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Abstract. In this paper, we establish some new existence results for certain coupled systems of
nonlinear W-fractional differential equations with four-point fractional integral boundary condi-

tions. The proofs are derived from Banach fixed point theorem. As an application, a nontrivial
example is presented to illustrate our theoretical results.
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1. INTRODUCTION

In this article, we are concerned with the study of the following ¥ —Caputo frac-
tional coupled system

DY x(t) = fi(t,x(1),¥(1))

(1.1
CDgi’qu(t) = fa(t,x(t),y(t)),
with conditions
( x(0) = ¢1(x),
¥(0) = @2(y),
(1.2)

x(1) =18 x(8); 6 €]0,1]; o> 0,

(1) =15:¥y(8): 8 €]0,1[; B> 0,
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where, CDgL’T and CD(q)l;lP are W-Caputo derivatives at order ¢; € (0,1) and ¢, € (0,1)

of x and y respectively, Ig;ql and [ B+ are W-fractional integrals and @; and @, are two
continuous given functions. This type of derivative was introduced by R. Almeida in
[2]. In our survey, to prove the existence of result, we exploit the topological method,
which have proven to be useful in the investigation of a variety of nonlinear ana-
lysis problems. The a priori estimate method has been used to verify the existence
of solutions for some nonlinear differential equations or nonlinear partial differential
equations boundary value problems. Due to Isaia [9], we employ the fixed point the-
orem, which was determined using coincidence degree theory for condensing maps.
In [9] the author investigate the problem x(r) = ¢ (¢,x(t)) + [” W (¢,5,x(s)) ds by us-
ing the “a priori estimate method” which derived from the invariance under homotopy
of the degree defined for oo— condensing perturbations of the identity. The authors
of [5] analyze a nonlinear fractional g-difference subject to nonlinear more generic
four-point boundary conditions using two approaches: a prior estimate method for
condensing maps and the Banach contraction principle fixed point theorem. The
fractional Cauchy problem results for non-nonlinear W-Caputo fractional differential
equations with non-local conditions are investigated by El Mfadel et al. [7]. They
used fixed point theorems, topological degree theory for condensing maps, and frac-
tional analysis techniques to develop some novel existence theorems. The signific-
ance of fractional calculus can be seen in the modulation of a variety of phenomena
in electromagnetic, electrochemistry and viscoelasticity. The choice of a ¥ function
under certain conditions is not arbitrary. However, it is a solution for unifying the ker-
nels of several forms of fractional operators, namely, Riemann-Liouville, Hadamard
and Erdelyi-Kober. The purpose of this research is to investigate a coupled W-fraction
system with boundary conditions, which generalizes the Dirichlet problem, for two
mixed situations.

Our paper is organized as follows. In Section 2, we give preliminaries concerning
W —fractional integral and W —Caputo fractional derivative which are necessary in
this study. In Section 3, we will study the existence of solutions for (1.1) by using
the concept Lipschitz and Carathéodory conditions. As application, we will apply the
theoretical results on an example in Section 4 followed by a conclusion in Section 5.

2. PRELIMINARIES

We assume the following notations throughout the rest of our paper.
Let A = [0, 1] be an interval of R. We denote the set of continuous functions from
Ainto R by C = C(A,R) endowed the the supremum norm ||x|| = sup |x(2)].

In this section, we give some definitions and properties of W- fractlonal derivatives
and W-fractional integrals, (for more details see [1,2,4,6, 8] and references therein).

Definition 1 ([3]). Let g >0, g € L' ([A,R) and ¥ € C"(A,R) such that ¥/(¢) > 0
for all € A. The W-Riemann-Liouville fractional integral at order g of the function
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g is given by
1 !
1% (1 :—/‘P’s W(r)—W(s))7 g(s)ds,
o- &(t) I Jo (s)(W(r) —W(s))" g(s)
where I'(.) is the Euler gamma function defined by I'(A) = / e tdr, A>0.
0

Definition 2 ([3]). Let ¥ € C"(A,R) such that W/(¢) > 0 for all # € A. The

¥ —Caputo fractional derivative at order ¢ > 0 of the function g € C"~!(A,R) is given
by
1

I'(n—q)

DY) = s [ )0 %) i ),

where

g\[f,] (s) = (‘P’l(s) js) g(s)andn=[q]+1,

with [¢] is the integer part of the real number g.

