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Abstract. This paper introduces new generalizations of modified F-contractions through o-
admissible mappings. It expands the fixed-point results of modified F-contractions within the
framework of modular metric spaces. Several theorems are presented regarding the existence of
solutions, along with a condition that ensures the uniqueness of a solution. These theorems are
applied to specific mappings to verify the results. Additionally, the paper presents significant
outcomes, demonstrating the existence of solutions to a general form of an integral equation.
Finally, a particular example of an integral equation is discussed.
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1. INTRODUCTION

Wardowski [20] acquainted the prominent idea of F-contraction.

Definition 1. Let Q be a nonempty set, and d be a usual metric on Q. Any mapping
H: Q — Qs called an F-contraction provided that for a given k > 0

d(Hto,Ht1) >0 — x+ F(d(HT,H71)) < F(d(%0,T1)) (1.1)

is satisfied for all T9,T; € Q and the function F: R™ — R yields the followings:

(1f) For all a,b € R™, a < b implies F(a) < F(b), that is, F is an increasing

function.

(2r) lim a, = 0 if and only if li_r>n F(a,) = —oo where {a,}_, is a sequence in
n—o0 n—yoo
RT

(3r) For some r € (0,1), lgn a"F(a) = 0 holds.
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The set of all functions satisfying (1r) — (3F) is specified by §. It is easy to figure
outthat A(§) =In(§), B(§) =&+1In(€),and C(§) = —ﬁ are satisfying the conditions

(1r) — (3r), ie, A(§), B(§), C(§) € 3.
By defining F-contraction, Wardowski [20] generalized the Banach contraction
principle [3] and demonstrated the subsequent theorem.

Theorem 1. Assume that (Q,d) is a complete metric space. If H: Q — Q is an
F-contraction, then H admits a fixed point.

There are many studies related to F-contraction; see [9, 12, 15-19,21].
Definition 2. Let y be defined and continuous on [0,0). If y yields
(1) v is non-decreasing,
(2) Forall € >0, f Yi(E) < oo,
then it is named as c—clc:rlnparison function.

It is clear that y(§) < & and also y(0) = 0. ¥ represents the set of functions
providing the conditions (1) — (2). For further properties and examples of compar-
ison functions, see [4,5, 13].

Since the notion of a-admissible mappings were defined, they have been used in
many metric fixed point studies and generalized in various directions.

Definition 3 ([14]). Let Q # @ and a: Q x Q — [0,c0) be a mapping. If for all
a,beQ,
o(a,b) > 1 = o(Ha,Hb) > 1, (1.2)
then H: Q — Q is said to be oi-admissible.

F-contraction has been reconstructed via a-admissible structure as in the follow-
ing.
Definition 4 ([2]). Consider the metric space (Q,d). If for a given k¥ > 0 the
following expression holds for all Ty, T € Q:
d(Ht,HT1) >0 = x+F((t0,T1)d(HTo,Ht1)) < F(y(d(T0,71))), (1.3)

where Yy € ¥ and F € §, then the a-admissible mapping H: Q — Q is called a
modified Fy-contraction.

Recall that F(§) = In(§) € §. Then, inequality (1.3) turns into
(T, T1)d(HTo, Ht) < e “y(d(T0,71)) < y(d(T0,T1)) (1.4)

for all 79,T; € Q and Hty # HTy.
In [2] the following result has been verified.

Theorem 2. Consider a complete metric space (Q,d) and let H: Q — Q be a
modified Fy-contraction. If the followings are satisfied:
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(1*) for a given sy o(so,Hso) > 1 holds,
(2*) H is a-admissible,
(3%) H is continuous,

then H has a fixed point.

All the above motivate us to investigate the fixed point results for modified Fy-
contraction mappings in the setting modular metric spaces (MMS).

The primary purpose of this paper is to give some fixed point theorems and results
in a MMS for modified Fy-contractions. The existence of solutions for an integral
equation is investigated for an application. As an example, a solution for a given
integral equation is obtained.

This paper is organized as follows: Section 2 offers a comprehensive introduction
to MMS, establishing the foundation for subsequent discussions. Section 3 defines
modified F-contractions and presents the main results of the paper, along with several
important outcomes. Section 4 is dedicated to exploring applications that support
the results obtained. Finally, Section 5 provides a summary of the key insights and
conclusions of the present work.

2. FUNDAMENTALS OF MODULAR SPACES

We consider an example to understand the theory of modular metric spaces [1].
Take Q as the set of all points above water on the earth’s surface. The average speed
needed to travel directly over land from any point Ty to another point T; in a time ¢ is
denoted by m, (T, T}).

