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Abstract. We investigate sums of Euler type, in particular the summation, in closed form, of the
product of Harmonic numbers of order two and the square of reciprocal binomial coefficients.
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1. INTRODUCTION

There are various identities in the literature for harmonic number sums in higher
powers. A result that goes back to the time of Euler, see [17], or [19] is
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Z =5 (2 () +t2p) (L.D)
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o0
where {(z) = Z +z» R(2) > 1, denotes the familiar Riemann zeta function.
r=1

n—y+z/f(n+1)—Z [11__’:

is the n'" harmonic number and y denotes the Euler—Mascheroni constant. The

generalized n'" harmonic number in power r, H,Er), is defined for positive integers
n and r as
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are the polygamma functions of order m which are defined by ¥ (z) = ¥ (z) and
v (z) :=d™y(z)/dz™, m € N and z # 0,—1,—2,.... Here ¥ (z) is the psi, or
digamma, function, given as the logarithmic derivative of the well-known gamma
function I'(z), i.e. ¥ (2) :=dlogl'(z)/dz. ¢ (a,z) denotes the Hurwitz zeta func-
tion. There also exists the relation, which will be useful in our later analysis, between
the polygamma functions and the generalized n’ h harmonic number

HID = ¢(r +1)+( ) v m+1) (1.2)

and the recurrence relations
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A result that goes back to Euler [8] is listed in [3] or [9] and we shall refer to in the
latter part of this paper is the following:

H(P) o) ’gp)
HZ:l " —C(p+q)+z( i (1.4)
where
o Hi” _A[( p+q A 5
,;(Hl)q_i[( » )— ]E(p+q)+ £(p)§)
p+q .
_AZ[(zli:lz)+(2511_2):|§(2J_1)§(P+(] 2j+1), (1.5)
j=
here

A= 1, for p odd, g even 1, for p odd, g even
~ | —1, for p even, g odd ° 1 0, for peven, g odd °
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Many finite versions of higher order harmonic number sum identities also exist in
the literature, for example, see [11], [12], and [13]. Other finite sum identities can
be seen in [18]. Further work in the summation of harmonic numbers and binomial
coefficients has also been done by Sofo [16]. The works of, [1], [2], [4], [6], [5], [ 7],
[10], [14], and [20] and references therein, also investigate various representations of
binomial sums and zeta functions in simpler form by the use of the Beta function and
other techniques. The following results will be useful for later analysis.

Lemma 1. Let a > 1 be a positive integer then

00 H(2) 1 la 1H‘
ana) L3+ z<2)Ha 1—521.—; (1.6)
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Proof. Consider
00 H’gz)

1

since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write

szzn(n+a):2=:2=: 2 (n+k) (n+a+k)

n=1k

—Z S (a+k) -y (k).
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where the Polylogarithmic function
. B
LioB)=) .
r>1

By partial fraction decomposition we have
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and the result (1.6) follows. To prove (1.7) consider
o) 2) oo n
Hy 1
r;n(n—i-a)z _,12::”; k2n (n+a)?
since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write

x© n 1 0o o0 1
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From (1.1) we know that
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kK _ 1o _ T 200y 2
kg =5 (P@+L@) = (), andalso ¢ (2) = J¢(4),

00 H’gZ) 3 )
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Some special cases are noted in the remark.

Remark 1. Whena =0
o] ?) 00
H
= —§(4> Z

for a = 1 and 5 and also using (1.3) and (1.4), we have, respectively

n=1
> g? >  g?¥ t(3) 50(2) 2953
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and ®
e’} HZ
=t (3)- L4
Z i iC) z()
> H,$2) L t(3) 3t(d) 47t (2) 51499
—n (n+5% 25 20 72 57600°

A related Lemma which will be useful later is the following.

Lemma 2. Let a > 1 be a positive integer then

o HY 3(4) () Hg
= — 1.8
S+ (n+a) 4@—1)  (a-1)> (a—1)2;_; (9
and
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Proof. Consider
00 (2)
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since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write

o0 o 1
,,Z_:lkz k> (n+1) (n+a) kz:l,;,kZ (n+1+k)* (n+a+k)

1 [w(4+k) —v(a+k) v (1+k)
:Z_z[ - }
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To prove (1.9) consider
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38(4) 2@ He 20QHZ

B 2(a—1)2 (a—1)> (a—1)>
"i 2H; | 2H; HP
1)2 (a—1) j? J'3 Jj?
and the result (1.9) is attained. U

Remark 2. Some examples are

i H? H? 3@
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3827
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Lemma 3. Lefa > 1 be a positive integer then
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since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write

>y

o0 o0 1
nelk=1 (n+1) (n+a) ,;,;kz(n+l+k)3(n+a+k)
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1
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Using the same ideas as the previous lemma together with (1.2), (1.4) and (1.5) we
obtain (1.10). To prove (1.11) consider

> e T o
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and the result (1.11) is attained after utilizing (1.2), (1.4) and (1.5). O
Remark 3. Some examples are
= HY 3¢(4)
—r = =X @6 + 5
Zl i =t OE) z<)
> H? 3;(4) 11 2953
I —— - (5 + — —
L) C()é() g s+ 768C() 1059
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2. THREE THEOREMS
We now prove the following three theorems.