Remark 1. In particular, if g €]0, 1[, then we have

DYYe(0) = s [ (¥ =) s

and

CDgf’g(f) = Ié:qﬂ’ <§;’/((tt)) ) :

Proposition 1 ([3]). Let g > 0, if g € C"'(A,R), then we have
1) DX I g(1) = g(1).

4% ¥ n—1 g (0) k
2) Iy "Dy g(t) = g(t) — Xi—p o (P(1) —¥(0)"
3) IZ;T is linear and bounded from C(A,R) to C(A,R).

Lemma 1. The W-Riemann-Liouville fractional integral at order q of the constant
function 1 is given by:

I8 (1)

Proof. We have:

160 = g [ Y020 -0 el
Then,

1
g
I (1) =

ro _— —L t WY s
gy ¥ OO0 26 s = s [0~ (o)) d
1

= o O - ¥O).
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3. MAIN RESULTS

For the existence of solution for the problem (1.1)-(1.2), we need the following
auxiliary lemmas.

Lemma 2. For each i = 1,2, let f; be a continuous function from [0,1] x R? into
R. So the problem (1.1)-(1.2) is equivalent to the general solution:

mo:mﬁmvxmyww+Q—iﬁ?ﬂﬁ%)wmw—ﬁm@mwwxw»

i (756) = A1)

¥(0) = 107 alt,x(0), (1) + (1_‘1‘(1)—‘1‘(0) (@2(y) = /2(0,91(y), 92(¥)))

Fa =20 (1B¥y(8) — fa1.x(1) (1))

ww—wm>
T ) )

3.1
Proof. For some constants cy,cp,m;,my € R and for i = 1,2, g; > 0, the general

solution of
CDgL’Tx(t) = fi(t,x(t),y(t))
(3.2)

DI (1) = folt,x(1),3(1))
is given by
x() = I8 fi(,x(0), () + 1+ (¥() = W(0)) e,
V() = I8 fot,x(0),3() 41 + (E (1) = 2(0)) ma.

Using conditions (1.2) in this form we obtain

x(0) = @1 (x) = I £1(0,%(0),5(0)) + <1,

thus
= 1) = 1§ £1(0,%(0), ¥(0)) = @1 (x) = 1™ £1 (0,91 (x), 92(»)),
x(1) = 152" x(8) = 1 i (1,x(1),9(1)) +e1 + ($(1) —¥(0)) ca.
We obtain also ¢; = lp(l)ilp(()) (]gi‘l’x( ) =1 ‘Pﬂ(l x(1),y(1)) —c1> .
Hence

x(t) - I(L)]L‘yfl (tvx(t)7y<t)) + ¢ (X) _Ig}r7l}’f1 (07(p1 (X)7(P2<y))
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L XO-¥0) W)W (0) .
P - O g w0 0)
W(1) ¥ (0) W(r) P (0)
()=o) ® ) w0 oy o 10019 0:00).
therefore

x(t) = IY fi (e, x(1 +<1 (()))((pl(x)—fl(o,(pl(x),(pz(y)))
¥(1) —(0)
TR ()( x(6) ~ AlLx(1).5(1))).

