzy sets have been used in the
study of substructures such as ideals in BCK/BCI-algebras Borzooei et al. [4] studied
fuzzy sub-hoops. Łukasiewicz logic is the logic of the Łukasiewicz t-norm, and it is
a non-classical and many-valued logic. It was originally defined in the early 20th
century by Jan Łukasiewicz as a three-valued logic. Using the idea of Łukasiewicz
t-norm, Y. B. Jun constructed the concept of Łukasiewicz fuzzy sets based on a given
fuzzy set and applied it to BCK-algebras and BCI-algebras (see [9, 11]).

For the purpose of applying the Łukasiewicz fuzzy set to the sub-hoop in hoops,
we introduce the concept of Łukasiewicz fuzzy sub-hoop and study its properties.
We discuss the relationship between Łukasiewicz fuzzy sub-hoop and fuzzy sub-
hoop. We provide conditions for Łukasiewicz fuzzy set to be a Łukasiewicz fuzzy
© 2025 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.
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sub-hoop. We discuss characterizations of Łukasiewicz fuzzy sub-hoop, and explore
the conditions under which ∈-set, q-set, and O-set can be sub-hoops.

2. PRELIMINARIES

2.1. Basic concepts about hoops

By a hoop we mean an algebra (H,⊙,→,1) in which (H,⊙,1) is a commutative
monoid and the following assertions are valid.

(H1) (∀a ∈ H)(a → a = 1),
(H2) (∀a,b ∈ H)(a⊙ (a → b) = b⊙ (b → a)),
(H3) (∀a,b,c ∈ H)(a → (b → c) = (a⊙b)→ c).
On hoop H, we define a ≤ b if and only if a → b = 1. It is easy to see that ≤ is a

partial order relation on H.
By a sub-hoop of a hoop H we mean a subset F of H which satisfies the condition:

(∀a,b ∈ H)(a,b ∈ F ⇒ a⊙b ∈ F, a → b ∈ F).

Note that every non-empty sub-hoop contains the element 1.
Every hoop H satisfies the following conditions (see [6, 7]).

(∀a,b ∈ H)(a⊙b ≤ c ⇔ a ≤ b → c).

(∀a,b ∈ H)(a⊙b ≤ a,b).

(∀a,b ∈ H)(a ≤ b → a).

(∀a ∈ H)(a → 1 = 1).

(∀a ∈ H)(1 → a = a). (2.1)

2.2. Basic concepts about (Łukasiewicz) fuzzy set informations

A fuzzy set λ in a set H of the form

λ(b) :=

{
t ∈ (0,1] if b = a,
0 if b ̸= a,

is said to be a fuzzy point with support a and value t and is denoted by ⟨a/t⟩.
For a fuzzy set λ in a set H, we say that a fuzzy point ⟨a/t⟩ is

(i) contained in λ, denoted by ⟨a/t⟩ ∈ λ, (see [10]) if λ(a)≥ t.
(ii) quasi-coincident with λ, denoted by ⟨a/t⟩qλ, (see [10]) if λ(a)+ t > 1.

If ⟨a/t⟩αλ is not established for α ∈ {∈,q}, it is denoted by ⟨a/t⟩αλ.

Definition 1 ([4, Definition 1]). A fuzzy set λ in H is called a fuzzy sub-hoop of
H (see [4]) if it satisfies:

(∀a,b ∈ H)

({
λ(a⊙b)≥ min{λ(a),λ(b)}
λ(a → b)≥ min{λ(a),λ(b)}

)
.
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Definition 2 ([9, Definition 3.1]). Let λ be a fuzzy set in a set H and let δ ∈ (0,1).
A function

Łδ

λ
: H → [0,1], x 7→ max{0,λ(x)+δ−1}

is called the Łukasiewicz fuzzy set of λ in H.

Let λ be a fuzzy set in a set H. For the Łukasiewicz fuzzy set Łδ

λ
of λ in H and

t ∈ (0,1], consider the sets

(Łδ

λ
, t)∈ := {x ∈ H | ⟨x/t⟩ ∈ Łδ

λ
} and (Łδ

λ
, t)q := {x ∈ H | ⟨x/t⟩qŁδ

λ
},

which are called the ∈-set and q-set, respectively, of Łδ

λ
(with value t). Also, consider

a set:
O(Łδ

λ
) := {x ∈ H | Łδ

λ
(x)> 0},

which is called the O-set of Łδ

λ
. It is observed that

O(Łδ

λ
) = {x ∈ H | λ(x)+δ−1 > 0}.

3. ŁUKASIEWICZ FUZZY SUB-HOOPS

In what follows, let H denote a hoop unless otherwise specified.

