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1. INTRODUCTION

The following definition is well known in the literature: a function f:/ — R, #
I C R, is said to be convex on [ if the inequality

flax+QA=0)y)=tf (x)+(1—=1) f(y)
holds for every x,y € I and ¢ € [0, 1].

Definition 1 (See [10]). A function f :[0,b] — R is said to be m-convex, where
m € [0,1], b > 0, if for every x,y € [0,b] and ¢ € [0, 1] we have :

flax+mA-n)y) <tf (x)+m(1-1) f(y).

For recent results related to m-convex functions we refer the interest of readers to
the papers [2, 3,5,7,8, 10].

Many authors have been studied on integral inequalities. One of the well known
of these inequalities -Simpson’s inequality- is given as following:

Theorem 1. Let f : [a,b] — R be a four times continuously differentiable map-

ping on (a,b) and Hf(d') “ = sup ‘f(4) (x)‘ < 00. Then, the following inequality
©  xe(a,b)
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holds:

b
LD sy ()] -5 [ rwas] = s |19 o-a.

2 2 — 2880

In [9], Sarikaya et al. proved the following lemma and established some new
Simpson type inequalities for convex functions:

Lemma 1. Let f : I C R — R be a twice differentiable mapping on I° such that
f" € Ly[a,b), where a,b € I with a < b, then the following equality holds:

b
[f(a)+4f (“ b ) +f<b)] - [ reax (1)
—d

1
= —a)Z/k(t)f” (tb+ (1 —1)a)dt
0

where
5G-1) . t€[0.3)

a-0G-4).  refba]

Theorem 2 (See [9]). Let f : I C R — R be a twice differentiable mapping on I°
such that f" € Ly [a,b], where a,b € I witha <b. If| f"| is a convex on [a,b], then
the following inequality holds:

k(t) =

[f(a)+4f( ) f(b)}—— / Fx)dx (1.2)

b—a)* " "
<L @]+ ).

Theorem 3 (See [9]). Let f : I C R — R be a twice differentiable mapping on I°
such that f" € Ly [a,b], where a,b € I witha <b. If| f"|? is a convex on [a,b] and
q > 1, then the following inequality holds:

a+b

A e /b Fx)dx (13)

1

< 2 1 l_é " q "
(b a) (162) {(3527”( (b)} 3527‘f ( )‘ )
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133 " " i
(3527|f (b)‘q 3527|f (a)|) }

1,1 _
where;—l—a—l.

For recent refinements, counterparts, generalizations and new Simpson’s type in-
equalities, see the papers [1,4,6].

The main purpose of this paper is to give some generalizations of integral inequal-
ities for convex and m-convex functions by using a more general lemma similar to
Lemma 1. Some comparisons and applications to special means related to our results
are also given.

2. MAIN RESULTS

Throughout this paper, we will assume that / C R. To prove our main theorems
we need the following lemma involving a new kernel.

Lemma 2. Let f : I C R — R be a twice differentiable mapping on I° such that
f" € Lyi[a,b], where a,b € I with a <b and r € RT then the following equality
holds:

b
2 a+b 2
U@ e+ 2 (F0) -t [rwar @

1
=(b—a)? / k() f" (th+ (1 —t)a)dt
0

where

N~

et t€[0.3)
k(t) =

=0 (5= +1) te[3.1]

Proof. By definition of k(¢), we can write

I =/k(t)f”(tb+(1—t)a)dt

l 1 "
=/;(r+1_z)f (th+(1—1)a)di

1
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Integrating the right hand side of the above equality by parts twice, we have
1

t 1 P
/;(H_l—t)f b+ (1—1t)a)dt
0

. r—1 ,(a+b
__4r(r+1)(b—a)f( 2 )

1 1 a+b
+(b—a)2 r+1f( 2 ) r(r +1)

f(a)— /f(tb +(1=1t)a)dt

/(1 —1) (; - —) (b + (1 —1)a)dt

r—1 ,fa+b
:4r(r—|—1)(b—a)f( 2 )

1 1 a-+b
+(b—a)2 r+1f( > ) (+1)f(b)——/f(tb+(1—t)a)dt

By addition and using the change of variable x = tb + (1 —t)a fort € [0,1] and
multiplying the both sides by (b —a)?, we obtain (2.1). O

Remark 1. If we choose r = 2 in (2.1), we get the equality (1.1).

Theorem 4. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" € Ly[a,b], where a,b € I witha <b andr € RY_If |f"| is convex, then we
have the following inequality;

b
2 a+b 2
@00 s (00 - [ fwdr| e

<M (b-a)*[|f"@|+]|f" ®)]
where M = zrjr_(f—fl')%.

