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Abstract. This paper introduces self maps satisfying (CLRα) and (CLRαβ) property in Modified
Intuitionistic Fuzzy Soft Metric Space (MIFSMS). Moreover, we have also extended common
fixed point theorems for weakly compatible maps satisfying common limit range property in the
setting of MIFSMS. We have also given an application utilising our new results.
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1. INTRODUCTION

To deal with uncertainty Zadeh [15] presented Fuzzy Sets that includes the mem-
bership function only. Further K.T. Atanassov [1] gave Intuitionistic Fuzzy Set to
overcome the limitations of Fuzzy sets. Moreover, in case of data consisting of
parameters, Molodstov [13] gave Soft Sets to deal with the uncertainties. Das and
Samanta [4, 5] applied the concept of soft sets to metric spaces and hence presented
Soft Metric Spaces utilizing soft points of soft sets. Maji et al [12], in 2001, intro-
duced Fuzzy Soft Sets. Beaula and Gunaseli [2] applied the metric space concept to
Fuzzy Soft Sets and introduced Fuzzy Soft Metric Spaces using fuzzy soft point and
defined some of its properties.

Saadiat et al [14] gave another important concept of Modified Intuitionistic Fuzzy
Metric Spaces by using continuous t−representable norm. Saadiat et al [14] also
gave fixed point results for compatible and weakly compatible maps in Modified
Intuitionistic Fuzzy Metric Spaces. The soft metric space (in short, SMS) was a
result of employing the soft set theory to metric space by Das and Samanta [4–6].
Later on, various FPT’s were stated and proved by different researchers in SMS.
Vishal and Aanchal [9] introduced Modified Intuitionistic Fuzzy Soft Metric Space
(MIFSMS) and proved the fixed point theorems in its settings. S. Chauhan et al. [3]
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uses the common limit range property to gave some fixed point theorems for weakly
compatible maps in modified intuitionistic fuzzy metric spaces.

The main objective of our paper is to introduce common limit range property and
fixed point theorems for two pairs of self maps satisfying the above said property in
the setting of MIFSMS.

2. PRELIMINARIES

The following section includes the basic definitions and results already proved in
the literature that will be the foundation of our new results.

In this section, X is taken as universe, U represents the parameter set, Ū is taken
as the absolute soft set and SP(X̄) denotes the collection of all the soft points of X̄ .

Definition 1 ([13, Definition 2.1]). Soft set is a pair (S,U) on a universe X , where
U represents the parameter set and S defines the map from U to power set of X i.e.
S : U → P(X).

Definition 2 ([5, Definition 2.2.1]). A soft metric space is a 3-tuple (X̄ , µ̄,U),
where the soft metric µ̄ is defined from SP(X̄)× SP(X̄) to R(U). Here, R(U) is the
set containing non-negative soft real numbers and µ̄ satisfies the given conditions for
all ūe1 , v̄e2 , w̄e3 ∈ SP(X̄):

(i) µ̄(ūe1 , v̄e2)> 0̄,
(ii) µ̄(ūe1 , v̄e2) = 0̄ iff ūe1 = v̄e2 ,

(iii) µ̄(ūe1 , v̄e2) = µ̄(v̄e2 , ūe1),
(iv) µ̄(ūe1 , v̄e2)≤ µ̄(ūe1 , w̄e3)+ µ̄(w̄e3 , v̄e2).

Definition 3 ([12, Definition 2.1]). Fuzzy soft set is a pair (S,U) over a universe
X , where U represents the parameter set and S defines the map from U to F(X), where
latter is the set containing fuzzy subsets in universe X i.e. S : U → F(X).

Definition 4 ([8, Definition 3.5]). A soft fuzzy metric space is the 3-tuple (X̄ ,S,∗),
where soft fuzzy metric on X̄ is given by map S : SP(X̄)× SP(X̄)× (0,∞) → [0,1]
satisfying the given condition for all ūe1 , v̄e2 , w̄e3 ∈ SP(X̄),s, t > 0:

(i) S(ūe1 , v̄e2 , t)> 0,
(ii) S(ūe1 , v̄e2 , t) = 1 iff ūe1 = v̄e2 ,

(iii) S(ūe1 , v̄e2 , t) = S(v̄e2 , ūe1 , t),
(iv) S(ūe1 , v̄e2 , t + s)≥ S(ūe1 , w̄e3 , t)∗S(w̄e3 , v̄e2 ,s),
(v) S(ūe1 , v̄e2 , .) : (0,∞)→ [0,1] is continuous.