Now we shall consider what kind of characteristics the function m, (to,t;) should
have. If we determine Tty and T, then m,(Tp,T;) becomes a non-increasing function
of ¢, and also non-negative. Clearly, m,(To,T;) is symmetric in Tp and t;. Till now,
we assume that the points are in same ground. What if Tg and T; are in separate
landmasses? As it is needed to travel from Ty to T; by land, it is not possible to
travel in any time ¢ independently of the speed. In all situations, the speed function
m;(Tp,T1) should be defined so it can be allowed to get extended real values, i.e.,
my(Tp,T1) = co. In short, the speed function is non-increasing in #, symmetric in
T9,T1 € L, and also takes values in [0,e] for 7 > 0. Further property of the function
my (T, T1) is given by

M5 (To,T1) < my (T, T2) +mg(T2,71) 2.1

for all Tp, 71,7, € Qand ¢,5s > 0.

Consider a function m: (0,00) x Q x Q — [0, 0] where Q # @ and 1 > 0. It can be
rewritten as m(T, 7o, T1) = my(To,T1) forallm > 0 and 79, T; € Q so that my: QxQ —
[0, e].
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Definition 5 ([0, 7]). Assume that my: Q X Q — [0, o] satisfies the followings:
ml) To =T <= mn(’Eo,’C]) =0,
m2)  mn(%,T1) = mn(T1,%), (2.2)
m3) mn_,_‘u(’C(),T]) < mn(’Co,’Cz)-Fm#(Tz,’C])
for all T, 71, T2 € , and N, u > 0. Then, my, is called a modular metric (MM) on £2.
m is called pseudomodular if it satisfies my (7,7) =0, Vn > 0 instead of m1).
If instead of m3), m grants the following
n u
m (10711) <——m (10712) +——m (T27Tl)> VWIJ > 07 (23)
H n+u " n+u ©
then it is a convex MM. Furthermore, any convex MM yields

mﬂ(Toatl) < %mﬂ(Toarl) < m,u(TOfCl) VTLIJ >0 (2.4)

for all Tg,T; € Q and 0 < u < m [6]. In general,

Mn, (’Co,’Cl) < My, (’Co,’C]) (25)
holds for 0 < n; <13 and V1p,T; € Q.

Definition 6 ([0, 7]). m is said to be strict on Q provided that for 71,7, € Q with
T1 # T2, my(T1,72) > 0, ¥V > 0, or equivalently if my(11,72) = 0 for some 1 > 0,
then t; = 15.

Let (Q,d) be a metric space consisting of at least two elements. We shall define
some modular metrics on Q.

Example 1. Consider the MM

o (T0,1) = d“‘;{“), 2.6)

where d is a metric on Q. Here my(To,T1) can be taken as the average speed needed
to travel from Ty to T; in time M. It is easy to see that the MM (2.6) is convex.

Example 2. Define the MM

e n < d(to,71),
mﬂ(TO’Tl)_{Oa nZd(T07TI)’ o

where d is a metric on Q. Here my, (T0,71) can be considered as the extreme condition
of the speed metaphor. If 1 > d(7o,7;), then we can travel immediately, yet in the
case of N < d(7o,T1), it is not possible to travel from T( to ;. The MM (2.7) is also
convex.
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Definition 7 ([6]). Take an m on Q and Ty € Q. The followings are MMS around
To:

Q= Qu(10) = {t € Q: my(7,7) = 0asn — oo}, (2.8)
Q =Q, (t9) ={t€Q: In=mn(7) >0, s.t. my(7,7) < oo}. 2.9
Definition 8 ([6, 8]). For Q,, and Q, the followings hold.

e The sequence {h,} in Q,, is m-convergent to a point & € Q, named as the
modular limit of {£,}, if and only if my (h,,h) — 0 as n — oo for some 1 > 0.

e {h,} in Q,, is m-Cauchy if my (h,, hyn) — 0 as n,m — oo for some 1 > 0.

e Consider S to be a nonempty subset of Q,,. Provided that every m-Cauchy
sequence belonging to S is m-convergent in S, then § is m-complete.

Now, we give some information about metrics on modular sets. If we take a mod-
ular m on Q and a modular set €,,, defined by m, then

dp(T0,71) = inf{n > 0: my(T0,71) > M}, V70,71 € Qi (2.10)

describes a metric on Q,, [0].
In the case when m is convex, the modular space can be equipped with the follow-
ing metric:

*
d")‘l

(To,T1) =inf{n > 0: my(T0,71) < 1}, V10,71 € Qp. (2.11)
The metrics given above on €, are strongly equivalent, i.e., d,, < d, < 2d,,.