Definition 3. Let λ be a fuzzy set in H and δ an element of (0,1). Then its
Łukasiewicz fuzzy set Łδ

λ
in H is called a Łukasiewicz fuzzy sub-hoop of H if it

satisfies:

(∀x,y ∈ H)(∀ta, tb ∈ (0,1])



⟨x/ta⟩ ∈ Łδ

λ
, ⟨y/tb⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/min{ta, tb}⟩ ∈ Łδ

λ

⟨(x → y)/min{ta, tb}⟩ ∈ Łδ

λ

 . (3.1)

Example 1. Let H = {0,a,b,c,d,1} be a set with binary operations “⊙” and “→ ”
in Table 1 and Table 2, respectively.

TABLE 1. Cayley table for the binary operation “⊙”

⊙ 0 a b c d 1
0 0 0 0 0 0 0
a 0 a d 0 d a
b 0 d c c 0 b
c 0 0 c c 0 c
d 0 d 0 0 0 d
1 0 a b c d 1
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TABLE 2. Cayley table for the binary operation “→”

→ 0 a b c d 1
0 1 1 1 1 1 1
a c 1 b c b 1
b d a 1 b a 1
c a a 1 1 a 1
d b 1 1 b 1 1
1 0 a b c d 1

Then (H,⊙,→,1) is a hoop. Define a fuzzy set λ in H as follows:

λ : H → [0,1], x 7→



0.58 if x = 0,
0.77 if x = a,
0.37 if x = b,
0.58 if x = c,
0.37 if x = d,
0.83 if x = 1.

Given δ := 0.58, the Łukasiewicz fuzzy set Łδ

λ
of λ in H is given as follows:

Łδ

λ
: H → [0,1], x 7→



0.16 if x = 0,
0.35 if x = a,
0.00 if x = b,
0.16 if x = c,
0.00 if x = d,
0.41 if x = 1.

It is routine to verify that Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.

Theorem 1. If λ is a fuzzy sub-hoop of H, then its Łukasiewicz fuzzy set Łδ

λ
in H

is a Łukasiewicz fuzzy sub-hoop of H.

Proof. Assume that λ is a fuzzy sub-hoop of H. Let x,y ∈ H and ta, tb ∈ (0,1] be
such that ⟨x/ta⟩ ∈ Łδ

λ
and ⟨y/tb⟩ ∈ Łδ

λ
. Then Łδ

λ
(x)≥ ta and Łδ

λ
(y)≥ tb, so

Łδ

λ
(x⊙ y) = max{0,λ(x⊙ y)+δ−1}

≥ max{0,min{λ(x),λ(y)}+δ−1}
= max{0,min{λ(x)+δ−1,λ(y)+δ−1}}
= min{max{0,λ(x)+δ−1},max{0,λ(y)+δ−1}}
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= min{Łδ

λ
(x),Łδ

λ
(y)} ≥ min{ta, tb}.

Hence ⟨(x⊙ y)/min{ta, tb}⟩ ∈ Łδ

λ
. The similar way induces ⟨(x → y)/min{ta, tb}⟩ ∈

Łδ

λ
. Therefore, Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H. □

The following example shows that the converse of Theorem 1 may not be true.

Example 2. Consider the hoop H = {0,a,b,c,d,1} in Example 1 and define a
fuzzy set λ in H as follows:

λ : H → [0,1], x 7→



0.22 if x = 0,
0.17 if x = a,
0.85 if x = b,
0.90 if x = c,
0.27 if x = d,
0.96 if x = 1.

Given δ := 0.73, the Łukasiewicz fuzzy set Łδ

λ
of λ in H is given as follows:

Łδ

λ
: H → [0,1], x 7→


0.69 if x = 1,
0.58 if x = b,
0.63 if x = c,
0.00 if x ∈ {0,a,d}.

It is routine to verify that Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H. But λ is not a

fuzzy sub-hoop of H since λ(d ⊙ c) = λ(0) = 0.22 ≱ 0.27 = min{λ(d),λ(c)}.

Lemma 1. If λ is a fuzzy sub-hoop of H, then its Łukasiewicz fuzzy set Łδ

λ
satisfies:

(∀x ∈ H)(∀t ∈ (0,1])
(
⟨x/t⟩ ∈ Łδ

λ
⇒ ⟨1/t⟩ ∈ Łδ

λ

)
. (3.2)

Proof. If λ is a fuzzy sub-hoop of H, then its Łukasiewicz fuzzy set Łδ

λ
is a

Łukasiewicz fuzzy sub-hoop of H by Theorem 1. Hence the combination of (H1)
and (3.1) induces (3.2). □

Remark 1. Let λ be a fuzzy sub-hoop of H, and assume that the condition (3.2) is
valid. Since ⟨x/Łδ