In the same way, we check the formula of y(z) as follows

5(0) = B P00 + (1 =G ) (020) ~ £0.019.020)
RN

(1) (o) (4®) ~ ALx(1).5(1)
]

We need the following hypothesis in the rest of our paper.
(H,) Fort €[0,1] and x;,y; € C for i = 1,2, there exist two strictly positive con-
stants £; and £, such that:

1A @o31(0) = A2 2O) < Lol =x |+ 1y =y21), 54
1F2(8,x1(2),31(2)) = fa(t,22(0), y2 ()] < Lo (|21 =22 [[ 4 [y =y2 (1)

(H>) There exist three constants K;, M;,N; >0, i = 1,2 and n € [0, 1] such that,
forr € [0,1] and Vx,y € C we have

11 (,x(0), @) | < Ki [ x [* My [y " +M
1 £2(,x(0), (@) || < Ko || x [I* +M2 || y " +N2-

Moreover, we put
(o)) @) oy Y (o))
m s (CEDBONN D (O WO (20O
F(a+1) C(B+1)
Now, we consider two operators P, R : C — C as follows:

Px() = I fi(4,x(0), (1)), £ € [0,1].

R0x0)) = (1= g3 = ) (910~ " 0,012, 020)

OO (o)~ 00000 0.1
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Then, the general solution in Lemma 2 can be written using these operators as
H(x(1)) = P(x(t)) + R(x(1)),
H(y(t)) = P(y(1)) + R(y(1))-

For continuity of f; for i = 1,2, let us show that the operator 2 is well defined and
admits a fixed point, to deduce the existence of the solution which is the fixed point.

Lemma 3. The operator P: C — C is Lipschitz with the constant
—¥(0)*

2
L.
,-; Z 611+1)

i=1

Moreover, P satisfies the followmg inequality:

I 1= . QIO a1 0.

for every (x,y) € C.
Proof. Let x;,y; € C, fori = 1,2, we have:
| P(x1 (1)) — P(xa(0)) | = 12 fi (50 (0),3(0) — 12 fi (8, x2(0),5(2)) |
<IET Al x(0),5(0) = Ailtxa(0),(0) |
<ML —x |+ y=y1I)
) —

o (¥ -7 )™
- Tlg+1)

(P(1) —¥(0)"
- Dlg+1)

Ly [ x1 —x2 ||

Lyl xi—x2 |-
In a similar way,

201(0) - 202()) | < FE D 1y o).
(P(1) —P(0)*
[(gi+1)

Hence, P is a Lipschitz with the constant k; =
Moreover, for the condition, we have
| P(e(e) | I ] A, x(0),3(0)) |
<1 K x|y [ +M)
_ (1)~ ¥(0)”
(g1 +1)

(Ky [ " +My [y [ +N1)

and
(¥(1) —¥(0)*

(g2 +1)

| P(y(1)) | < (Kz || [|" +Ma [| y [I" +N2)
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which gives

i=2 _ qi
260,500 1 = 3 0 K e ).

0

Lemma 4. R is a continuous operator and satisfies the growth condition defined
by

| R () | < (1+

and

I RO@) [ < <1+

() =w(O)" , (F(1) = ¥(0)"
T(a+1) (g1 +1)

)(m Ll 0, |y | 4,

(P()-¥(©0)° , (¥(1)-¥(0)"
F(B+1) Flg2+1)

) (Ko || x[|" +M || y ||" +N2),

for every x,y € C.

Proof. Consider a subset D, = {(x,y) € C,|| (x,y) ||< p} C C, and consider a
sequence {z, = (X,,y»)} € D, such that z, — z = (x,y).

Now to show that & _is continuous just show that || R (z,) — R (z) ||— 0. From the
continuity of f; and @;, we have f;, — fi, @1(x,) — @1(x) and @2(y,) — @2(y) when
n — o,

According to the hypothesis (H}), we obtain

W (s) (1) = ()" | fi(t,%0,30) = fi(8,2,9) ||
<SW(s) (P() = F() " Li (|2 —x |+ 1y =¥ 1),
and
W (s) (R(1) = ()21 || fot,%,30) = Fo(t,3,9) ||
<W(s) (P() = P()= T Lo (| v —x |+ |y =¥ )
By the Lebesgue dominated convergent theorem, we obtain
Ig-}—\y | fl (tvxmyn) _fl (taxvy) ’_> 07
Ig—%—\y | fZ(tvxmyn) _fl(tvxvy) ’_> 07
I(())‘;'lF | X, —x|— 0,
15‘;‘1’ | Yn =y [—0,
as n — oo,