Lemma 1 ([8]). Suppose that m is convex on Q,,. For a sequence h, belonging to
Q,, and h € Q,, the following holds:

lim d (hy,h) =0 <= lim my (hy,h) =0 (2.12)

n—soo n—soo

forallm > 0.

In [&], it is demonstrated that modular convergence is strictly weaker than metric
convergence.

Lemma 2 ([8]). For any pseudomodular metric m on Q, the (2.8)-(2.9) are closed
w.r.t m-convergent. Moreover, if m is strict then the limit is unique whenever it exists.

3. MAIN RESULTS

This part introduces new definitions for generalized modified Fy-contraction map-
pings. Then, some theorems and related results about fixed points for the mentioned
mappings are proved in modular metric spaces.
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Definition 9 ([10, 11]). Let m be a modular metric on a nonempty set Q. Any
self-mapping H on €, is named as a generalized modified Fy-contraction of type I if
there exists k¥ > 0 s.t.

my(Hto,Ht1) >0 implies that
K+F(0€(’C0,Tl)mn (H’C(),HT])) <
mn(’Co,HTQ)(l —|—mn(’tl,HT1)) mn(’Cl,HTo)(l —|—mn(’tl,H‘Eo)) }%1)
l—l—mn(’l?(),‘t]) ’ 1+mn(’l7(),171)

F (\p(max{mn (t0,71),

for all 79,7, € Q. Here, F € § and y € V.
We also introduce the following definition.

Definition 10 ([10, 11]). Let m be a modular metric on a nonempty set Q. Any
self-mapping H on Q,, is named as a generalized modified Fy-contraction of type II
if for all 7o, T € Q,,, there exists K > 0 such that the following holds;

my(H7o,Ht1) >0 implies that

K+ F(0(To,T1)mn(H1o, HT1)) <

mn (To, Hto) (1 4+ my(T1,HT1)) my(T1,HT1)mn(To, HTo)
1+ my(To,71) " 14+my(Hto,HT) (3"2)

mn(’tl,H‘Cl)mn(’C],H‘Co) }))
l—l—mn(’C],H’Eo)—l—mn(’Co,H’Cl) ’

F (y(max{mn(t,71),

where F € § and y € V.

Now, we shall give our main theorems for mappings satisfying the contraction
conditions (3.1) and (3.2) in ,, (2.8).

Theorem 3. Let m be a strict modular metric in a complete modular metric space
Q.. and H: Q,, — Q,, which ensures condition (3.1). Assume that

(Cy) for a given so, a(so,Hso) > 1 holds,
(Cy) H is an o-admissible mapping,
(C3) H is a continuous mapping,

then H admits a fixed point.

Proof. Take an initial point sy € Q,, satisfying a/(so, Hso) > 1. Then, construct a
sequence {s,} € Q,, as s, = H"sp, Vn € N.

Presume that s, = 5,41 holds for any n € N. In this case, s, is the fixed point of H.
Hence, for all n € N s, cannot be equal to 5,1 which gives my(s,,s,41) > 0. Since
1 (Sny Sn1) = Mg (Hsp—1,Hsy), mn(Hsp—1,Hs,) > 0 holds.

As my(s0,Hso) = my(so,s1) > 1 and H is an o-admissible mapping, we reach
o(sy—1,8,) > 1 for all n.



SOME FIXED POINT RESULTS FOR GENERALIZED MODIFIED F,-CONTRACTIONS 249

Putting T9 = 5,1 and t; = s, in (3.1) yields

K+ F(0Usp—1,50)mn(Hsp—1,Hsy)) < F (y(max{mn(sp—1,5,),

i (Sn—1, Hsp—1)(1 4+ mn(sn, Hsn)) mn(Sn, Hsn—1)(1 4+ mq(sn, Hsn—1))
1+ mn(Su—1,5n) ’ L+ mn($u—1,8n)

3.3)

1)

Owing to 1y (s, Hsp—1) = my(sy,5,) = 0, we have
K+F((x(sn—lvsn)mn(smsn-i-l))

mn(s,,_l,sn)(l—i—mn(s,,,s,,+1))})) (3.4)
1+ mq(Sp—1,51) '

<F (\p(max{mn (snfl ) Sn)?