Definition 5 ([14, Definition 1.6]). A modified intuitionistic fuzzy metric space
is given by 3-tuple (X ,ϖM,N ,Θ), where X is any arbitrary set, M,N are fuzzy sets
from X2 × (0,∞) to [0,1] satisfying M(p,q, t)+N(p,q, t) ≤ 1 for all p,q ∈ X and
t > 0, continuous t−representable norm is given as Θ and ϖM,N is a function from
X2 × (0,∞) to L∗ fulfilling the given conditions for all p,q,r ∈ X and t,s > 0:
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(i) ϖM,N(p,q, t)>L∗ 0L∗ ;
(ii) ϖM,N(p,q, t) = 1L∗ iff p = q;

(iii) ϖM,N(p,q, t) = ϖM,N(q, p, t);
(iv) ϖM,N(p,q, t + s)≥L∗ Θ(ϖM,N(p,r, t),ϖM,N(r,q,s));
(v) ϖM,N(p,q, .) : (0,∞)→ L∗ is continuous.

Here, modified intuitionistic fuzzy metric ϖM,N is given as

ϖM,N(p,q, t) = (M(p,q, t),N(p,q, t)).

Definition 6 ([7, Definition 2.1]). A map S : X → IFU , where X is an arbitrary set
and IFU is the set consisting of all the intuitionistic fuzzy subsets of U , then S is a
function defined for every a ∈ X as S(a) = {< u,µS(a),νS(a) >: u ∈U}, where degree
of association and non association is given by µS(a) and νS(a) respectively.

Definition 7 ([7, Definition 4.1]). A map Θ defined from (L∗)2 to L∗ is a triangular
norm (t −norm) if it satisfies the given conditions:

(i) Θ(p,1L∗) = p, for all p ∈ L∗;
(ii) Θ(p,q) = Θ(q, p), for all (p,q) ∈ (L∗)2;

(iii) Θ(p,Θ(q,r)) = Θ(Θ(p,q),r), for all (p,q,r) ∈ (L∗)3;
(iv) p ≤ p′ and q ≤ q′ ⇒ Θ(p,q)≤L∗ Θ(p′,q′), for all (p, p′,q,q′) ∈ (L∗)4 .

Definition 8 ([7, Definition 4.3]). A continuous t−representable norm is a con-
tinuous t−norm Θ on L∗ iff it implies the existence of a t−conorm ⋄ on [0,1], which
is continuous, so that

Θ(p,q) = (p1 ∗q1, p2 ⋄q2),

for all p = (p1, p2) and q = (q1,q2) ∈ L∗.

Definition 9 ([9, Definition 3.3]). A MIFSMS is a 3-tuple (X̄ ,ϖM,N ,Θ), where
X̄ is any set, M and N are soft fuzzy sets, Θ is a continuous t−representable norm,
ϖM,N is a mapping from SP(X̄)× SP(X̄)× (0,∞) to L∗ so that the given assertions
are satisfied for all p̄e1 , q̄e2 , r̄e3 ∈ SP(X̄) and s, t > 0:

(i) ϖM,N(p̄e1 , q̄e2 , t)>L∗ 0L∗ ;
(ii) ϖM,N(p̄e1 , q̄e2 , t) = 1L∗ iff p̄e1 = q̄e2 ;

(iii) ϖM,N(p̄e1 , q̄e2 , t) = ϖM,N(q̄e2 , p̄e1 , t);
(iv) ϖM,N(p̄e1 , q̄e2 , t + s)≥L∗ Θ(ϖM,N(p̄e1 , r̄e3 , t),ϖM,N(r̄e3 , q̄e2 ,s));
(v) ϖM,N(p̄e1 , q̄e2 , .) : (0,∞)→ L∗ is continuous.

Then, ϖM,N is called MIFSM on X̄ . Here the level of closeness, non closeness
between p̄e1 , q̄e2 w.r.t. t is given by the maps M(p̄e1 , q̄e2 , t) and N(p̄e1 , q̄e2 , t) respect-
ively and metric ϖM,N is given as

ϖM,N(p̄e1 , q̄e2 , t) = (M(p̄e1 , q̄e2 , t),N(p̄e1 , q̄e2 , t)).

Remark 1 ([9, Remark 3.1]). The function M(p̄e1 , q̄e2 , t) is increasing and the func-
tion N(p̄e1 , q̄e2 , t) is decreasing in a MIFSMS X̄ , for all p̄e1 , q̄e2 ∈ SP(X̄).



258 V. GUPTA, A. SAINI, AND A. GONDHI

Example 1 ([9, Example 3.1]). Consider (X̄ ,µ) be a soft metric space and M,N be
soft fuzzy sets on SP(X̄)×SP(X̄)× (0,∞) as given below:

ϖM,N(p̄e1 , q̄e2 , t) = (M(p̄e1 , q̄e2 , t),N(p̄e1 , q̄e2 , t))

=

(
htn

htn +mµ(p̄e1 , q̄e2)
,

mµ(p̄e1 , q̄e2)

htn +mµ(p̄e1 , q̄e2)

)
for all h, t,m,n ∈ R+;Θ(r̄, s̄) = (r̄1s̄1,min(r̄2 + s̄2,1)) for all r̄ = (r̄1, r̄2) and s̄ =
(s̄1, s̄2) ∈ L∗. The above (X̄ ,ϖM,N ,Θ) serves as an example of a MIFSMS.

