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REPRESENTATION OF GENERALIZED CIRCULAR SURFACES
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Abstract. In this paper, we introduce generalized circular surfaces, a generalization of general-
ized tube surfaces and circular surfaces. Moreover, we define a special dual quaternion by using
the moving frame along the spine curve of generalized circular surface. We then show that the
screw motion obtained by this dual quaternion can be used to construct generalized circular sur-
faces. We also prove that these generalized circular surfaces can be expressed by homothetic
motions. Finally, we provide some examples of generalized circular surfaces with figures.
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1. INTRODUCTION

A tube surface or a pipe surface is formed by the envelope of the spheres whose
centers lie on a curve in three-dimensional real vector space R* (which is called
a spine curve) and whose radius are constant [15]. Generalized tube surfaces [16]
and circular surfaces [19] were defined by generalizing tube surfaces according to
different variables, then these kind surfaces attracted attention of many researchers.
There are many objects in the world take form of these surfaces.

Real quaternions are defined as a four-dimensional number system [17]. This num-
ber system has a practical method in the performing of rotation since they rotate a vec-
tor around any axis in R3 [24]. Recently, real quaternionic and matrix representations

of surfaces have been extensively studied by many researchers. [2,3,5,6,9,23,26,27].
Similar problem has been also considered in Minkowski and (pseudo-) Galilean
spaces by using split quaternions [4, 13,21] and (split-) semi quaternions [28].

Dual quaternions are introduced as a number system isomorphic to the tensor
product of real quaternions and dual numbers [10]. In the following years, this num-
ber system has been used in the rigid body motions (i.e., screw motions) [1,7, 14,18,

© 2024 The Author(s). Published by Miskolc University Press. This is an open access article under the license CC
BY 4.0.


http://dx.doi.org/10.18514/MMN.2024.4311
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

80 S. ASLAN, M. BEKAR, AND Y. YAYLI

]. Dual quaternions have been applied in dynamics, computer graphics, robotics
and spacecrafts, etc.

In this paper, we introduce generalized circular surface by generalizing of a gener-
alized tube surface and a circular surface. A generalized circular surface (i.e., a tube
surface, a generalized tube surface or a circular surface) is constituted of a spine curve
and a rotation part. In [3], the rotation part of a tube surface was generated by a real
quaternion. We combine the spine curve and the real quaternion in a dual quaternion.
To do this, we define a dual quaternion whose translation part is a spine curve in R?
and rotation part is a real quaternion. Then, we prove that screw motion obtained by
this dual quaternion generates a tube surface, a circular surface, a generalized tube
surface or a generalized circular surface in R.

2. PRELIMINARIES

In this section, some basic concepts will be given to provide a background to the
main results of this paper.

Symbols

a: Scalar A: Dual number

a: Real vector in R? A: Dual vector

d: LineinR? qg: Real quaternion

0: Real angle Q: Dual quaternion
2.1. Real quaternions
A real quaternion can be represented as

q = ao+ai+az j+ask, 2.1)

where ag, aj, ap, az are real numbers and i, j, k are mutually perpendicular unit
vectors satisfying i = j2 =k> = ijk=—1,ij = —ji =k, jk= —kj =1, and ki =
—ik = j. The set of real quaternions is often represented by H.

A real quaternion g can be also expressed as g = S(q) + V(q), where S(q) = ay is
the scalar part and V(q) = aji+azj+ask is the vector part of g. If S(g) = 0, then ¢
is called a pure real quaternion (i.e., a real vector in R3). Quaternion product of real
quaternions ¢ = S(q) +V(g) and p = S(p) +V(p) is

g*p=S5(q)S(p) —(V(q),V(p)) +S(q)V(p)+S(p)V(q) +V(q) xV(p), (2.2)

where (,) and x denote the usual scalar and vector products in R?, respectively.
The quaternionic-conjugate of g can be defined as

G =>S(q) —V(q) = ap—aii—az j—ask, (2.3)

For the real quaternions p and g, the equality

pP*xq=q*p (2.4)
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can be given. The norm of ¢ can be defined as
N(q) = q*q = G*q = ay+aj+ay+a3. (2.5)

q is called a unit real quaternion if N(g) = 1. A unit real quaternion ¢ = ap+aji+azj
+aszk for a%+a§+a§ = 0 can be expressed in the form g = cos6 + sinBv, where

cos® = a, sin® = y/a?+a3+da3 and v = %jj‘”f
w/a]+a2+a3

Let p = ap+aii+as j+aszk be a unit real quaternion and w be a vector in R3 (ie.,a
pure quaternion). Then,