λ
(x)⟩ ∈ Łδ

λ
for all x ∈ H, we have ⟨1/Łδ

λ
(x)⟩ ∈ Łδ

λ
by (3.2). Hence

Łδ

λ
(1) ≥ Łδ

λ
(x) for all x ∈ H. Conversely, suppose Łδ

λ
satisfies Łδ

λ
(1) ≥ Łδ

λ
(x) for all

x ∈ H. Let x ∈ H and t ∈ (0,1] be such that ⟨x/t⟩ ∈ Łδ

λ
. Then Łδ

λ
(1)≥ Łδ

λ
(x)≥ t, that

is, ⟨1/t⟩ ∈ Łδ

λ
. This shows that if λ is a fuzzy sub-hoop of H, then the condition (3.2)

is equivalent to the condition below:

(∀x ∈ H)
(

Łδ

λ
(1)≥ Łδ

λ
(x)
)
.
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Proposition 1. For a Łukasiewicz fuzzy set Łδ

λ
of λ in H, if λ is a fuzzy sub-hoop

of H, then the following assertions are equivalent.

(∀x ∈ H)
(

Łδ

λ
(x) = Łδ

λ
(1)
)
. (3.3)

(∀x,y ∈ H)(∀t ∈ (0,1])

({
⟨y/t⟩ ∈ Łδ

λ
⇒

{
⟨(y⊙ x)/t⟩ ∈ Łδ

λ

⟨(y → x)/t⟩ ∈ Łδ

λ

)
. (3.4)

Proof. Let λ be a fuzzy sub-hoop of H. Then its Łukasiewicz fuzzy set Łδ

λ
is a

Łukasiewicz fuzzy sub-hoop of H (see Theorem 1). Assume that (3.3) is valid. Let
x,y ∈ H and t ∈ (0,1] be such that ⟨y/t⟩ ∈ Łδ

λ
. Then ⟨1/t⟩ ∈ Łδ

λ
by Lemma 1. Since

⟨x/Łδ

λ
(x)⟩ ∈ Łδ

λ
and ⟨y/Łδ

λ
(y)⟩ ∈ Łδ

λ
for all x,y ∈ H, we have

⟨(y⊙ x)/min{Łδ

λ
(y),Łδ

λ
(x)}⟩ ∈ Łδ

λ
, ⟨(y → x)/min{Łδ

λ
(y),Łδ

λ
(x)}⟩ ∈ Łδ

λ

by (3.1). It follows from Remark 1 and (3.3) that

Łδ

λ
(y⊙ x)≥ min{Łδ

λ
(y),Łδ

λ
(x)}= min{Łδ

λ
(1),Łδ

λ
(x)}= Łδ

λ
(x)≥ t

and

Łδ

λ
(y → x)≥ min{Łδ

λ
(y),Łδ

λ
(x)}= min{Łδ

λ
(1),Łδ

λ
(x)}= Łδ

λ
(x)≥ t.

Hence ⟨(y⊙ x)/t⟩ ∈ Łδ

λ
and ⟨(y → x)/t⟩ ∈ Łδ

λ
for all x,y ∈ H and t ∈ (0,1].

Conversely, suppose that (3.4) is valid. Since ⟨1/Łδ

λ
(1)⟩ ∈ Łδ

λ
, it follows from

(2.1) and (3.4) that ⟨x/Łδ

λ
(1)⟩= ⟨(1 → x)/Łδ

λ
(1)⟩ ∈ Łδ

λ
, that is, Łδ

λ
(x)≥ Łδ

λ
(1) for all

x ∈ H. Combining this with Remark 1 leads to Łδ

λ
(x) = Łδ

λ
(1) for all x ∈ H. □

Theorem 2. Let λ be a fuzzy set in H. If the Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y,z ∈ H)(∀tb, tc ∈ (0,1])




z ≤ x, ⟨y/tb⟩ ∈ Łδ

λ
, ⟨z/tc⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/min{tb, tc}⟩ ∈ Łδ

λ

⟨(x → y)/min{tb, tc}⟩ ∈ Łδ

λ

 , (3.5)

then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.

Proof. Let x,y ∈ H and ta, tb ∈ (0,1] be such that ⟨x/ta⟩ ∈ Łδ

λ
and ⟨y/tb⟩ ∈ Łδ

λ
.

Since x ≤ x for all x ∈ H, it follows from (3.5) that ⟨(x⊙ y)/min{ta, tb}⟩ ∈ Łδ

λ
and

⟨(x→ y)/min{ta, tb}⟩ ∈Łδ

λ
. Therefore, Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H. □

Corollary 1. Let λ be a fuzzy set in H. If the Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y,z ∈ H)(∀tb, tc ∈ (0,1])




z ≤ x, ⟨y/tb⟩ ∈ Łδ

λ
, ⟨z/tc⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/max{tb, tc}⟩ ∈ Łδ

λ

⟨(x → y)/max{tb, tc}⟩ ∈ Łδ

λ

 ,
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then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.