It follows that || R (z,) — R.(z) | = 0. Hence, the operator & _is continuous. Using
(H2) to show the condition, we have

R0 <] (1 ) gy ) 9109
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) ¥(0)
T ( (I)\P()>Ig+lyf1(07(?1(x)v¢2(y)) |
(

8‘*’(?) (”)j‘f;((((’)))zgr‘l‘ﬁ(l,x(l),y(l)) |

<o) [+ (1) | 10, 01(0),02(0)) | +HE¥ (1) [ x(6) |
)| AL, (1) |

1‘”’( ) 2 B (1) (Ky o 7 0y [y I+

+1 I5:"x(8) | + |

FoH— )
> “’(Flz (1)”"' (K || | 0y |y |7 4N
R, 2(\11(1)—\11(0))%)
+1) (g1 +1)
2 H" +M1 Iy I +).

<(1
< (1 ) i sl ey 14
.
<(1+
(K,

The same for,

_ p _ 2
| ROO) | < <1 QI GO ) (Ko Il 02 1y " +N2).

Which implies that
i=2

| R(x(2),y(0)) || < ; (Ki [ x (1" +Mi || y 1" +Ni) &

Lemma S. If R is a compact operator, then R_is Lipschitz with zero constant.

Proof. Let Q C ‘B, a bounded set. Show that R (Q) is relatively compact in C,
which implies that & is compact.
For x; € Q2 we have

| R (i) 1< (K [l | +-Mi ||y [|" +Ni) €.

According to this inequality, the set & () is uniformly bounded. For equi-continuity
of R , take 51,52 € [0, 1] with s; < 57 and let x € Q, then we have

| R(x(51)) — R(x(s2)) |
< (W(s2) = ¥(s1))

2) -
(1000 1+ 1" £1(0,01(0),02(0)) | + [ 155 x(8) [+ £ (1,2(1),3(1)) |)
< (P(s2) = ¥(s1)
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(1) —¥(0))* Y(1)—W(0))n
,<1+< (1)=W(O)¢ ) (¥(1)=¥(0)
C(o+1) C(g1+1)
Which implies that

) K x| 00 [y |+,

i=2
| R((x,3)(51)) = R((x,3)(52)) < Y& (Ki | || +M; || y | +N7) (52 = s1).

i=1

We deduce that || R ((x,y)(s1)) — R.((x,y)(s2)) ||— 0 when s, — s.
Therefore, &_is equi-continuous. Thus, by Ascoli-Arzela theorem, R is a compact
operator, then & _is Lipschitz with zero constant. U

Theorem 1. The problem (1.1) — (1.2) has at least one solution (x,y) € C, if
(Hy) — (H,) are satisfied and ¥''=3 k; < 1. And the set of solutions is bounded in C.

Proof. Let the operators P, R and # defined previously are continuous and
bounded, and we have that P and R are Lipschitz with zero constant.

Hence, # is Lipschitz with constant k;, then #{ is strict K—contraction with con-
stant k;. Since, Zi% ki < 1, so H is k—condensing. Define the set

n={(x,y) € C, there exists A € [0, 1] such that x = A% (x) and y = AH(y) } ,

and show that 7 is bounded.
For x € m, we have x = AH (x) = A(P(x) + R.(x)), which implies that

x| <A 20 [+ 1 R (1)

(‘P(1) —¥(0)n
= < (g1 +1)

+el) (K x| 00 [y [ 4+0),

hence we get:
I Gey) F< AN PCy) ||+ T R(x,p) ()
i=2

((‘P(l)—‘f’(o))‘”
i=1 I(gi+1)

IN

+si) (K| x| +M |y |+

Then, 7 is bounded in C.
On the other hand, suppose that  is not bounded, then we divide the inequality by
b =|| x || and letting b — oo, arriving at

o [ (P(1)—P(0))% Kib" +M;b" + N;
1§Z{<( (Fz ©) +el~>1'm TN,

qi+ 1) b—oo0 b

which is a contradiction.
Then, 7 is a bounded set in C and the operator #{ admits at least one fixed point
and it is the solution of problem (1.1) — (1.2). O