Lemma 1 ([9, Lemma 3.3]). Consider (X̄ ,ϖM,N ,Θ) be a MIFSMS. Then
ϖM,N(p̄e1 , q̄e2 , t) is increasing with respect to t > 0 in (L∗,≤L∗) for all p̄e1 , q̄e2 ∈
SP(X̄).

Definition 10 ([9, Definition 3.4]). Consider (X̄ ,ϖM,N ,Θ) be a MIFSMS. ϖM,N is
called continuous on SP(X̄)×SP(X̄)× (0,∞) if

lim
n→∞

ϖM,N(p̄en , q̄en , tn) = ϖM,N(p̄e1 , q̄e2 , t),

where {(p̄en , q̄en , tn)} is a sequence converging to (p̄e1 , q̄e2 , t).

Lemma 2 ([9, Lemma 3.4]). For (X̄ ,ϖM,N ,Θ) be a MIFSMS, then ϖM,N is con-
tinuous on SP(X̄)×SP(X̄)× (0,∞).

Definition 11 ([9, Definition 4.1]). The open ball in a MIFSMS (X̄ ,ϖM,N ,Θ) is
defined by B(p̄e1 ,α, t), having center p̄e1 ∈ X̄ and radius 0 < α < 1 for any t > 0,

B(p̄e1 ,α, t) = {q̄e2 ∈ X̄ : ϖM,N(p̄e1 , q̄e2 , t)>L∗ (Ns(α),α)}.

Theorem 1 ([9, Theorem 4.1]). Every open ball B(p̄e1 ,α, t) in MIFSMS is an open
set.

Remark 2 ([9, Remark 4.1]). The topology procured by MIFSM ϖM,N on X̄ in
MIFSMS (X̄ ,ϖM,N ,Θ) is defined as

τM,N = {Y ⊆ X̄ : for every p̄e1 ∈ Y, there exist t > 0 and α ∈ (0,1)∥
so that B(p̄e1 ,α, t)⊆ Y} .

Theorem 2 ([9, Theorem 4.2]). A MIFSMS (X̄ ,ϖM,N ,Θ) is a Hausdorff space.

Theorem 3 ([9, Theorem 4.4]). If (X̄ ,ϖM,N ,Θ) be MIFSMS and τM,N is a topology
on X̄. Then p̄en → p̄e1 iff

lim
n→∞

ϖM,N(p̄en , p̄e1 , t) = 1L∗

for sequence {p̄en} in X̄ .

Definition 12 ([9, Definition 4.3]). Consider (X̄ ,ϖM,N ,Θ) be MIFSMS and { p̄en}
be any sequence in X̄ , then



COMMON LIMIT RANGE PROPERTY IN MODIFIED INTUITIONISTIC FUZZY METRIC SPACES 259

1. the sequence is Cauchy iff for every t > 0, there exist no ∈ N so that

lim
no→∞

ϖM,N(p̄en , p̄en+m , t) = 1L∗

for each n,m ≥ no.
2. the sequence converges to p̄ iff for every t > 0,

lim
n→∞

ϖM,N(p̄en , p̄, t) = 1L∗ .

Lemma 3 ([10, Lemma 3.1]). Consider (X̄ ,ϖM,N ,Θ) be a MIFSMS and for all
p̄e1 , q̄e2 ∈ SP(X̄), t > 0, 0 < k < 1, (2.1) holds, ie.

ϖM,N(p̄e1 , q̄e2 ,kt)≥L∗ ϖM,N(p̄e1 , q̄e2 , t). (2.1)

Then p̄e1 = q̄e2 .

Definition 13 ([10, Definition 3.2]). Consider two self maps A and S on MIFSMS
(X̄ ,ϖM,N ,Θ). The maps are weakly compatible if

Ap̄e1 = Sp̄e1 ⇒ ASp̄e1 = SAp̄e1

for some p̄e1 ∈ SP(X̄).

3. MAIN RESULTS

In this section we are defining common limit range property in the setting of MIF-
SMS as follows:

Definition 14. A pair of self maps (φ,α) in a MIFSMS (X̄ ,ϖM,N ,Θ) satisfies
CLRα property, known as common limit range property in relation to α, if there exists
a sequence { p̄en} in X̄ so that (3.1) holds for some p̄ ∈ α(X̄) and t > 0,

lim
n→∞

ϖM,N(φ p̄en , p̄, t) = lim
n→∞

ϖM,N(αp̄en , p̄, t) = 1L∗ . (3.1)

Definition 15. Two pairs of self maps (φ,α) and (η,β) in a MIFSMS (X̄ ,ϖM,N ,Θ)
satisfies (CLRαβ) property, known as common limit range property in relation to α

and β, if there exists two sequences { p̄en} and {q̄en} in X̄ so that (3.2) holds for some
h̄ ∈ α(X̄)