1

P:R3 =R @(w)=prwip L =prwxp. (2.6)

is a linear mapping. Matrix representation of this mapping can be given as

a%%—a%—a%—a% —2apaz+2a1ay  2apar +2a;a;3
M = 2apaz + 2a1a; a%—i—a%—a?—a% —2apa; +2aaz |, 2.7)

—2apar +2a1a3  2apa; +2axa;3 a%—i—a%—a%—a%

which is orthogonal and represents a rotation in R3. Thus, linear mapping ¢ can be
given as
O(w) =prxwxp=Mw. (2.8)

If p is in the form p = cos© + sinBv, then v is the rotation axis of the rotation in R3.
Moreover, @(w) = pxwx* p = Mw rotates the vector w in R3 around the vector v by
areal angle 20.

For more information about real quaternions, see [7, 17,24].

A homothetic motion in R? can be defined by

y(s,t) = h(s,t)M(s,t)x(s,t)+n(s,t), (2.9)

where y is the position vector of a point in the fixed space R’ and x is the position
vector of the moving space R. M is an orthogonal matrix, n is a translation vector
and & is a scalar and s, ¢ are real parameters [8,20].

2.2. Dual quaternions

A dual number A = ag + €a; is constituted of two real numbers ag, a; whose real
unit is 1 and dual unit is € # 0 satisfying £ = 0. Addition and multiplication rules of
A =ag+¢€a; and B = bg + €b; are defined by

A+B=(ao+by)+e(a;+by), (2.10)
AB = apby + € (aph; +ayby) , (2.11)

respectively. The dual conjugate of a dual number A = ap + €a; is
A" =ag—¢€ay. (2.12)

Module D? on dual numbers is given by

D? = {A =ap+ea; : ap,a; € R*}. (2.13)
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Each element of D is called a dual vector. The scalar and vector products of A =
ay—+¢ea; and B = by + ¢eb; are defined respectively by

(A,B) = (ag,bo) +€((ao,b1) + (a1, bg)) , (2.14)
A x B =ayxby+e(apx by +ay xby). (2.15)
For further information about dual numbers, see [10,22,25,29].
A dual quaternion can be represented as
0 = Ap+A1i4+A j+A3k, (2.16)

where Ag, A, A, A3 are dual numbers and i, j, k are the same mutually perpendicular
unit vectors as in real quaternions. The set of dual quaternions is often represented
by H.

An alternative representation of a dual quaternion can be given as

0=S(Q)+V(0Q), 2.17)

where S(Q) = Ap and V(Q) = Ayi+Asj+Aszk are, respectively, the scalar and the
vector parts of Q. If S(Q) = 0, then Q is called a pure dual quaternion (i.e., a dual
vector in D?). Quaternion product of any two dual quaternions Q = S(Q) +V(Q) and
P = S(P)+V(P) is introduced as

QxP =S(Q)S(P)—(V(Q),V(P)) +S(Q)V(P)
+S(P)V(Q)+V(Q) xV(P). (2.18)
The dual conjugate, quaternionic conjugate, quaternionic-dual conjugate and norm of
a dual quaternion Q = Ag+Ai+As j+Azk = qo + €q1, where g = ap+ai+as j+aszk

and q; = ay+aji+a; j+azk for Ag = ap +€ay, Ay = a) +€aj, Ay = ar + €a; and
A3z = a3 +€aj3, can be given as

Q" = Ay+ATI+A5 j+ASk = g0 — €q1, (2.19)
0 =Ao—A1i—Ayj—Ask = Go + €41, (2.20)
0" = AG—ATi—A3 j—Ask = o — €41, (2.21)
N(Q) = 0% 0 = 0% Q = Aj+AT+AT+A3, (2.22)
respectively. If N(Q) = 1, then Q is called a unit dual quaternion.
For more information about dual quaternions, see [1,7, 10, 14, 18,29].