Assume that 1y (s, Sp+1) > my(s4—1,5,). Then it is evident that
1+mn(sn,sn+1) mn(SnaSnH)
L+ mq(Sn—1,82)  mn(Su—1,8n)
Putting (3.5) in the right side of (3.4) we have
K+ F(0U(Sp—1,80)mn (Sp,Sn41)) < F(w(max{mn(sn,l,sn),mn(sn,sn+1)})). (3.6)
By the assumption n1y (Sy, Spt-1) > 1 (Sp—1,5,), We attain
K+ F(0(Sn—1,52)m0 (Sn, Snt1)) < F (W (mq(Sn,Sns1)))- (3.7)
Since a(s,—1,5,) > 1 and by (15), F is increasing, we have
F (mn(Sn,Snt1)) < K+ F (mn(sp,Sn41)) < K+ F(O(Sp—1,82)mn (Sn,8n41)).  (3.8)

Moreover, since (#n (Sn,Sn+1)) < #q (S, Sp+1) and by (1), we gain

(3.5)

F (Y (mn(Sn;$nt1))) < F(mq(Sn,Snt1))- (3.9)
Combining (3.8) and (3.9) in (3.7) provides
F(mnq(sn,8n11)) < F(mn(Sn,8n41))s (3.10)
which causes a contradiction. Thus,
1 (Sns Sng1) < 1 (Sp—1,Sn). (3.11)
Putting (3.11) into (3.4) grants
Kt F (g (u,501)) < F (g (50-1,50)),  Vn> 1. (3.12)
Here, we take a, = mq(s,,5,+1). Then, expression (3.12) can be written as
K+ F(ay,) < F(ap—1), Vn>1. (3.13)
Furthermore, we reach
F(a,) <F(ay—1)—x<F(ap)—nx, Vn>1. (3.14)
Taking the limit of both sides in (3.14) gives
lim F(a,) = —oo. (3.15)

n—oo
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From (2F), we achieve

’}glgoan:}gl}omn(sn,snﬂ) =0 (3.16)

for all m > 0. For k € (0, 1), we can also write lim afF(a,) = 0 by (3#). Hereby, we

n—oo

get
0 < a*F(a,) —a* F(ag) < d*(F(ag) — nx) — a*F(ay) = —nxd* < 0. (3.17)
As n — oo, we reach lgn nak =0.
n—oo
By the definition of the limit, one can find n* € N s.t.

1
Sp = M (Sn,Snt1) < —5 (3.18)
n

tal

whenever n > n*. Due to (m3), for m > n > n* we write
My (Sn,Sm) < ), (Sn,S,H_]) +m11n+1 (SH-H 7sn+2) T+ +m’ﬂm71 (Sm—l 7Sm)7 (3-19)
where Nn +Mpt+1+ - +Mm—1 =M.
Because 0 <m; <nfori=n,n+1,...,m—1and (3.18), we get

1 1
my(Spysm) < 4 +—7+ -+ —7
T (e 1)k (m—1)i
1

m

(3.20)

~
I
=
—_— .
i = ] =

A
™

Il
—_
~.
—_

J
Since ¥ - < oo, we reach ligl 1mq (Sn,8m) = 0, i.e., {s,} is an m-Cauchy sequence.
jZl jk m,n—yoo
Due to the completeness of €, {s,} is m-convergent to a point s belonging to Q,,,
that is, r}igrgomn(sn,s) =0.

By the continuity of H, we obtain

my(s,Hs) = r}ij;mn(sn,Hsn) = r}gl;mn (SnySnt1) = 0. (3.21)
As m is strict, we find s = Hs. Hence, the proof is completed. O

The following theorem can be verified similarly to Theorem 3.

Theorem 4. Presume that m is a strict modular on a complete modular metric
space Q,,, and H : Q,, — Q,, satisfies condition (3.2). Assume that

(Cy) for a given so, a(so,Hso) > 1 holds,

(C) H is an o-admissible mapping,

(C3) H is a continuous mapping,
then H has a fixed point.
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Example 3. Take the set Q = [0,0) with 1y (to,71) = =9l for all 79,11 € [0,20).
Consider a mapping given by

w3 1e0,1]
Ht)=<{ %~ Y 3.22
() {2, T> 1. ( )

The mapping H: [0,00) — [0,00) is continuous on Q,,. Now, we take o: [0,00) X
[0,00) — [0,00) as

17 To,T1 € [07 1]7
a(To,T1) = 3.23
(vo, 1) {0, otherwise. ( )

For 19,7 € Q s.t. a(To,T1) > 1, Tp,T; must be in [0, 1]. We get Hty,Ht; € [0,1]. By
(3.23), we find ol(HTo,HT;) > 1, that is, H is an o-admissible mapping.