Theorem 1. Letk € N, N:={1,2,3,...}, then
00 H’52)

2.
(i)

[ 2(H—He ) (O H L@ H + T )

2.1)

k
- Zr( K )2 St @ @ (T 20
r
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;_11 ( + 2H j + 2 )
Proof. Consider the following expansion:

H? & W HP & (k) HY

2 2
n=1n(n7€_k ) n=1nﬁ(n+r)2 n=1n((n+1)k+1)
r=1

[e.°]

Where (), is Pochhammer’s symbol given by
(@), =a(@+D)(x+2)...(x+r—1),r >0, (a)g = 1. Now
k

i a? i(kz)2 °? Z(AA, BB, )
n=1n(n+k)2 ne1 n (n+r) (n—i—r)2
k

(2.2)
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where
2
BBr = lim (n + r) = L k )
n—(—r) k k! r
[T (@an+r)
r=1
and
d (n+r)? r (k 2
et | 22 | (1)
[T (an+r)
r=1

Now from (2.2) and using Lemma 1

(k)* H® AA,

n=1 n r=1 (n+r) (n+r) r=1n=1 _|_(k!)2 Hr(ZZ) BB,
n(n+r)>

g () ()

n(n+r) nn+r)

and using (1.6) and (1.7) we obtain the result. Il

Remark 4. For the case k = 5, we have the result

o0

(2)
e O Eact T ER LR VT el

Z;n n45 \2 2 6912
5

Now we consider the following Theorem 1.

Theorem 2. Let k € N\{1}, N:={1,2,3,...}, then

o0

H?

2o
n=1(”‘]’€‘k)

(2.3)
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Proof. Consider the following expansion:
> HP? (k) HP? N A
Z n+k -

n=1

k

(

) n=1 (n—i—l)2 ﬁ (n—i—r)2
r=2

a1 (m+1)? ((n+ 2)k+1)2

Now
© g > kN2 H® & o4, B,
= 24
’;(n+k) ! (n+1)° ;((n—i-r)—i_(n—l-r)z) @4
k
where
B~ 1 (n+r) (2 (k r 2 55
T asln |k e\ J\ 2 2
[T (an+r)
r=2
and
d (n+r)? 2 (k\({r )\
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[T (@an+r)
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Now from (2.4) and using Lemma 2
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k)* HP® Ay
3o 0’ H 2":( 4, ) Xk: 5 (D% @)
= ) o (i) (”+’) roan=t|\ L, &) H® B,
n+1)*(n+r)?

[ )(5)

n+1)%m+r)

C)())

n+1)%(n+r)?

and using (1.8) and (1.9) we obtain the result.

Remark 5. An example for Theorem 2 is

i H _ 2625 (@) 179375 (D)4 140498725
e ( e ) 20736
5

The final theorem follows.

Theorem 3. Let k € N\ {1}, N:={1,2,3,...}, then
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00 ?)
> Hy .7

3(r=1DE@)g(3) - HEFER R

2(Hr—2— Hi—y)

t(2Q)H, r—1
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Proof. Consider the following expansion:

. Hy” o (k) HyY
Z nk 222 X
"=1(n+1)( . ) "=t 1) [ (n+r)?
r=2
P Hy?
>

Now

%) k

HP > (k)? HP Ay B,
2 2= 5 Z((n+,)+ ) @3)

k

where B, and A, are given respectively by (2.5) and (2.6). Now from (2.8) and using
Lemma 3

k)* HP® Ay

k k
i (k) H? Z( A, ) 3 i (1 +1)*(rr)
n=1 (n+1)3 r=2 (n+r) (n+r) r=2n=1 (k!)2 H}’(lz) By
n+1)>@n+r)?

and using (1.10) and (1.11) we obtain the result (2.7). O
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Remark 6. An example for Theorem 3 is

—750(2)¢(3)— %Sg (5)— 1311625 L)+ 50157029825 ‘- 40170()3466825
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