⋂
β(X̄) and t > 0,

lim
n→∞

ϖM,N(φ p̄en , h̄, t) = lim
n→∞

ϖM,N(αp̄en , h̄, t) = lim
n→∞

ϖM,N(ηq̄en , h̄, t)

= lim
n→∞

ϖM,N(βq̄en , h̄, t) = 1L∗ .
(3.2)

Example 2. Consider (X̄ ,ϖM,N ,Θ) be a MIFSMS, where X̄ = [0,∞) and

ϖM,N(ῑ, κ̄,ρ) = (M(ῑ, κ̄,ρ),N(ῑ, κ̄,ρ)) =

(
ρ

ρ+ |̄ι− κ̄|
,

|̄ι− κ̄|
ρ+ |̄ι− κ̄|

)
,

for every ῑ, κ̄ ∈ X̄ and ρ > 0.
The self maps φ and α on X̄ are defined as φ(ῑ) = ῑ+ 1 and α(ῑ) = 3ῑ, for every

ῑ ∈ X̄ .
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Take a sequence {ῑen}= {1+ 1
n} in X̄ , then

ϖM,N(φῑen ,3,ρ) = ϖM,N(αῑen ,3,ρ) = 1L∗ , where 3 ∈ α(X̄) and ρ > 0. Thus the
maps φ and α satisfies (CLRα) property.

Example 3. Consider (X̄ ,ϖM,N ,Θ) be a MIFSMS, where X̄ = [3,27), Θ(p̄, q̄) =
(p̄1q̄1,min{ p̄2 + q̄2,1}), for every p̄ = (p̄1, p̄2) and q̄ = (q̄1, q̄2) ∈ L∗ with MIFSM ϖ

defined as follows for every ῑ, κ̄ ∈ X̄ ,

ϖ(ῑ, κ̄,ρ) =

(
ρ

ρ+ |̄ι− κ̄|
,

|̄ι− κ̄|
ρ+ |̄ι− κ̄|

)
.

Consider ϒ : L∗ → L∗ defined as ϒ(ρ1,ρ2) = (
√

ρ1,0) for every ρ = (ρ1,ρ2) ∈
L∗ {0L∗ , 1L∗). Let the self maps φ, η, α and β defined as

φ(ῑ) =

{
3 for ῑ ∈ {3}∪ (11,27),
21 for 3 < ῑ ≤ 11.

η(ῑ) =

{
3 for ῑ ∈ {3}∪ (11,27),
8 for 3 < ῑ ≤ 11.

α(ῑ) =


3 for ῑ = 3,
12 for 3 < ῑ ≤ 11,
ῑ+1

4 for 11 < ῑ < 27.
β(ῑ) =


3 for ῑ = 3,
20 for 3 < ῑ ≤ 11,
ῑ−8 for 11 < ῑ < 27.

Take sequences {ῑen = 11+ 1
n}, {κ̄en = 3}, then we have

lim
n→∞

φ(ῑen) = lim
n→∞

α(ῑen) = lim
n→∞

η(κ̄en) = lim
n→∞

β(κ̄en) = 3 ∈ α(X̄)∩β(X̄).

Hence, (φ,α) and (η,β) satisfies CLRαβ property.

Definition 16. Two families of self mappings {φi}i∈{1,2,3,...,m} and {αk}k∈{1,2,3,...,n}
are said to be pairwise commuting if they satisfies the following conditions:

1. φiφ j = φ jφi for every i, j ∈ {1,2,3, ...,m},
2. αkαl = αlαk for every k, l ∈ {1,2,3, ...,n},
3. φiαk = αkφi for every i ∈ {1,2,3, ...,m} and k ∈ {1,2,3, ...,n}.

4. FIXED POINT THEOREMS

Before giving the fixed point theorems, we are going to state and prove a lemma
that will be used in our new theorems.

Lemma 4. Consider φ,η,α,β be self maps on a MIFSMS (X̄ ,ϖM,N ,Θ), satisfies
the following conditions:

1. pair (φ,α) or (η,β) exhibits common limit range property with respect to α

or β respectively,
2. φ(X̄) is strictly contained in β(X̄), or η(X̄) is strictly contained in α(X̄),
3. β(X̄) or α(X̄) is a closed subset of X̄ ,
4. for sequences { p̄en} and {q̄en} in X̄ , either η(q̄en) is convergent whenever

β(q̄en) converges, or φ(p̄en) is convergent whenever α(p̄en) converges,
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5. for a constant ε ∈ (0,1), (4.1) holds for every p̄, q̄ ∈ X̄ and t > 0,

ϖM,N(φ p̄,ηq̄,εt)≥L∗ min{ϖM,N(α p̄,βq̄, t),ϖM,N(φ p̄,α p̄, t),ϖM,N(ηq̄,βq̄, t),

ϖM,N(φ p̄,βq̄, t),ϖM,N(ηq̄,α p̄, t)}.
(4.1)

Then pairs (φ,α) and (η,β) exhibits common limit range property with respect to α

and β, more precisely known as (CLRαβ) property.