3. GENERALIZED CIRCULAR SURFACES

In this section, we define generalized circular surfaces as a generalization of gen-
eralized tube surfaces and circular surfaces. Then, we show that these surfaces are
constituted of a spine curve and a rotation part. Moreover, we show that the rotation
part is generated by a real quaternion.
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Definition 1. (generalized circular surface) Let a;(z), ay(t) and as(r) be or-
thonormal vector fields and {a; (1), a2(t),a3(t) = a1 (t) x ax(¢)} be an arbitrary frame
on a curve a(f) in R3 such as Frenet frame, Darboux frame, Bishop frame, moving
frame, etc. Then a generalized circular surface can be parameterized as

0(1,0) = au(t) +r(t,0)(cos 0a () +sinBay (1)) € R, (3.1)
where r(,0) € R is a real variable determined by the real parameters 7,6 € R.

A generalized circular surface can be categorized as:
(1) If r(,0) is a real constant r € R, then
O(1,0) = a(r) + r(cosOa; (1) +sinOax (1)) (3.2)
represents a tube surface in R> [15].
(2) If r(z,0) is a real variable r(8) € R, then
0(1,0) = a(r) +r(0)(cosBay (t) + sinBay (1)) (3.3)
represents a generalized tube surface in R3 [16].
(3) If r(¢,0) is a real variable r(¢) € R, then
0(2,0) = ou(r) + r(r)(cosBay (1) + sinOay (1)) (3.4)
represents a circular surface in R3 [19].
For further information about tube surfaces, generalized tube surfaces and circular

surfaces, see [11,12,15,16,19].

Remark 1. A generalized circular surface is constituted of a spine curve o(¢) and
a rotation part R(¢,0) as

0(1,0) = a(t) +r(t,0)R(t,0) € R®, r(1,0) €R (3.5)

where R(z,0) = cos8a; (1) +sinBax(t). In [3], the rotation part were generated by the
unit real quaternion p(7,0) = cos 0+ sinBas(t) as

R(1,0) = p(t,0) *a; (1), (3.6)

where a(t) is a pure real quaternion. R(¢,0) = p(¢,0) xa; () represents a rotation
performed by the real quaternions. Thus, the generalized circular surface can be
expressed as

O(2,0) =ar) +r(t,0)p(t,0)xa; (7). (3.7)

4. REPRESENTATION OF GENERALIZED CIRCULAR SURFACES AS SCREW
MOTIONS

In this section, we define a dual quaternion surface whose rotation part is a unit
real quaternion surface and translation part is a spine curve o(z) in R®. We show
that screw motion obtained by this dual quaternion surface constructs a generalized
circular surface ¢(¢,0) in R,
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Let Q,, = 1 +¢ew be a dual quaternion corresponding to the real vector w € R3. A
dual quaternion P can be expressed as

P=p+axp, (4.1)
where p is a unit real quaternion and « is a real vector (i.e., a pure real quaternion).
p and o represent rotation and translation parts of P, respectively. Then the mapping

¥Y:.H—H, ¥, =PxQ,xP* 4.2)
can be given as
¥Y(Q,) =P*xQ,,xP*

€ _ &€ _  _
= (p+§oc*p)*(1+£w)*<p—§p*a>
=1+e(pxwxp+a), 4.3)

where ¥(Q,,) = 1 +€(p*w=* p+ ) is a dual quaternion corresponding to the vector
prwxp+oin R3. If p = cos0+sinOv, then pxw= j+ o means that pxw+ p (which
is given by Egs. (2.6)-(2.8)) rotates the vector w in R? around the axis v by an angle
20, and afterwards pxwx p 4 o translates the vector p x wx p along the same axis v
by translation vector o [1,7, 14, 18,29].

Definition 2. Let {a;(1),a2(t),a3(t) = a;(t) X a»(t) } be a moving frame on a curve
a(t) in R3. Then, using unit real quaternion surface p(,0) = cos 3 +sin 2as(t), dual
quaternion surface can be defined as

€
P(1,6) = p(t,8) + 5 a(t) x p(1,8), (4.4)
where p(t,0) is the rotation part of P(z,0) and o(¢) is the translation part of P(z,90).
Theorem 1. Let {a;(t),ax(t),a3(t) = a1(t) x ax(t)} be a moving frame on a curve
a(t) in R and p(t,0) = cos § +sin 3as(t) be a unit real quaternion surface. For the
€
dual quaternions Q,; g)a, (1) = 1 +€r(t,8)a; (t) and P(t,0) = p(t,0) + Eoc(t) *p(t,0),
the screw motion
W(Or(1.0)a1 (1) = P(1,0) % Or(s.0)ay (1) * P (,0) (4.5)
generates the generalized circular surface
0(1,8) = a(t) +r(t,0)(cosBay (t) +sinBay (1)) € R, r(1,0) €R.  (4.6)
Proof. We will not use the parameters ¢ and 0 for simplicity.
Using Eq. (4.3), Eq. (4.5) can be expressed as
T(Qrm) = P*Qm] * P*
= Px (1 +e¢ra;)xP*
=1+e(rpxaxp+a). 4.7)
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Here ¥(Q,4, ) = 1 +€(rpxa; *p+ ) is a dual quaternion corresponding to the fol-
lowing equation