Theorem 3. Let λ be a fuzzy set in H. If the Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y,z ∈ H)(∀tb, tc ∈ (0,0.5])




z ≤ x, ⟨y/tb⟩ ∈ Łδ

λ
, ⟨z/tc⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/min{tb, tc}⟩qŁδ

λ

⟨(x → y)/min{tb, tc}⟩qŁδ

λ

 , (3.6)

then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.

Proof. Let x,y∈H and ta, tb ∈ (0,0.5]⊆ (0,1] be such that ⟨x/ta⟩ ∈Łδ

λ
and ⟨y/tb⟩ ∈

Łδ

λ
. Since x ≤ x for all x ∈ H, we have

⟨(x⊙ y)/min{ta, tb}⟩qŁδ

λ
⟨(x → y)/min{ta, tb}⟩qŁδ

λ

by (3.6). Since min{ta, tb} ≤ 0.5, it follows that

Łδ

λ
(x⊙ y)> 1−min{ta, tb} ≥ min{ta, tb}

and

Łδ

λ
(x → y)> 1−min{ta, tb} ≥ min{ta, tb}.

This shows that ⟨(x⊙y)/min{ta, tb}⟩ ∈Łδ

λ
and ⟨(x→ y)/min{ta, tb}⟩ ∈Łδ

λ
. Therefore,

Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H. □

Corollary 2. Let λ be a fuzzy set in H. If the Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y,z ∈ H)(∀tb, tc ∈ (0,0.5])




z ≤ x, ⟨y/tb⟩ ∈ Łδ

λ
, ⟨z/tc⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/max{tb, tc}⟩qŁδ

λ

⟨(x → y)/max{tb, tc}⟩qŁδ

λ

 ,

then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.

Theorem 4. Let λ be a fuzzy set in H. If the Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y,z ∈ H)(∀tb, tc ∈ (0.5,1])




z ≤ x, ⟨y/tb⟩qŁδ

λ
, ⟨z/tc⟩qŁδ

λ

⇒

{
⟨(x⊙ y)/min{tb, tc}⟩ ∈ Łδ

λ

⟨(x → y)/min{tb, tc}⟩ ∈ Łδ

λ

 , (3.7)

then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.
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Proof. Let x,y ∈ H and ta, tb ∈ (0.5,1]⊆ (0,1] be such that ⟨x/ta⟩ ∈ Łδ

λ
and ⟨y/tb⟩

∈ Łδ

λ
. Then Łδ

λ
(x) ≥ ta > 1 − ta and Łδ

λ
(y) ≥ tb > 1 − tb, that is, ⟨x/ta⟩qŁδ

λ
and

⟨y/tb⟩qŁδ

λ
. Since x ≤ x for all x ∈ H, it follows from (3.7) that ⟨(x⊙y)/min{ta, tb}⟩ ∈

Łδ

λ
and ⟨(x → y)/min{ta, tb}⟩ ∈ Łδ

λ
. Hence Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of

H. □

Corollary 3. Let λ be a fuzzy set in H. If the Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y,z ∈ H)(∀tb, tc ∈ (0.5,1])




z ≤ x, ⟨y/tb⟩qŁδ

λ
, ⟨z/tc⟩qŁδ

λ

⇒

{
⟨(x⊙ y)/max{tb, tc}⟩ ∈ Łδ

λ

⟨(x → y)/max{tb, tc}⟩ ∈ Łδ

λ

 ,

then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H.

We explore the conditions under which the ∈-set, q-set, and O-set of Łukasiewicz
fuzzy set can be sub-hoops.

Theorem 5. Let Łδ

λ
be a Łukasiewicz fuzzy set of a fuzzy set λ in H. Then the ∈-set

(Łδ

λ
, t)∈ of Łδ

λ
is a sub-hoop of H for all t ∈ (0.5,1] if and only if min{Łδ

λ
(x),Łδ

λ
(y)}

is less than or equal to
max{Łδ

λ
(x⊙ y),0.5} and max{Łδ

λ
(x → y),0.5}.

Proof. Assume that the ∈-set (Łδ

λ
, t)∈ of Łδ

λ
is a sub-hoop of H for all t ∈ (0.5,1].

If min{Łδ

λ
(x),Łδ

λ
(y)}> max{Łδ

λ
(x⊙ y),0.5} for some x,y ∈ H, then

t : = min{Łδ

λ
(x),Łδ

λ
(y)} ∈ (0.5,1], ⟨x/t⟩ ∈ Łδ

λ
, ⟨y/t⟩ ∈ Łδ

λ
.