Proof. Consider the pair (φ,α) exhibits (CLRα) property, that implies the exist-
ence of a sequence { p̄en} in X̄ so that (4.2) holds for h̄ ∈ α(X̄),

lim
n→∞

φ p̄en = lim
n→∞

αp̄en = h̄. (4.2)

As φ(X̄)⊂ β(X̄) and β(X̄) is a closed subset of X̄ , thus for every sequence {p̄en} in X̄
implies the existence of a sequence {q̄en} in X̄ so that φ p̄en = βq̄en . Thus (4.3) holds
for h̄ ∈ α(X̄)∩β(X̄),

lim
n→∞

βq̄en = lim
n→∞

φ p̄en = h̄. (4.3)

Overall, we have φ p̄en → h̄, α p̄en → h̄ and βq̄en → h̄. Now to claim that ηq̄en → h̄.
Substituting p̄ = p̄en , q̄ = q̄en in inequality (4.1), we have

ϖM,N(φ p̄en ,ηq̄en ,εt)≥L∗ min{ϖM,N(α p̄en ,βq̄en , t),ϖM,N(φp̄en ,α p̄en , t),

ϖM,N(ηq̄en ,βq̄en , t),ϖM,N(φ p̄en ,βq̄en , t),

ϖM,N(ηq̄en ,α p̄en , t)}.

Let limn→∞ ϖM,N(ηq̄en , l̄, t) = 1L∗ , where l̄(̸= h̄) for all t > 0. Then, taking n → ∞,
we get

ϖM,N(h̄, l̄,εt)≥L∗ min{ϖM,N(h̄, h̄, t),ϖM,N(h̄, h̄, t),ϖM,N(l̄, h̄, t),ϖM,N(h̄, h̄, t),

ϖM,N(l̄, h̄, t)},
≥L∗ min{1L∗ ,1L∗ ,ϖM,N(l̄, h̄, t),1L∗ ,ϖM,N(l̄, h̄, t)},
≥L∗ ϖM,N(h̄, l̄, t).

Thus, by Lemma 3 h̄ = l̄. So, pairs (φ,α) and (η,β) satisfies (CLRαβ) property. □

Now we are ready to prove our fixed point results, stated and proved as follows:

Theorem 4. Consider φ,η,α,β be self maps on a MIFSMS (X̄ ,ϖM,N ,Θ) satisfying
inequality (4.1) of Lemma 4. The pair of self maps (φ,α) and (η,β) possess a
coincidence point if they exhibit (CLRαβ) property. Moreover, maps φ,α,η and β

possess a unique common fixed point if pairs (φ,α) and (η,β) are weakly compatible.

Proof. Since pair (φ,α) and (η,β) exhibit (CLRαβ) property, this implies the exist-
ence of two sequences { p̄en} and {q̄en} in X̄ so that (4.4) holds for h̄ ∈ α(X̄)∩β(X̄),

lim
n→∞

φ p̄en = lim
n→∞

αp̄en = lim
n→∞

ηq̄en = lim
n→∞

βq̄en = h̄. (4.4)



262 V. GUPTA, A. SAINI, AND A. GONDHI

Thus, αū = h̄ and βū = h̄, where ū, v̄ ∈ X̄ . Now to claim that φū = αū, substituting
p̄ = ū and q̄ = q̄en in (4.1), we have

ϖM,N(φū,ηq̄en ,εt)≥L∗ min{ϖM,N(αū,βq̄en , t),ϖM,N(φū,αū, t),ϖM,N(ηq̄en ,βq̄en , t),

ϖM,N(φū,βq̄en , t),ϖM,N(ηq̄en ,αū, t)}.

Taking n → ∞, we get

ϖM,N(φū, h̄,εt)≥L∗ min{ϖM,N(h̄, h̄, t),ϖM,N(φū, h̄, t),ϖM,N(h̄, h̄, t),

ϖM,N(φū, h̄, t),ϖM,N(h̄, h̄, t)},

and so

ϖM,N(φū, h̄,εt)≥L∗ min{1L∗ ,ϖM,N(φū, h̄, t),1L∗ ,ϖM,N(φū, h̄, t),1L∗},
ϖM,N(φū, h̄,εt)≥L∗ ϖM,N(φū, h̄, t).

Thus, we have φū = h̄ and so φū = αū = h̄, this implies that pair (φ,α) has ū as its
coincidence point.