For sg = 0, then Hsg = %. Thus, o(sg, Hsg) > 1 holds.

Now, we display that (3.1) is satisfied for all Tp,T; € [0,00), where F(§) = In(E)
and y(§) = 3€ € ¥ for & > 0.

If Ty or 7y is not in [0, 1], then (7o, T1) = 0 and so (3.1) is satisfied.

For 19, 7; € [0, 1] with Hty # Ht;, we can write

’H’CO*H‘C[‘ 1 1|TO*‘C1|
o(To, Ty )my(HTo,HT))) = ———— = —|T0—T|| < ———
(o 1) )= = el < g
061 - 3.24
—e 0'6511’[1](10,11) —e 0'6\“(”111(10711)) ( )

< e "oy(M, (T, 11)).

Hereby, (3.1) holds for all t9,T; € Q. Thus, all conditions of Theorem 3 are satisfied,
which gives the existence of fixed points for H. Here, there exist two fixed points,
Hl1=1and H2 =2.

In Theorems 3 and 4, if the condition Cj is replaced by the following one:
(C3) For the sequence {s,} s.t. 0(s;,8y41) > 1 with lim my(s,,,5) = 0 where s € Q,,
n—soo

there exists a subsequence {s,,} of {s,} s.t. 0(sn,,s) > 1 for all p, then the results
found therein are still true.

Theorem 5. Presume that Q is a complete MMS and m is a strict MM. Suppose
that H: Q,, — Q,, satisfies the condition (3.1). Assume that (Cy), (C2) and (C5) hold.
Then H admits a fixed point.

Proof. From Theorem 3, the same sequence {s,} can be constructed in €, so that
{sn} is m-Cauchy and m-convergent to s € Q.

Assume that s,, = Hs for all p € N. Then, the uniqueness of the limit gives s = H's
as n — oo. Hereby, the proof is done.
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Hence, assume that there exists po € N's.t. s, # Hs, ¥p > po. Then, for all p > pg
we find Hs,,,—1 # Hs, i.e., mn(Hsy,—1,Hs) > 0. By (1.3), we can write

K+ F(0(sn,—1,8)mn (Hsn,—1,Hs)) < F (y(max{mn(s,,—1,5),

M (S, 1, Hsp, 1) (1 4mn (s, Hs)) mq(s,Hsy,—1)(1 +my(s,Hsy, 1)) M) (3.25)
1+ 1 (Sn,—1,5) ’ 14 my (sp,-1,5) '
Since 0/(s,,1,5) > 1 and (1£), we gain
mn(Hsy,—1,Hs) < y(max{mn(s,,-1,5),
i (Sn,—1,Hsp, 1) (1 +my(s,Hs)) mn(s,Hsy,—1)(1+my(s,Hsy, 1)) (3.26)

)

b

As n — oo, we obtain lim my(s,,, Hs) = 0. The uniqueness of the limit provides
n—oo

s = Hs. O

1+ my(sn,-1,5) 1+ my(sn,-1,5)

The subsequent theorem is verified in a similar manner.

Theorem 6. Presume that Q,, is a complete MMS and m is a strict MM. Suppose
that H: Q,, — Q,, satisfies condition (3.2), and also the statements (Cy), (C2) and
(C3) hold. Then H has a fixed point.

Theorems 3-6 indicate the existence of a fixed point of a mapping, while the fol-
lowing theorem emphasizes the uniqueness of the fixed point of the mapping.

Theorem 7. Suppose that Q,, is a complete MMS and m is a strict MM. Assume
that H: Q,, — Q,, provides the condition (3.1), and also the statements (C,), (Cz)
and (C3) hold. If for all s,r € Fix(H), o(s,r) > 1 holds where Fix(H) represents the
set of fixed points of H. Then the fixed point of H is unique.

Proof. Assume that r,s € Q,, are two different fixed points of H, i.e., Hs = s and
Hr = r with r # 5. Then, my(Hs,Hr) > 0 is granted.

Hence, putting 19 = s and T; = r in (1.3) gives

K+ F(ou(s,r)my(Hs,Hr))
mn (s, Hs)(14+my(r,Hr)) mn(r,Hs)(1 +mn r,Hs))

< F(y(max{mn(s,r), 1+ my(s,r) ’ 1+ my(s,r) &bﬂ
Then, we gain
K+ F(a(s,r)my(Hs,Hr)) < F(y(my(s,r))) < F(mqy(s,r)). (3.28)
Since s,r € Fix(H), o(s,r) > 1 by (1), we have
K+F(ou(s,r)my(s,r)) < K+ F(my(s,r)) < F(my(s,r)), (3.29)

which gives K+ F (my(s,r)) < F(my(s,r)), a contradiction. Hence, the proof is com-
pleted. O
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Similarly, we have the following theorem.