Hence x, y ∈ (Łδ

λ
, t)∈, and so x⊙ y ∈ (Łδ

λ
, t)∈. But ⟨(x⊙ y)/t⟩∈Łδ

λ
implies x⊙ y /∈

(Łδ

λ
, t)∈, a contradiction. Hence min{Łδ

λ
(x),Łδ

λ
(y)} ≤ max{Łδ

λ
(x ⊙ y),0.5} for all

x,y ∈ H. In the same way, we can verify min{Łδ

λ
(x),Łδ

λ
(y)} ≤ max{Łδ

λ
(x → y),0.5}

for all x,y ∈ H.
Conversely suppose that

min{Łδ

λ
(x),Łδ

λ
(y)} ≤ max{Łδ

λ
(x → y),0.5},

min{Łδ

λ
(x),Łδ

λ
(y)} ≤ max{Łδ

λ
(x⊙ y),0.5}

(3.8)

for all x,y ∈ H. Let t ∈ (0.5,1] and x,y ∈ H be such that x ∈ (Łδ

λ
, t)∈ and y ∈ (Łδ

λ
, t)∈.

Then Łδ

λ
(x)≥ t and Łδ

λ
(y)≥ t, which imply from (3.8) that

0.5 < t ≤ min{Łδ

λ
(x),Łδ

λ
(y)} ≤ max{Łδ

λ
(x⊙ y),0.5}

and
0.5 < t ≤ min{Łδ

λ
(x),Łδ

λ
(y)} ≤ max{Łδ

λ
(x → y),0.5}.
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Hense ⟨(x ⊙ y)/t⟩ ∈ Łδ

λ
and ⟨(x → y)/t⟩ ∈ Łδ

λ
, i.e., x ⊙ y ∈ (Łδ

λ
, t)∈ and x → y ∈

(Łδ

λ
, t)∈. Therefore (Łδ

λ
, t)∈ is a sub-hoop of H for t ∈ (0.5,1]. □

Theorem 6. Let Łδ

λ
be a Łukasiewicz fuzzy set of a fuzzy set λ in H. If λ is a fuzzy

sub-hoop of H, then the q-set (Łδ

λ
, t)q of Łδ

λ
is a sub-hoop of H for all t ∈ (0,1].

Proof. If λ is a fuzzy sub-hoop of H, then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of

H (see Theorem 1). Let t ∈ (0,1] and x,y ∈ (Łδ

λ
, t)q. Then ⟨x/t⟩qŁδ

λ
and ⟨y/t⟩qŁδ

λ
,

that is, Łδ

λ
(x)+ t > 1 and Łδ

λ
(y)+ t > 1. Since ⟨x/Łδ

λ
(x)⟩ ∈ Łδ

λ
and ⟨y/Łδ

λ
(y)⟩ ∈ Łδ

λ

for all x,y ∈ H, we have

⟨(x⊙ y)/min{Łδ

λ
(x),Łδ

λ
(y)}⟩ ∈ Łδ

λ
, ⟨(x → y)/min{Łδ

λ
(x),Łδ

λ
(y)}⟩ ∈ Łδ

λ

by (3.1). It follows that

Łδ

λ
(x⊙ y)+ t ≥ min{Łδ

λ
(x),Łδ

λ
(y)}+ t = min{Łδ

λ
(x)+ t,Łδ

λ
(y)+ t}> 1

and

Łδ

λ
(x → y)+ t ≥ min{Łδ

λ
(x),Łδ

λ
(y)}+ t = min{Łδ

λ
(x)+ t,Łδ

λ
(y)+ t}> 1.

Hence ⟨(x ⊙ y)/t⟩qŁδ

λ
and ⟨(x → y)/t⟩qŁδ

λ
, that is, x ⊙ y ∈ (Łδ

λ
, t)q and x → y ∈

(Łδ

λ
, t)q. Thus, (Łδ

λ
, t)q is a sub-hoop of H. □

Proposition 2. Let Łδ

λ
be a Łukasiewicz fuzzy set of a fuzzy set λ in H.

(i) If the q-set (Łδ

λ
, t)q is a sub-hoop of H for all t ∈ (0,0.5], then Łδ

λ
satisfies:

(∀x,y ∈ H)(∀ta, tb ∈ (0,0.5])



⟨x/ta⟩qŁδ

λ
, ⟨y/tb⟩qŁδ

λ

⇒

{
⟨(x⊙ y)/max{ta, tb}⟩ ∈ Łδ

λ

⟨(x → y)/max{ta, tb}⟩ ∈ Łδ

λ

 .