Claim that ηv̄ = βv̄, substituting p̄ = ū and q̄ = v̄ in (4.1), we have

ϖM,N(φū,ηv̄,εt)≥L∗ min{ϖM,N(αū,βv̄, t),ϖM,N(φū,αū, t),ϖM,N(ηv̄,βv̄, t),

ϖM,N(φū,βv̄, t),ϖM,N(ηv̄,αū, t)},

so we get

ϖM,N(h̄,ηv̄,εt)≥L∗ min{ϖM,N(h̄, h̄, t),ϖM,N(h̄, h̄, t),ϖM,N(ηv̄, h̄, t),

ϖM,N(h̄, h̄, t),ϖM,N(ηv̄, h̄, t)},

and

ϖM,N(h̄,ηv̄,εt)≥L∗ min{1L∗ ,1L∗ ,ϖM,N(ηv̄, h̄, t),1L∗ ,ϖM,N(ηv̄, h̄, t)},
≥L∗ ϖM,N(h̄,ηv̄, t).

Thus, we have h̄ = ηv̄ and hence ηv̄ = βv̄ = h̄, this implies that pair (η,β) has v̄ as its
coincidence point.

Since (φ,α) is weakly compatible and φū = αū, hence φh̄ = φαū = αφū = αh̄.
Now to claim that h̄ is a common fixed point of (φ,α), substituting p̄ = h̄ and q̄ = v̄
in (4.1), we have

ϖM,N(φh̄,ηv̄,εt)≥L∗ min{ϖM,N(αh̄,βv̄, t),ϖM,N(φh̄,αh̄, t),ϖM,N(ηv̄,βv̄, t),

ϖM,N(φh̄,βv̄, t),ϖM,N(ηv̄,αh̄, t)},

so we get

ϖM,N(φh̄, h̄,εt)≥L∗ min{ϖM,N(φh̄, h̄, t),ϖM,N(φh̄,φh̄, t),ϖM,N(h̄, h̄, t),

ϖM,N(φh̄, h̄, t),ϖM,N(h̄,φh̄, t)},
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and

ϖM,N(φh̄, h̄,εt)≥L∗ min{ϖM,N(φh̄, h̄, t),1L∗ ,1L∗ ,ϖM,N(φh̄, h̄, t),ϖM,N(φh̄, h̄, t)},
≥L∗ ϖM,N(φh̄, h̄, t).

Thus, we have φh̄ = h̄ = αh̄, this implies, the pair (φ,α) has h̄ as its common fixed
point.

As pair (η,β) is weakly compatible, hence ηh̄ = ηβv̄ = βηv̄ = βh̄. Substituting
p̄ = ū and q̄ = h̄ in (4.1), we have

ϖM,N(φū,ηh̄,εt)≥L∗ min{ϖM,N(αū,βh̄, t),ϖM,N(φū,αū, t),ϖM,N(ηh̄,βh̄, t),

ϖM,N(φū,βh̄, t),ϖM,N(ηh̄,αū, t)},
so, we get

ϖM,N(h̄,ηh̄,εt)≥L∗ min{ϖM,N(h̄,ηh̄, t),ϖM,N(h̄, h̄, t),ϖM,N(ηh̄,ηh̄, t),

ϖM,N(h̄,ηh̄, t),ϖM,N(ηh̄, h̄, t)},
and

ϖM,N(h̄,ηh̄,εt)≥L∗ min{ϖM,N(h̄,ηh̄, t),1L∗ ,1L∗ ,ϖM,N(h̄,ηh̄, t),ϖM,N(ηh̄, h̄, t)},
≥L∗ ϖM,N(h̄,ηh̄, t).

Thus, we have ηh̄ = h̄ = βh̄, this implies that pair (η,β) has h̄ as their common fixed
point. Hence, maps φ,η,α and β have h̄ as their common fixed point.

Uniqueness: Consider maps φ,η,α and β have another common fixed point say
w̄(̸= h̄). Substitute p̄ = w̄ and q̄ = h̄ in (4.1), we have

ϖM,N(φw̄,ηh̄,εt)≥L∗ min{ϖM,N(αw̄,βh̄, t),ϖM,N(φw̄,αw̄, t),ϖM,N(ηh̄,βh̄, t),

ϖM,N(φw̄,βh̄, t),ϖM,N(ηh̄,αw̄, t)},

so, we get

ϖM,N(w̄, h̄,εt)≥L∗ min{ϖM,N(w̄, h̄, t),ϖM,N(w̄, w̄, t),ϖM,N(h̄, h̄, t),

ϖM,N(w̄, h̄, t),ϖM,N(h̄, w̄, t)},
and

ϖM,N(w̄, h̄,εt)≥L∗ min{ϖM,N(w̄, h̄, t),1L∗ ,1L∗ ,ϖM,N(w̄, h̄, t),ϖM,N(w̄, h̄, t)},
≥L∗ ϖM,N(w̄, h̄, t).