Theorem 8. Assume that Q,, is a complete MMS and m is a strict MM. Suppose
that H: Q, — Q,, satisfies condition (3.2), and (Cy), (C2) and (C3) hold. If for all
s,r € Fix(H), a(s,r) > 1 holds where Fix(H) represents the set of fixed points of H.
Then the fixed point of H is unique.

An example illustrating the uniqueness of the fixed point is given below.

Example 4. Consider the set Q = [0,00) with my (to,71) = 225 for all 19,7 €
[0,00). Define the mapping

2?4t

= 0,1

H(t)=1q,%" celo.t (3.30)
I otherwise.

The mapping H : [0,00) — [0,00) is continuous on Q,,. Now, a: [0,00) X [0,00) —
[0,0) is defined as

1, 7,11 €[0,1],
o(To,T1) = 3.31
(%o, 71) {0, otherwise. ( )

For 19,7; € Q with o(tp,T1) > 1, we must have To,T; € [0,1]. Then, we get
Hvy,HT, € [0,1]. From (3.31), we find a(HTo, Ht;) > 1, thatis, H is an o-admissible
mapping.

Here an element 5o € [0,00) exists s.t. a(so,Hso) > 1. If we take sp =
Hso = 2. Thus, o(so, Hso) = 0/(3, <) > 1 holds.

Now, we show that (3.1) is satisfied for all Ty, T € [0,0), where F (&) = In(§) and
y(€) =3E e P for§ > 0.

If Ty or 7y is not in [0, 1], then (7o, T1) = 0, and therefore (3.1) is satisfied.

For 19,7 € [0,1] with Hty # HT;, we write

1
5, then

Htwy—H
(X,(T(),Tl)mn(HTO?HTl)):’TOnT]’
1 1
:R|r%+ro—(f%+ﬁ)\Sﬁ(hg_rﬂﬂm_ﬁw
< 1(]1: T[T+t + [t — 1)
Tan R
| 3.32
< g —ml(lto+ul+1)) o
n
3l — 3
<7 & n B < 670‘6§mn (T0,71) = e~ (1mn (T0,71))
< e "Oy(M(19,1)).

Thus, (3.1) holds for all 7y, T € Q.
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For all t,t; € Fix(H), we need to show that o(to,T;) > 1. Let t9,T; € Fix(H).
Then, Ty, T; must be in [0, 1], i.e., 0(Tp,T;) > 1. Therefore, all conditions of Theorem
7 are satisfied. Consequently, H has a unique fixed point, i.e., HO = 0.

Now, we introduce some results.

Corollary 1. Let Q,, be a complete MMS with a strict MM m. Assume that for a
givenx >0, H: Q,, — Q,, satisfies the following:

d(H’C(),HTl) >0 = K—f—F(mn(H’Co,HTl)) < F(W(Ml(’Co,Tl))) (3.33)
for all 1y,% € Qy, where y € ¥, F € §, and
M (T0,T1) =

mn(To,H’Co)(l +mn(T17H’C])) mn(tl ,H’Co)(l —i—mn(’C],H’Co))
Crm(ot) 0 Dtmgm) G

max{mn(To,T1),

Then, H owns a unique fixed point in Q.
Proof. Taking (7o, T;) = 1 in Theorem 7 concludes the proof. O

Corollary 2. Let Q,, be a complete MMS with a strict MM m. Assume that for a
givenx >0, H: Q,, — Q,, satisfies the following
d(Hto,Ht1) >0 = k+ F(d(H%,Ht)) < F(Y(M2(T0,71))) (3.35)
for all 1y,t1 € Q,y, where y € ¥, F € §, and
mn(’C(),H’C())(l +mn(Tl,H’Cl))
1 +mn (‘C(),‘Cl)

mn(Tl,H’ﬁ)mn(To,H’CQ) mn(Tl,H’Cl)mn(T],H’Co) (}36)
L +mn(H,Ft) ' 1+my(t,HTo) +my(t0,Ht1) "

Mz(’t(),‘cl) = max{mn (‘C(),T]),

)

Then, H owns a unique fixed point.
Proof. Putting o(Tp,T;) = 1 in Theorem 8 completes the proof. O

Now, we consider a partially ordered set (poset) in MMS. Then, we give some
fixed point results for posets in MMS.