(ii) If the ∈-set (Łδ

λ
, t)∈ is a sub-hoop of H for all t ∈ (0.5,1], then Łδ

λ
satisfies:

(∀x,y ∈ H)(∀ta, tb ∈ (0.5,1])



⟨x/ta⟩ ∈ Łδ

λ
, ⟨y/tb⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/min{ta, tb}⟩qŁδ

λ

⟨(x → y)/min{ta, tb}⟩qŁδ

λ

 .

Proof.
(i) Assume that (Łδ

λ
, t)q is a sub-hoop of H for all t ∈ (0,0.5]. Let x,y ∈ H and

ta, tb ∈ (0,0.5] be such that ⟨x/ta⟩qŁδ

λ
and ⟨y/tb⟩qŁδ

λ
. Then x ∈ (Łδ

λ
, ta)q ⊆

(Łδ

λ
,max{ta, tb})q and y ∈ (Łδ

λ
, tb)q ⊆ (Łδ

λ
,max{ta, tb})q. Hence x ⊙ y ∈

(Łδ

λ
,max{ta, tb})q and x → y ∈ (Łδ

λ
,max{ta, tb})q. Since max{ta, tb} ≤ 0.5,

it follows that

Łδ

λ
(x⊙ y)> 1−max{ta, tb} ≥ max{ta, tb}
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and

Łδ

λ
(x → y)> 1−max{ta, tb} ≥ max{ta, tb}.

Therefore, ⟨(x⊙ y)/max{ta, tb}⟩ ∈ Łδ

λ
and ⟨(x → y)/max{ta, tb}⟩ ∈ Łδ

λ
.

(ii) Assume that (Łδ

λ
, t)∈ is a sub-hoop of H for all t ∈ (0.5,1]. Let x,y ∈ H and

ta, tb ∈ (0.5,1] be such that ⟨x/ta⟩ ∈ Łδ

λ
and ⟨y/tb⟩ ∈ Łδ

λ
. Then Łδ

λ
(x) ≥ ta ≥

min{ta, tb} and Łδ

λ
(y)≥ tb ≥ min{ta, tb}, which imply that

x ∈ (Łδ

λ
,min{ta, tb})∈, y ∈ (Łδ

λ
,min{ta, tb})∈.

Hence

x⊙ y ∈ (Łδ

λ
,min{ta, tb})∈, x → y ∈ (Łδ

λ
,min{ta, tb})∈.

Since min{ta, tb}> 0.5, it follows that

Łδ

λ
(x⊙ y)≥ min{ta, tb}> 1−min{ta, tb}

and

Łδ

λ
(x → y)≥ min{ta, tb}> 1−min{ta, tb}

Therefore, ⟨(x⊙ y)/min{ta, tb}⟩qŁδ

λ
and ⟨(x → y)/min{ta, tb}⟩qŁδ

λ
.

□

Theorem 7. If Łδ

λ
satisfies:

(∀x,y ∈ H)(∀t ∈ (0,0.5])



⟨x/t⟩ ∈ Łδ

λ
, ⟨y/t⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/t⟩qŁδ

λ

⟨(x → y)/t⟩qŁδ

λ

 , (3.9)

then the ∈-set (Łδ

λ
, t)∈ is a sub-hoop of H for all t ∈ (0,0.5].

Proof. Let t ∈ (0,0.5] and assume that Łδ

λ
satisfies the condition (3.9). If x,y ∈

(Łδ

λ
, t)∈, then ⟨x/t⟩ ∈Łδ

λ
and ⟨y/t⟩ ∈Łδ

λ
, and thus ⟨(x⊙y)/t⟩qŁδ

λ
and ⟨(x→ y)/t⟩qŁδ

λ

by (3.9). Since t ≤ 0.5, it follows that Łδ

λ
(x⊙y)> 1−t ≥ t and Łδ

λ
(x → y)> 1−t ≥ t.

Thus x⊙y ∈ (Łδ

λ
, t)∈ and x → y ∈ (Łδ

λ
, t)∈ which shows that (Łδ

λ
, t)∈ is a sub-hoop of

H for all t ∈ (0,0.5]. □

Theorem 8. If Łδ

λ
satisfies:

(∀x,y ∈ H)(∀t ∈ (0.5,1])



⟨x/t⟩qŁδ

λ
, ⟨y/t⟩qŁδ

λ

⇒

{
⟨(x⊙ y)/t⟩ ∈ Łδ

λ

⟨(x → y)/t⟩ ∈ Łδ

λ

 , (3.10)

then the q-set (Łδ

λ
, t)q is a sub-hoop of H for all t ∈ (0.5,1].
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Proof. Suppose that Łδ