Thus, we have w̄ = h̄. Therefore φ,η,α and β possess a unique common fixed point.
□

Theorem 5. Consider φ,η,α,β be self maps on a MIFSMS (X̄ ,ϖM,N ,Θ) satisfying
conditions 1-5 of Lemma 4. The maps φ,α,η, and β possess a unique common fixed
point if the pairs (φ,α) and (η,β) are weakly compatible.
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Proof. The pairs (φ,α) and (η,β) exhibit (CLRαβ) property by Lemma 4, implies
the existence of two sequences { p̄en} and {q̄en} in X̄ so that (4.5) holds for h̄ ∈
α(X̄)∩β(X̄),

lim
n→∞

φ p̄en = lim
n→∞

α p̄en = ltn→∞ηq̄en = lim
n→∞

βq̄en = h̄. (4.5)

The rest can be proved on the similar lines to Theorem 4. □

Following are the two illustration making use of recently proved theorems:

Example 4. Consider X̄ = [1,15) in MIFSMS (X̄ ,ϖM,N ,Θ), t−representable norm
is given by Θ(ā, b̄) = (ā1b̄1,min{ā2+ b̄2,1}) for all ā = (ā1, ā2) and b̄ = (b̄1, b̄2)∈ L∗

so that for all p̄, q̄ ∈ X̄ and t > 0, MIFSM is defined as

ϖM,N(p̄, q̄, t) =
(

t
t + |p̄− q̄|

,
|p̄− q̄|

t + |p̄− q̄|

)
.

Define self maps φ,η,α,β by

φ(p̄) =

{
1 if p̄ ∈ {1}∪ (3,15);
2 if p̄ ∈ (1,3].

η(p̄) =

{
1 if p̄ ∈ {1}∪ (3,15);
3 if p̄ ∈ (1,3].

α(p̄) =


1 if p̄ = 1;
5 if p̄ ∈ (1,3];
p̄+1

4
if p̄ ∈ (3,15).

β(p̄) =


1 if p̄ = 1;
9+ p̄ if p̄ ∈ (1,3];
p̄−2 if p̄ ∈ (3,15).

Taking { p̄en = 3+
1
n
}, {q̄en = 1} or { p̄en = 1}, {q̄en = 3+

1
n
}, it is clear that pairs

(φ,α) and (η,β) exhibits (CLRαβ) property.

lim
n→∞

φ p̄en = lim
n→∞

α p̄en = lim
n→∞

ηq̄en = lim
n→∞

βq̄en = 1 ∈ α(X̄)∩β(X̄).

It is also clear that φ(X̄) ⊂ β(X̄) and η(X̄) ⊂ α(X̄). Thus, Theorem 4 is applicable
and hence (φ,α) and (η,β) have 1 as their unique common fixed point, which is also
a point of coincidence.

Theorem 5 cannot be applied in the above example, as α(X̄) = [1,4)∪{5} and
β(X̄) = [1,13) are not closed subsets of X̄ .

Example 5. If maps α,β in Example 4 are replaced by the following maps, keeping
rest the same:

α(p̄) =


1 if p̄ = 1;
4 if p̄ ∈ (1,3];
p̄+1

4
if p̄ ∈ (3,15).

β(p̄) =


1 if p̄ = 1;
13 if p̄ ∈ (1,3);
p̄−2 if p̄ ∈ [3,15).



COMMON LIMIT RANGE PROPERTY IN MODIFIED INTUITIONISTIC FUZZY METRIC SPACES 265

Now, φ(X̄)⊂ β(X̄) and η(X̄)⊂ α(X̄) also α(X̄) = [1,4] and β(X̄) = [1,13] are closed
subsets of X̄ . Thus Theorem 5 is applicable here, hence (φ,α) and (η,β) have 1 as
their unique common fixed point.

Next, we are giving a corollary:

Corollary 1. Consider φ and α be self maps on a MIFSMS (X̄ ,ϖM,N ,Θ) and
suppose that

1. (φ,α) satisfies (CLRα) property.
2. there exist ε ∈ (0,1) so that (4.6) holds for all p̄, q̄ ∈ X̄ and t > 0,

ϖM,N(φ p̄,φq̄,εt)≥L∗ min{ϖM,N(αp̄,αq̄, t),ϖM,N(φ p̄,α p̄, t),ϖM,N(φq̄,αq̄, t),

ϖM,N(φ p̄,αq̄, t),ϖM,N(φq̄,α p̄, t)}.
(4.6)

Then the pair (φ,α) possess a coincidence point. Moreover, (φ,α) possess a unique
common fixed point in X̄ if they are weakly compatible.

Proof. Take φ= η and α= β in Theorem 4, the result will be proved on the similar
lines. □

5. APPLICATION

In this section we are going to give an application utilising our new results.