Now show the existence and uniqueness of the solution by the following theorem.
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Theorem 2. The problem (1.1) — (1.2) has a unique solution if (Hy) is satisfied

and
v [(2(1) —¥(0)
Z< C(gi+1)

Proof. Letx1,x, € Candr € [0, 1], we have:
| H(x1(2)) = H(xa2(1) | <| P(xa () = P(x2(t)) [ + | R(x1 (7)) — Ro(x2(7)) |
_ (1) - w(0))

- TDlg+1)
(P(1) —(0))7

= ( [(q1+1)

—|—8i> L <1.

i=1

1
L H X1 — X2 H +e1L4 H X1 — X2 H

1
+81> Ly H X1 —X2 H .

£ yi=2 ((T(l) —¥(0))%
T T(git+1)

contraction principle, the problem (1.1) — (1.2) admits a unique solution, it is the only

fixed point of the operator # . O

+ 8,') L; < 1, hence A is contraction. Then, by the Banach

4. ILLUSTRATIVE EXAMPLE

In this section, we will apply the previous results to the following example. Con-
sider the following equation:

4 e ™ sin|x(t) | +sin|y() |
D3 x(t) = tel=10,1
o+ )C() 10 + 9+[ ’ € [ ’ ]
4.1)
CDéiﬂ (1) = e sin | x(t) | +sin| y(¢) |
13 164 (1 +1)2
with the conditions:
x(0) = %sin(x) + %,
_3 1
y(O) - gCOS(y) + 3
v 4.2)
7,t 1
x(l) = ISJr x(g)a
é’tz
y(1) =150 v(3),
with the constant in problem (1.1) — (1.2):
4 7 1 4 1 2
qlzgv 612257 a_17 Bzga 6:57 8:77
and with functions

fl(t7x(t)’y(t)): 10 941t ’
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e B sin|x sin
falt,x(1),y(t)) = ot | 1(6t1—|(—:+ 1)|2y(f) |’

_2 2o+ ) _3 1
lI’(t)—t 7(p1(‘x)_SSIn('x)+27(92(y)_5C0S(y)+3

Using the parameter values provided, we get

o (P -wO)r |\
;( Kt ) +el>_9,1114.

We can easily show that

it 031 (6) = £ (632032 < 5 (1 =52 1+ 131 =32 1),

9
1F2(2,x1 (), 31 (1)) = fa(t,22(2), 2 (1)) | < i

Hence the condition (H;) holds with £; = § , [/2 = %.
In addition we have

¢ Ul =2 [+ llyr =2 ().

(O -PO)"
Zk Z Far ) L; =0,1436.

=1

For any 7 € [0,1] and x,y € R, we have

| fi(2,x(2), ())!< \XH [y +1,

| fat,x(2), (1)) |< 16

Condition (H>) holds with M; =Ky =g , M, =K =1z , n=N; =1 and

N> = 2. In view of Theorem 1, the solution set:
n={(x,y) € C, there exists A € [0, 1] such that x = AH (x) and y = AH (y) } .
Then

\XH ARARES

I Ce) [ <A Py) I+ 1 Rx) )

= ((‘P(l) —P(0))%
[(gi+1)

By using Theorem 1, the problem (4.1) — (4.2) has at least a solution (x,y) € C.
Furthermore, we have:

i:i ((‘P(l)—‘P(O))q’

[(gi+1)

Hence from Theorem 2, it follows that (4.1) — (4.2) has a unique solution.

IN

+si) AR A )
i=1

+8,'> L;=0,77< 1.

i=1
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5. CONCLUSION

In this paper, we studied the existence results for a coupled system of nonlinear
fractional differential equations with four-point fractional integral boundary condi-
tions involving ¥ —Caputo fractional derivatives. The existence theorems are proved
by using some fixed point theorems. As an application, an example is presented to
illustrate the applicability of our main result.
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