Definition 11. Let m be a MM on Q and (Q,=) be a poset. A given map H
on £, is said to be nondecreasing w.r.t < whenever 19 X1, =— HTy X H7 for
all 79,t; € Q,,. Moreover, a sequence {/,} is nondecreasing w.r.t < provided that
hy, = hyy for all n.

Definition 12. Let (Q, =) be a poset and m be a MM on Q. Suppose that
lim my (h,,h) = O for a given sequence {h,} in Q,,. If there exists a subsequence
n—oo

{hy, } of {h,} s.t. {h,, } < hforall k, then (Q, <) is called regular.
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Corollary 3. Let m be a strict MM in a complete MMS, Q,,,, and (Q,,, <) be a
poset. Suppose that H: Q,, — Q,, is a nondecreasing mapping w.r.t <, and (3.33) is
satisfied with Ty =< T1. If the following statements hold:

(CY) for a given so € Q, 5o < Hsg holds,
(C3) either H is a continuous mapping,
(C}) or (Qu, ) is regular,

then H has a fixed point.

Proof. Initially we define ot : Q X Q — [0,0) as

17 T =T OI"Cle(),
a(To,T1) = 3.37
(%o, 11) {O, otherwise. (3:37)

Since T1 = To, i.e., my(H7o,HT;) # 0, then H is Fy-contraction mapping, that is,
K+ F(o(T0,71)d(HTo, Ht1)) < F(W(M1(T0,71)), (3.38)

where M| (Tp,T;) is given in (3.34).

From (C7), we gain a(so, Hso) > 1. Furthermore, if (7, 7;) > 1 for all 7o, T; €
Q,,, then either t9p = T; or T; < Tg holds which gives that Hty < Ht; or HT; =<
Hty. From the definition of a(.,.), we obtain o(Hty,HT;) > 1. Hence, H is an
a-admissible mapping.

Now, if H is continuous, then Theorem 3 assures that H has a fixed point.

Suppose that (€, =) is regular. Consider a nondecreasing sequence {s,} in Q,
with ’}1_{1010 1mq (S, 8) = 0. Since s, =< sp41 for all n, A(s,,5,+1) > 1. In addition, we can

find a subsequence {s,,} of {s,} s.t. 5,, <5 for all p. Then, we attain &(sy,,s) > 1
for all p. Hereby, Theorem 5 provides the existence of a fixed point.
Thus, we conclude the proof.
0

We also give the following result.

Corollary 4. Let m be a strict MM in a complete MMS, Q,,, and (Q,,,=<) be a
poset. Suppose that H: Q,, — Q, is a nondecreasing mapping w.r.t <X, and (3.35) is
satisfied with t9 <X T1. If the followings hold:

(CY) for a given so € Q, 5o < Hsg holds,
(C3) either H is a continuous mapping,
(C3) or (Qu, ) is regular,

then H has a fixed point.



256 H. GUNDOGDU, M. OZTURK, AND O. F. GOZUKIZIL

4. APPLICATION

This section investigates the existence of a solution for an integral equation given
as

+/ Mt g(0)d¢, t€a,b], 4.1)

where the function Y : [0, T] x R* — R is continuous and nondecreasing, M : [a,b] x
[a,b] — R" and K : [a,b] — R are continuous functions.

We study this equation on the set of a real-valued continuous function on [a,b],
i.e., Q =C([a,b]). We consider the following modular space around g:

Q= Qn(g0) ={he Q=C([a,b]): my(g,80) =0 as m — oo} 4.2)

Now, let us take the strict and convex modular metric my (g, f) = d(ng) Here d(g, f)

represents the usual metric d(g, f) = m[ax]\ g(t) — f(¢)|. Then the space Q, (4.2)
tela,b

becomes m-complete. Furthermore, we can equip this space with the partial order

defined as g, f € C([a,b]) st. g < f = g(t) < f(¢) for all t € [a,b] so that Q,,

becomes partially ordered m-complete w.r.t’ <’
Now, let us define H: C([0,T]) — C([0,T]) as

(Hg)( 1)+ / M(t g(0))d¢, telo,7). (4.3)

It is clear that if g(z) is a fixed point of H, then g € C([a,b]) is a solution of the
integral equation (4.1). For this aim, we must show that all hypotheses in Corollary
3 hold.