λ
satisfies the condition (3.10) and let t ∈ (0.5,1] and x,y∈H

be such that x,y ∈ (Łδ

λ
, t)q. Then ⟨x/t⟩qŁδ

λ
and ⟨y/t⟩qŁδ

λ
. Hence ⟨(x⊙ y)/t⟩ ∈ Łδ

λ

and ⟨(x → y)/t⟩ ∈ Łδ

λ
by (3.10). Since t > 0.5, it follows that Łδ

λ
(x⊙ y) ≥ t > 1− t

and Łδ

λ
(x → y) ≥ t > 1− t, that is, x⊙ y ∈ (Łδ

λ
, t)q and x → y ∈ (Łδ

λ
, t)q. Therefore,

(Łδ

λ
, t)q is a sub-hoop of H for all t ∈ (0.5,1]. □

Theorem 9. Let Łδ

λ
be a Łukasiewicz fuzzy set of a fuzzy set λ in H. If λ is a fuzzy

sub-hoop of H, then the O-set O(Łδ

λ
) of Łδ

λ
is a sub-hoop of H.

Proof. Let x,y ∈ O(Łδ

λ
). Then λ(x)+ δ− 1 > 0 and λ(y)+ δ− 1 > 0. If λ is a

fuzzy sub-hoop of H, then Łδ

λ
is a Łukasiewicz fuzzy sub-hoop of H (see Theoem 1).

It follows that

Łδ

λ
(x⊙ y)≥ min{Łδ

λ
(x),Łδ

λ
(y)}= min{λ(x)+δ−1,λ(y)+δ−1}> 0

and

Łδ

λ
(x → y)≥ min{Łδ

λ
(x),Łδ

λ
(y)}= min{λ(x)+δ−1,λ(y)+δ−1}> 0.

Hence x⊙y∈O(Łδ

λ
) and x→ y∈O(Łδ

λ
), and therefore O(Łδ

λ
) is a sub-hoop of H. □

Theorem 10. Let λ be a fuzzy set in H. If a Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y ∈ H)(∀ta, tb ∈ (0,1])



⟨x/ta⟩ ∈ Łδ

λ
, ⟨y/tb⟩ ∈ Łδ

λ

⇒

{
⟨(x⊙ y)/max{ta, tb}⟩qŁδ

λ

⟨(x → y)/max{ta, tb}⟩qŁδ

λ

 . (3.11)

then the O-set O(Łδ

λ
) of Łδ

λ
is a sub-hoop of H.

Proof. Assume that Łδ

λ
satisfies the condition (3.11). If x,y ∈ O(Łδ

λ
), then λ(x)+

δ−1 > 0 and λ(y)+δ−1 > 0. Since [x/Łδ

λ
(x)] ∈ Łδ

λ
and [y/Łδ

λ
(y)] ∈ Łδ

λ
. it follows

from (3.11) that

⟨(x⊙ y)/max{Łδ

λ
(x),Łδ

λ
(y)}⟩qŁδ

λ
and ⟨(x → y)/max{Łδ

λ
(x),Łδ

λ
(y)}⟩qŁδ

λ
.

If x⊙ y /∈ O(Łδ

λ
) or x → y /∈ O(Łδ

λ
), then Łδ

λ
(x⊙ y) = 0 or Łδ

λ
(x → y) = 0. Hence

Łδ

λ
(x⊙ y)+max{Łδ

λ
(x),Łδ

λ
(y)}= max{Łδ

λ
(x),Łδ

λ
(y)}

= max{max{0,λ(x)+δ−1},max{0,λ(y)+δ−1}}
= max{λ(x)+δ−1,λ(y)+δ−1}
= max{λ(x),λ(y)}+δ−1

≤ 1+δ−1 = δ ≤ 1,

or

Łδ

λ
(x → y)+max{Łδ

λ
(x),Łδ

λ
(y)}= max{Łδ

λ
(x),Łδ

λ
(y)}
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= max{max{0,λ(x)+δ−1},max{0,λ(y)+δ−1}}
= max{λ(x)+δ−1,λ(y)+δ−1}
= max{λ(x),λ(y)}+δ−1

≤ 1+δ−1 = δ ≤ 1,

that is, ⟨(x⊙y)/max{Łδ

λ
(x),Łδ

λ
(y)}⟩qŁδ

λ
or ⟨(x → y)/max{Łδ

λ
(x),Łδ

λ
(y)}⟩qŁδ

λ
. This

is a contradiction, and thus x⊙ y,x → y ∈ O(Łδ

λ
). Therefore, O(Łδ

λ
) is a sub-hoop of

H. □

Theorem 11. Let λ be a fuzzy set in H. If a Łukasiewicz fuzzy set Łδ

λ
of λ in H

satisfies:

(∀x,y ∈ H)(∀ta, tb ∈ (0,1])



⟨x/ta⟩qŁδ

λ
, ⟨y/tb⟩qŁδ

λ

⇒

{
⟨(x⊙ y)/max{ta, tb}⟩ ∈ Łδ

λ

⟨(x → y)/max{ta, tb}⟩ ∈ Łδ

λ

 , (3.12)

then the O-set O(Łδ

λ
) of Łδ

λ
is a sub-hoop of H.