Proof. From Lemma 2 and by using convexity of | f” (x)|, we obtain

a+b

@)+ O]+ f (

1
r( D )—%()/f(l‘b—i-(l—t)a)dl 2.3)
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r\r—+1

1
Joi-

oo 1)
0

; 1—¢ 1 1 "
§ R ——
0

=(b—a)*(J1+J2)

<(b—a)’ {/ : (#—r) [t " &)+ =0)| f" (@]]dt
0

[t 0|+ =0)| £ @)]] dr

[t/ O]+ =) | £" @)]]dr

where

J1

I
o\w\~

TREE P

ot

By a little hard computation, one can see that

1

S
I
= —

1
r—+1

n= [
0
1

1 " "
f(r+ 1 —t)‘ [t |1 ®)]+ (1 =0)| 1" @] 1]
“f

t 1

— t__

r( r—i—l)
f=a)

=My |f" (b)) + Mz |f" (a)]

[t /" D)+ 0=0)|f"(@)|dr]

[t] /" )|+ (1 =0)| £ (@)|dt].

445
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and
T 1—1 1 " "
Jr = t( - —r+1)'[(1—t)\f O)|+1t|f" ()|]dt
2 : 1 1
—1
+/‘t(T—r+l)’[(l—t)|f”(b)\+t}f”(a)}]dt
r—?—l
=M |f" (a)|+ M2 | f" (b)|
where

3rf +4r3 —6r>—12r 427 5rt44r3 —18r2 +36r +21
M1 = 2 and M2: 2
192r (r +1) 192r (r +1)

By taking into account Jq, J>, M1 and M5 in (2.3), we obtain

Ji+ 2 =M+ M)[|f" (@] +]|f" ®)|]
=M[|f"@|+|f"®)]

which completes the proof.

Corollary 1. Ifwe take r =1 in (2.2) we obtain the following inequality:
b b 2 /
J@T®) , p(ath) /f(x)dx (2.4)
2 2 b—a
a
2
_(b—a)

=l @[+ @)

Corollary 2. The following table shows the results in (2.2) for several values of r.
In the table the left hand side of (2.2) is given by LHS and the right one is given by
RHS.



GENERALIZATIONS OF INTEGRAL INEQUALITIES w0
r | LHS RHS

1| LSOy p(afh) - ﬁff (x)dx GO 7 @) +1/” )]
2 |t r@+4f (52) + 1) |- i fb fodx | SR @)+ 1G]
3 S| f@+67 (452)+ 1) - 5 fb fodx | G @)+ B)]
24| a5 [ f@+48f (£2) + )| - 13— aff(x)dx G111 @) +11” B)]
30 | o5 [ £@) +30f (452) + 10)] - 155 f f@dx | GO 17 @)+ | £ b))

From the table one can see that if we take » — 0o we obtain smaller upper bounds

for the inequality (2.2).

Remark 2. If we take r = 2 in (2.2) we obtain (1.2).

Example 1. Under the assumptions of Theorem 4, if we choose [a,b] = [0,1]
then we can give the following graphics for some special cases of f by Mathematica
programme . In these graphics x-axis shows the values of r € R

007

f)=2




448 M. E. OZDEMIR, A. EKINCI, AND A. 0. AKDEMIR

10

Feo=e

[ ]

LHS

5 10 15 20

Theorem 5. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" € Ly[a,b] and if | f"|? is convex on [a,b] where a,b € I witha <b, r € RT
and g > 1, then the following inequality holds:

b
2 a+b 2
@ et () - s [ rwds

3_3 +6 1_5 V4 14 é
S e I [ CAVECTR A PO
+ [(Mz |f”(b)}q + M, ‘f//(a)‘q)q]}

4 3 _ 4 3_ 2
where M1 3rt+4r3—6r2 142r+27 andM — 5r°+4r°—18r +36r+21
192r(r+1) 192r(r+1)

Proof. From Lemma 2 and by using the well known power-mean inequality for
q > 1, we have

b
2 a+b 2
V@10 = (50) e [ s

1
<(b—a)? / kO " @b+ (1-1)a)] dr
0

<(b—a)*

r

o\i\)h—‘
| ~
~
‘_
|
-~
N—

r+1
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% t 1 1 '
(/ ;(Hl—t)'\f (tb+(1—z)a)|th)

0

1
t 1
el oo (Fi )|

2

|—

—1
1=5

q

1
t 1 /
) /'(1—[)(;—m)‘}f tb+(1—t)a)|"dt

2

On the other hand, since | | is convex on [a,b], we have

é(rj—l_t) " @b+ =Da)| dt 25)