Theorem 9. Suppose that the followings hold:

(T1) Y(C,g(0)) is nondecreasing w.r.t the second variable,

(T2) foragivenk>0,A € (0,1) andn € (0,00), there exist z: Qy X Qy — [0,00)
and o: Qp X Q,y — [0,00) s.t. if a(g, f) > 1 for all g, f € Q, then for all
C € lab]

Y (C,8(8) =Y (C,f(0)] < 2(8(Q), f(O)[=——1, (4.4)

and
|/ M(1,0)2(g, f) dC) < Ae, 4.5)

(T3) there exists gy € Q s.1. go(t) S K(t )+fabM(t,SC)Y(C780(C))dC>
then H has a solution in C([a,D)).

Proof. In the first instance define at: Q,, X Q,, — [0,00) as

1
oc<g,f>={ 83/, 4.6)

0, otherwise.
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Consider g, f € C([a,b]) s.t. g X f <= g(t) < f(¢r) forallt € [a,b]. Since Y (s,8(s))
is nondecreasing, it easy to see that Hg < H f, that is, F' is nondecreasing w.r.t *<’.
In addition, my(Hg,Gf) > 0 holds.

If g < f, then a(g, f) > 1. Hence, (T'1) provides

d(Hg,H 1
mn(Hg,Hf) = (f]f) n[ren[%]!Hg( )= H(0)
< S [ DI (Ce(0) ¥ (L5 (E)] g8
By (4.4), we write
(Hg7Hf ntrenle)lg/ |M |ng)’(C);g(C)|dC
—8(9)]
< Eﬁ";li [ M0k @3)
n(g:f) / |M(t,0)|z(g, f)dE
From (4.5), we obtain
mT](HgaHf) < mn(&f)AeiK. (4.9)
Hereby, we write forall g, f € Q,,, s.t. g < f with Hg £ Hf
o(g, f)mn(Hg, Gf) < e ylmn(g, f)) < e " W(Mi(g, f)), (4.10)

where Y(§) = AE € . Thus, (3.33) is satisfied for F(§) = In(§).

From (4.6), we conclude ou(Hg,Hf) > 1. Thus, H is a-admissible. (7'3) guaran-
tees that there exists gop € Q s.t. go = Hgo, i.e., (go,Hgo) > 1.

We, therefore, have all hypotheses in Corollary 3 fulfilled; that is, H possesses a
fixed point. Consequently, g € C([a,b]) is a solution of (4.1).

O
Example 5. Let Q =C([0,1]) and my(g, f) = n}ax]lg(t);ifw. Consider the integral
te|0,1
equation defined by
1 1 e g
t)==-+— d¢, re]0,1]. 4.11

Here, K(1) = 3, M(1,§) = ¢4, and Y(z; 2() =42
Let us define a mapping H: C([0,1]) — C([0,1]) as

1
(Hg)(1) = ;+21n/0 e (f)dg re0,1]. 4.12)

We take the function o given in (4.6).
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For g < f, itis clear that Y (L, g(8)) < Y(L, f(C)), that is, Y is nondecreasing w.r.t
the second variable. So, (7'1) is done.

If g < f, then a(g, f) > 1. Hence, for all { € [0, 1]

(@) ¥ (6 o) < g LB e B
where z(g, f) = % Moreover, we obtain

Hereby, T2 is satisfied for k = —0.6 and A =1In2 € (0,1).
We conclude that there exists an element gop = 0 in C([0, 1]) s.t.

110, 1
—0<-+-— [ L Tdg=-.
80 _2+2n/o 712%73

So, (T'3) holds.
Since all conditions of Theorem 9 are satisfied, the integral equation (4.11) has a
solution in C([0, 1]). Indeed, g(¢) = 1 + ﬁ € C([0,1]) is a solution for (4.11).

5. CONCLUSION

We introduce two generalized modified Fy-contraction of type I and II in MMS.
For these contractions, we state the fixed point theorems, which give the existence of
the fixed point. Moreover, we put another condition (C5) instead of (C3) in Theorem
3 and 4. In this case, we keep the existence of the fixed point. Furthermore, we
consider an additional condition that provides the uniqueness of the fixed point. To
support the outcomes attained here, we give some examples. We also put forward
some significant results. Consequently, we consider an integral equation in MMS
and prove the existence of this equation. The outcomes obtained herein extend the
results for Fy-contraction mappings in metric spaces to MMS. As a final point, in the

example my(x,y) = @ if we take 1 = 1, all the consequences given are still valid
in an ordinary metric structure, which emphasizes that the results obtained here are
also a generalizations of the existing literature.
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