Proof. Assume that Łδ

λ
satisfies the condition (3.12). Let x,y ∈ O(Łδ

λ
). Then

λ(x)+δ−1 > 0 and λ(y)+δ−1 > 0. Hence

Łδ

λ
(x)+1 = max{0,λ(x)+δ−1}+1 = λ(x)+δ−1+1 = λ(x)+δ > 1

and

Łδ

λ
(y)+1 = max{0,λ(y)+δ−1}+1 = λ(y)+δ−1+1 = λ(y)+δ > 1,

that is, ⟨x/1⟩qŁδ

λ
and ⟨y/1⟩qŁδ

λ
. It follows from (3.12) that

⟨(x⊙ y)/1⟩= ⟨(x⊙ y)/max{1,1}⟩ ∈ Łδ

λ
,

⟨(x → y)/1⟩= ⟨(x → y)/max{1,1}⟩ ∈ Łδ

λ
.

(3.13)

If x⊙y /∈ O(Łδ

λ
) or x → y /∈ O(Łδ

λ
), then Łδ

λ
(x⊙y) = 0 < 1 or Łδ

λ
(x → y) = 0 < 1, that

is, ⟨(x⊙ y)/1⟩∈Łδ

λ
or ⟨(x → y)/1⟩∈Łδ

λ
. This is a contradiction to (3.13), and thus

x⊙ y, x → y ∈ O(Łδ

λ
). Therefore, O(Łδ

λ
) is a sub-hoop of H. □

Theorem 12. If a Łukasiewicz fuzzy set Łδ

λ
in H satisfies:

(∀x,y ∈ H)

({
⟨x/δ⟩qŁδ

λ
, ⟨y/δ⟩qŁδ

λ
⇒

{
⟨(x⊙ y)/δ⟩ ∈ Łδ

λ

⟨(x → y)/δ⟩ ∈ Łδ

λ

)
. (3.14)

then the O-set of Łδ

λ
is a sub-hoop of H.

Proof. Let x,y ∈ O(Łδ

λ
). Then λ(x)+ δ > 1 and λ(y)+ δ > 1, i.e., ⟨x/δ⟩qλ and

⟨y/δ⟩qλ. It follows from (3.14) that ⟨(x⊙ y)/δ⟩ ∈ Łδ

λ
and ⟨(x → y)/δ⟩ ∈ Łδ

λ
, which
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shows Łδ

λ
(x⊙ y) ≥ δ > 0 and Łδ

λ
(x → y) ≥ δ > 0. Hence x⊙ y, x → y ∈ O(Łδ

λ
), and

therefore O(Łδ

λ
) is a sub-hoop of H. □

Theorem 13. Let Łδ

λ
be a Łukasiewicz fuzzy set in H that satisfies:

(∀x,y ∈ H)(∀ta, tb ∈ [δ,1])

({
⟨x/ta⟩qλ, ⟨y/tb⟩qλ

⇒ x⊙ y, x → y ∈ (Łδ

λ
,δ)∈

)
. (3.15)

Then the O-set of Łδ

λ
is a sub-hoop of H.

Proof. Assume that Łδ

λ
satisfies (3.15). If x,y ∈ O(Łδ

λ
), then λ(x)+ta ≥ λ(x)+δ >

1 and λ(y)+ tb ≥ λ(y)+ δ > 1. Thus ⟨x/ta⟩qλ and ⟨y/tb⟩qλ. Using (3.15) leads to
x⊙ y, x → y ∈ (Łδ

λ
,δ)∈. Hence Łδ

λ
(x⊙ y) ≥ δ > 0 and Łδ

λ
(x → y) ≥ δ > 0, that is,

x⊙ y, x → y ∈ O(Łδ

λ
). Consequently, O(Łδ

λ
) is a sub-hoop of H. □

Corollary 4. Let Łδ

λ
be a Łukasiewicz fuzzy set in H that satisfies:

(∀x,y ∈ H)

({
⟨x/δ⟩qλ, ⟨y/δ⟩qλ

⇒ x⊙ y, x → y ∈ (Łδ

λ
,δ)∈

)
.

Then the O-set of Łδ

λ
is a sub-hoop of H.
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