5( : _t) (7@ + =0 | 7"@)|] ar

t 1

- —1

r(r—l—l )
(-7)
-t — —-
r r+1

m

=M | f"®)|" + M| f (@)

[t/ + =0 @] de

117"+ =0)] @] ] ar

and
1
/ (1-1) (;—ﬁ) £ (th+ (1 —1)a)|* dt 2.6)
%l
< [la=o (b= |l @ +a-olr @]
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/\“”(?‘—)
ool

T

=Ma |17 ®)|" + My | £ (@)

where M, = 3rt+4r3—6r2— 12r+27 and M, 5r4+4r*—18r2+36r+21
192r (r+1) 192r(r+1)*
From (2.5) and (2.6) and by using the fact that

1
t 1 t 1 3_3r+6
_ —t dlZ/(l—l‘) - dl‘:i
r\r+1 r o r4+1 24r(r+1)3
1
2

[t/ + =0 @] de

117"+ =0 " @] ] ar

1
/2
0

we deduce

b
2 a+b 2
@+ e+ 2 () - s [ rwds

3_ -7 1
<(b—a)? (ﬁ) {[(Ml‘f//(b)}q-i—Mz‘f//(a)‘q)q]

+[ (7@l o |7 @)) ]}
which completes the proof. U

Corollary 3. i) Under the assumptions of Theorem 5, if we choose r = 1 we get
the following inequality:

b
FOLI0 ()2,

2
[(192‘fﬂ( |+ 192’f”(a)’ ) }

<(b—a)? (4%)1_;
o[ (o o) |
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i) Letay = 155 | /" O)|? b = 15 | /7 @)|? a2 = 35 |/ DI b2 = 55 | /" (@)]* .
Here 0 < % < 1, for ¢ > 1, using the fact that

Dk +b) < (@)’ + Y ()
k=1 k=1 k=1

for0<s <1, aj,...,an >0, by,...b, >0, we get the following inequality:

2 2

<(b—ay? (i)l_;{ " b )}+( ) /qlf”(a)l}
- 48 1921/4 192 ’

Now for g — 0o, we get

f(a)erf(b)Jrf(aer) /f(x)d

b
2
—b_a/f(x)dx

Sfla)+ f(b) +f(at—l—b)

If”( )+ 17 ®)).

Theorem 6. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" € Ly|a,b] and | f"| is m-convex function with m € (0,1], where a,b € I with
a<bandr e Rt

5 2.7

1
r(r+1)
<-apu [l (2)]+ 7]

_ r3=3r+6
where M = G

b
2 a+b 2
@+ 100+ f (“57) = [ £ 0

Proof. From Lemma 2 and using the property of absolute value, we can write

b
2 a+b 2
@10 s (50 - [ s

1
S(b—a)zf k(@) f" b+ (1—1)a)|dt.
0

Since | f”| is m-convex on [a, b], we know that for any ¢ € [0, 1]

£ ab+ =] =| 77 (1b+m-n )|



452 M. E. OZDEMIR, A. EKINCI, AND A. 0. AKDEMIR

()
7 Gl

St "

hence it follows that

(b— a)zflk(t)l t1f" ()] +m(1—1)

ool [t
ool

"

" GalJ

"

" Ga)lJ

(Sl

=J1+J2
where
=1 o) [ oema-olr (7)o
0
1
J2=/ (1— t)(;—?)‘“f”(b)}—i—m(l 0| ()] ar

If we compute J; and J», we have
t 1
- —t
r\r+1
1
2
t 1
+ - t——
r
1
r+1

=M | £ )]+ Mam |7 (5]

-
1
n= [ lo-o(4-7)

1

r+1
5= /
0

[z " B)| +m(1—1) ‘f” (%)Hdr

(177 @) +ma=n|r7 ()| ]

and

7 Gl

[z | /" (b)| +m(1—1)
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oot

=M1m)f”<—)‘ + M| f7 (b)|

(177 @) +ma=n|r7 ()| ]

4 672 4 3_ 2
where My = 3ri+4r3—6r 12r+27 andM — 5r+4r°—18r +36r+21‘
192r(r+1)* 192r (r+1)*
By taking into account J; and J,, we obtain the desired result. (]

Theorem 7. Let f : I C R — R be a twice differentiable mapping on I ° such that
f" € Lyla,b) and if | f"|? is m-convex on [a,b] and m € (0,1] where a,b € I with
a<b,reR" and g > 1, then the following inequality holds;

b
1 2 (a+b 2
r(r+1) r+1f( 2 )_r(b—a)/f(x)dx (2:8)
5 [ 13=3r+6 1=
<0-0* (55 )