rpxa;*p+o € R3. (4.8)
From Eq. (2.2), we obtain

_ 6 .6
pxa;*p= cos§+sm§a3 *(04ap)*

0 0 0
= (—sin2 (az,ay) +cos Eal + sin Eag X a1> *P. 4.9)

Since (a3,a;) =0 and a3 x a; = ap, we get

0 0
pxayxp= <cos 2a1 + sin 2a2> *

p
( )
0+cos a1 + sin 2a2 * cos

2
0 4
= COS — sin — sin
261] az, 203

— n

— <cos gal + sin ga2> X singag. (4.10)

Since (ay,a3) = (ap,a3) =0, a; X a3 = —ap and a; X a3 = aj, we get

*xda *'—coszga +cosgsin9a
pxarxp= 21 3 3 2

0.6 0
—COS—<SIn—a| Xaz—SIn"~ —ap Xasz
2 2 2

= cosBa; +sinBay. “4.11)
Using this equation in Eq. (4.8), we obtain
rpxa;xp+ o= o+ r(cosBa; +sinbay). (4.12)
It is obvious that this equation represents the generalized circular surface
O(1,0) = ou(r) +r(1,0) (cosOay (1) +sinBax(t)) . (4.13)
This completes the proof. U

Theorem 2. Let ((1,0) be a generalized circular surface corresponding to the
screw motion

W (Qrt.0)ar () = P
where {a;(t),ax(t),a3(t) = ai(t) x a
1 +¢&r(1,0)a;(r), P(1,8) = p(1,0) +

tae)*Qr(t,e)al(t) *P*(Iae)v 4.14)
)} is any moving frame on (t), Q1 0)a, (1) =
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Then, the generalized circular surface ¢(,0) can be expressed by the homothetic
motion of a (t) in R? as
0(7,8) = (1) +h(1,0)M(t,0)a; (1), (4.15)

where M(t,0) is an orthogonal matrix satisfying p(t,0)*ay (t)*p(t,0) = M(t,0)a; (1),
h(t,8) = r(t,0) is a homothetic scalar, o(t) is a translation vector and t, © are ho-
mothetic parameters.

Proof. From Egs. (4.12) and (4.13), surface generalization ¢(z,0) can be ex-
pressed as

O(2,0) = our) +r(t,0)p(t,0) xa; () x p(t,0). (4.16)
Using Egs. (2.6)-(2.8), we get
p(t,0)xa(t)xp(t,0) = M(t,0)a; (1). (4.17)

Using this equation in Eq. (4.16), we obtain
O(t,0) = ar) +r(z,0)p(t,0) xai (t) x p(t,0)
=out)+h(t,0)M(1,0)a(t). (4.18)
This completes the proof. g

Remark 2. If we take the real variable r(¢,0) € R as the real constant r, as the real
variable r(¢) related to the real parameter ¢ or as the real variable r(0) related to the
real parameter © in Theorem 4.2, then the screw motions

lP(Qral(t)) = P(tve)*Qral(l)*P*(t7e)7 4.19)
W(Or(1)ar (1) = P(t,0) % Op(r)ay (1) x P (,8), (4.20)
¥(Q,0)as(1)) = P(,0) x Qr(o)a, (1) x P*(1,0) 4.21)

4.22)

generates a tube surface, a circular surface and a generalized tube surface, respect-
ively, as

0(1,0) = o(r) +r(cosBa (t) +sinBay (1)), (4.23)
0(1,0) = ou(r) + r(r)(cosBay (1) + sinBax(t)), (4.24)
0(1,0) = ou(r) +r(0)(cosBay (1) + sinBay(1)). (4.25)
Example 1. Let us take a curve in R? as
V3t .t ot
oft) = <2, sin -, cos 2> (4.26)

and its moving frame vectors as

t t
a(t) = (0, —sin 3, —cos 5) , 4.27)
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1 3 t 3 t

a2(l> = <—2,{COS 2,—{ Sil’12> s (428)
31 t 1 t

as(t) = ({,2cos 275 sin 2) . (4.29)