Theorem 6. Consider (X̄ ,ϖM,N ,Θ) be MIFSMS. Consider φ,η,α,β are self maps
satisfies the following conditions:

(i) pairs (φ,α) and (η,β) exhibit (CLRαβ) property.
(ii) for p̄, q̄ ∈ X̄ , ρ > 0,∫ s1

0
ϒ(ρ)dρ ≥L∗

∫ s2

0
ϒ(ρ)dρ,

where ϒ(ρ) is Lebesgue integrable function and

s1 = ϖM,N(φ p̄,ηq̄,ερ),

s2 = min{ϖM,N(φp̄,βq̄,ρ),ϖM,N(ηq̄,α p̄,ρ),

ϖM,N(φp̄,αp̄,ρ),ϖM,N(ηq̄,βq̄,ρ),

ϖM,N(αp̄,βq̄,ρ)}.

Then, pairs (φ,α) and (η,β) possess a coincidence point. Moreover, maps φ,α,η and
β possess a unique common fixed point if (φ,α) and (η,β) are weakly compatible.

Proof. Since, (φ,α) and (η,β) satisfies (CLRαβ) property, thus equation (4.4) of
Theorem 4 is satisfied. From condition (ii) we have∫

ϖM,N(φp̄en ,ηh̄,ρ)

0
ϒ(ρ)dρ ≥L∗

∫ s2

0
ϒ(ρ)dρ,
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where

s2 = min{ϖM,N(φ p̄en ,βh̄,ρ),ϖM,N(ηh̄,α p̄en ,ρ),

ϖM,N(φp̄en ,α p̄en ,ρ),ϖM,N(ηh̄,βh̄,ρ),

ϖM,N(αp̄en ,βh̄,ρ)}.
Taking n → ∞, we have

ηh̄ = βh̄. (5.1)

From condition (ii) and taking n → ∞, we have∫
ϖM,N(φh̄,ηq̄en ,ρ)

0
ϒ(ρ)dρ ≥L∗

∫ s2

0
ϒ(ρ)dρ,

where

s2 = min{ϖM,N(φh̄,βq̄en ,ρ),ϖM,N(ηq̄en ,αh̄,ρ),

ϖM,N(φh̄,αh̄,ρ),ϖM,N(ηq̄en ,βq̄en ,ρ),

ϖM,N(αh̄,βq̄en ,ρ)}.
Thus, we have

φh̄ = αh̄. (5.2)

From equations (5.1) and (5.2), we have

φh̄ = αh̄ = ηh̄ = βh̄. (5.3)

Thus pairs (φ,α) and (η,β) possess a common coincidence point.
Now, let us consider

φh̄ = αh̄ = ηh̄ = βh̄ = ū. (5.4)

The weak compatibility of pairs (φ,α) and (η,β) implies

φū = αū,ηū = βū. (5.5)

By condition (ii) and equations (5.3), (5.4) and (5.5), we get∫
ϖM,N(φū,ηh̄,ρ)

0
ϒ(ρ)dρ ≥L∗

∫ s2

0
ϒ(ρ)dρ,

where

s2 = min{ϖM,N(φū,βh̄,ρ),ϖM,N(ηh̄,αū,ρ),

ϖM,N(φū,αū,ρ),ϖM,N(ηh̄,βh̄,ρ),

ϖM,N(αū,βh̄,ρ)}.
So, we have

ϖM,N(φū, ū,ρ)>L∗ ϖM,N(φū, ū,ρ).
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Hence, we obtain

ū = φū = αū.

Using condition (ii), we have∫
ϖM,N(φh̄,ηū,ρ)

0
ϒ(ρ)dρ ≥L∗

∫ s2

0
ϒ(ρ)dρ,

where

s2 = min{ϖM,N(φh̄,βū,ρ),ϖM,N(ηū,αh̄,ρ),

ϖM,N(φh̄,αh̄,ρ),ϖM,N(ηū,βū,ρ),

ϖM,N(αh̄,βū,ρ)}.

Thus, we get

ū = φū = αū = ηū = βū.

Hence, φ,α,η and β possess ū as their common fixed point. The uniqueness of fixed
point is easy to prove by using condition (ii). □

Following example validates the Theorem 6.

Example 6. Replacing maps α and β in example (3) by

α(ῑ) =


3 for ῑ = 3,
3+ ῑ for 3 < ῑ ≤ 11,
ῑ+1

4 for 11 < ῑ < 27.
β(ῑ) =


3 for ῑ = 3,
11+ ῑ for 3 < ῑ ≤ 11,
ῑ−8 for 11 < ῑ < 27.

Then, φ(X̄) = {3,21} ⊂ [3,22] = β(X̄) and η(X̄) = {3,8} ⊂ [3,14] = α(X̄).
Therefore, every assertion of Theorem 6 is satisfied with ϒ(ρ) = 1. Thus, maps

φ,α,η and β possess 3 as their common invariant point.

6. CONCLUSION

We have defined self maps satisfying (CLRαβ) property in Modified Intuitionistic
Fuzzy Soft Metric Space in this paper. Results of Saadati et al. [14] and Imdad et
al. [11] have been generalized to MIFSMS. Examples have been given to prove the
applicability of our new results. An application to integral type contraction have also
been proved.
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