+ (M2 |77 ®)[" + Mym ‘f”(%)‘q);}

{ (M| ®)[ + Mo \f”(%)\"ﬂ

4 3 2 4 3 2
where M, = 3riH4ri=6r>=12r427 .4 g — Sri+ar’—18r2+36r421
192r(r+1) 192r(r+1)*

Proof. From Lemma 2 and by using the well known power-mean inequality, we
have

b
2 a+b 2
@+ 160+ 1 (50 = [ s

(+1)
1

<(b—a)® / KO £ (th + (1 —)a)| di
0
1 1-5

oo [ )l

0
! 1 " b 1 qd
;(rH—t)'\f (th+(1—1)a)|" dt

Q=

1

/
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1
t 1
| [la=n(i-5)

1
! 1 "
. /'(1—1)(——m)‘}f tb+(1—t)a)|"dt

454

1
1=

dt

r

Since | f”|? is m-convex, we have

/ ;(ril—z) £ b+ (1 —n)a)| dt 2.9)

0

Flef 1 Y
/;(r+1—z) [t|f )| +m1—1)
0

(i)
- —t
r\r+1

(=51
— Z‘__
r r+1
T

=My | f" ()" + Mam

D=

£ ar

A

7l e

[z ") +m(1—1)

7l Jar

[z £ B[ +m(1—1)

e

and

1
! 1 " q

/(1—t) (;—m) | /" (tb+ (1—1t)a)|" di (2.10)
21

1) ar

(=0 (4= ) |[rlr @l +ma-n

IA
M\'—‘\

r
r—+1

[l

)| ar

[z D) +m(1—1)
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1
1 t
# [ lo-o(7)

r+1

[df”@ﬂq+nﬂl—ﬂkﬂﬁ%wqdv

=M | @)+ Mum | 15[

where My = 3r*+4r’—6r>—12r+27 . q pg — 5r*+4r3—18r2+36r+21
! 192r (r+1)* 2 192r(r+1)*
From (2.9) and (2.10) and by using the fact that

1
t 1 t 1 r3—3r+6
- —t)|dt = 1-0n([-- dt = ————

/r(r—i—l ) /‘( )(r r—i—l)’ 24r(r+1)3

0 1

2

we obtain

(Sl

r(r+1) r+1 2

1

3-3r+6) ¢
<(h— 2 r—
=(b-a) (24r(r+1)3)

b
b
@ e+ 2 () - s [rwadd e

(M| @) + Mam ‘f”(’%)‘q);

1
b
+ (M2 ] £7®)|" + Mam | 17| )"§ ,
which completes the proof. U

3. APPLICATIONS TO SPECIAL MEANS

Now, we consider some applications of our theorems to the following special
means.
a) The arithmetic mean:

A=Amby=a;b,meQ

b) The harmonic mean:

2ab
H =H (a,b) = , a,b>0,
(@.5) a+b “
¢) The logarithmic mean:
a if a=b
L=L(ab):= b . , a,b>0,
lnb—ﬁla if a 75 b

d) The p—logarithmic mean:
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pr+i_gr+1 1/p .
[—(p+1)(b—a)] if a#b =, cR\{-1,0): a,b>0.

a if a=»b

Proposition 1. Let a,b,n € R, then we have

b—a)® - -
|4 (a",b") + A" (a,b) —2L7 (a,b)| < ( 24a) n(n—1)4 (|a|" 2 |p|" 2) G.1)
and
1 2 (b—a)2 -2 -2
‘gA(a”,b") +34"@b) Ly (a.b)| < S=n (=1 A(jal" 7 [b"?)
Proof. The assertion follows from Theorem 4 applied for f(x) = x", x € [a,b]
with r = 1 for the first inequality and » = 2 for the second inequality. U

And especially for f(x) = %, we can get

b—a)? PN
}H(a,b)+A—1(a,b)—zL(a,b)\5( 12“) A(|a| 3 1b] 3)

forr =1 and

1 2 (b—a)? 3 -3
H (@) + 34 (a,b)—L(a,b)‘s 24 (lal™.161%)
forr =2.

Proposition 2. Let a,b,n € R, then we have

2
|A(a”.b") + A" (a,b) —2L} (a,b)| < (b—a)

n(n—1)4 (m a" 2, |b|”_2)
3.2)
and

1 n Ln 2 n n (b_a)2 n—2 n—2
A" D" + 34" @b)~ Ly (a.b)| < n(n—l)A(m|a| 1b] )

3

Proof. The assertion follows from Theorem 6 applied for f(x) = x", x € [a,b]
with r = 1 for the first inequality and r = 2 for the second inequality. (]
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