Thus, we get the dual quaternion surface

P(1,0) = p(t,0) + %(x(t) «p(1,6)

= | cos o + sin9 (1)
A\ T

3t t t 0 0
—i—% <0+ <\€,sin2,cos 2)) * <0082 + sin 2a3(t)> , (4.30)

0 0
where p(z,0) = cos 5 + sin S (t). Then, screw motion ¥(Q,( ¢)4,(r)) can be given
as

W(Or(1.0)a1 1)) = P(,0) x Qr1.0)a, (1) * P (1,0)
=1+4+¢€(r(t,0)p(t,0)xa; () p(t,0) +ot)). (4.31)

Thus, generalized circular surface corresponding to this equation can be obtained as

0(,0) = r) +r(2,0)p(1,0) x a1 (1) x p(t,6)

3
= (?,siné,cosé) +7r(t,0) (cosOay (t) + sinbax (1)), (4.32)

t t 1 3 t 3 t
where a; (1) = (0,—sin 2 cos 5) and ay(t) = (—2, \chos 2,—{ sin 2).
¢(7,0) can be given as tube surface with r(7,0) = r = 3 as in Fig. la, generalized

0
tube surface with r(7,0) = r(0) = 3 as in Fig. 1b, circular surface with r(7,0) =

t 10
r(t) = = as in Fig. lc and generalized circular surface with r(¢,0) = 3 & in Fig. 1d
for intervals —10 <¢ <10and —5 <0 <5.
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Fig. 1c. Geometric representation of a circular surface
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Fig. 1d. Geometric representation of a generalized circular surface

5. CONCLUSIONS
We introduce generalized circular surface as
0(t,08) = o(t) +7(t,0)(cos Bay (1) +sinBax (1)) € R?, r(r,0) € R,

where {a(t),ax(t),a3(t) = a1 (t) X ay(¢)} is an arbitrary moving frame (i.e., Frenet
frame, Darboux frame, Bishop frame, moving frame, etc.) on the spine curve o(z).

We show that the spine curve o(t) is the translation part and R(¢,0) = cos0a; (1) +
sinBay () is the rotation part of the generalized circular surface ¢(¢,0). The rotation
part of the generalized circular surface can be generated by a real quaternion as

0(1,0) = a(r) + (1, O)R(1,6)
= ot) +r(2,0)p(t,0) xai (1),
where p(t,0) = cos8+sin6as(r) is a real quaternion.

Let {a;(t),a2(t),as(t) = a;(t) x ax(¢)} be a moving frame on the curve a(z) and
let p(1,0) = cosg +sin %ag (t) be a unit real quaternion surface. We show that screw

€
motion obtained by using dual quaternions P(¢,0) = p(¢,0) + Eoc(t) * p(1,0) and
Or(1,6)a) (1) (Which is a dual quaternion corresponding to r(t,0)a; (t) € IR3) constructs
a generalized circular surface in R? as
P (Qr(1,0)a (1) = P(t,0) % Qs )y (1) ¥ P (¢, 0)
=1+e(a(t)+r(t,0)(cosba(r)+sinBax(t))).

This equation represents the generalized circular surface

O(r,0) = o(t) + r(z,0) (cosOay (1) +sinOay (1)) .

If we take r(7,0) as real constant r or as real variables r(¢) or r(8), then the screw
motion ¥ generates a tube surface, a circular surface or a generalized tube surface,
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respectively, as

0(2,0) = o(r) +r(cosBay (r) + sinBay (1)),
0(2,0) = ou(r) + r(r)(cosBay (1) + sinBax(t)),
&(1,0) = a(r) +r(08)(cosBay (r) 4 sinOay(1)).

Moreover, the generalized circular surface is expressed by homothetic motion as

O(1,0) = out) +h(t,0)M(1,0)a; (1),

where M (¢, 0) is an orthogonal matrix satisfying p(¢,0)xa; (¢)*p(t,0) = M(¢,0)a; (),
h(t,0) = r(z,0) is a homothetic scalar, o.(z) is a translation vector and 7, 6 are ho-
mothetic parameters.

Special dual quaternion and screw motion used in this paper can be studied in the
researching of some surfaces in Minkowski, Galilean or pseudo-Galilean spaces.
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