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Abstract. In this paper, we focus on the existence of the best proximity points in binormed linear
spaces. As a consequence, we obtain some fixed point results. We also provide some illustrations
to support our claims. As applications, we obtain the existence of a solution to split feasible and
variational inequality problems.

2010 Mathematics Subject Classification: 4TH09; 47H10

Keywords: best proximity point, fixed point, uniformly convex Banach space, contraction map-
pings

1. INTRODUCTION AND PRELIMINARIES

In the fixed point approach, for two given non-empty subsets £; and Z, of a metric
space (),d), a non-self mapping S : ‘£; — E, the idea of a fixed point is not appro-
priate when the intersection of £ and %, is empty. If a mapping 3 has a solution
and the intersection of £; and ‘%, is non-empty, then 3 has a fixed point. Banach
contraction theorem (BCT) plays an important role in nonlinear analysis. Due to its
simplicity and applicability, it helps solve many kinds of nonlinear problems. This
fact motivated researchers to try to extend and generalize BCT so that its area of
applications should be as vast as possible. In 1968, Maia established a very inter-
esting and beautiful generalization of BCT using assumptions on two comparable
metrics defined on the set . Consider the case when the fixed point equation St = u
has no solution in this case d(E;, ;) > 0. In this affair, it is interesting to find an
approximate solution i such that the error d (i, i) is minimum in some sense. For a
nonself mapping S : £; — E, a point it, known as a best proximity point if satisfies
the following condition

d(l/\t,SIZ) = d(fl, le) = inf{d(r),f/) ueE,vVe Zz}.
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In 1969, Fan [8] gave the classical best approximation theorem in the context of a
Hausdorff locally convex topological vector space ). After that, many authors stud-
ied the best proximity point problems in metric space or normed space (see [16—19]
and references cited therein). In 2006, Eldred and Veeramani [ 7] proved the existence
of a best proximity point for cyclic contraction mappings. After that, many authors
extend the Eldred and Veeramani [7] result. In 2009, Suzuki et al. [20] proved the
best proximity result using the property UC. In 2010, Kosuru et al. [12] investigated
the best proximity pair result for cyclic maps using weak proximal normal structure.
In 2013, Gabeleh and Abkar [2] proved the best proximity pair result for cyclic maps
using proximal quasi normal structure. In 2019, Petrusel and Petrusel [15] obtained
some coupled fixed point and best proximity point results satisfying orbital contrac-
tion condition. Recently, Hafshejani [9] study the existence and uniqueness of best
proximity points for the generalized cyclic quasi-contraction mappings using a geo-
metrical concept of ultrametric property.

In this paper, we investigate the existence of best proximity points in the context
of binormed linear spaces. We also provide some illustrations to back up our work.
As an application of our obtained results, we find the solution of split feasible and
variational inequality problems.

To prove the main result of this paper, we need the following definition and lemmas
in the sequel:

Definition 1. A normed vector space % is said to be a uniformly convex Banach
space [0], if for every 0 < € < 2 there is some & > 0 such that for any two vectors
with ||&t|| = 1 and ||v|| = 1, the condition

>¢€

S

u—v

implies

u-+v <1-6.

Lemma 1 ([7]). Let E; be a nonempty closed subset and ‘E; be a nonempty convex
and closed subset of a uniformly convex Banach space (UCBS) . Let {u,} and {2,}
be sequences in ‘Ey and {v,} be a sequence in ‘E, satisfying

(1) Zn - ‘>n | — d(fl,zz),
(ii) for every € > O there exists Ny such that for all m > n > Ny,
| <d(E1,B) +e&.

Then, for every € > O there exists Ny such that for all m > n > Ny, ||it, — 2,|| < €.

||ty = Vn

Lemma 2 ([7]). Let E; be a nonempty closed subset and ‘E; be a nonempty convex
and closed subset of a uniformly convex Banach space . Let {i,} and {Z,} be
sequences in ‘E; and {v,} be a sequence in ‘E, satisfying

@) ||zn— V|| = d(E1, Br),
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(ii) Hl/\tn _‘\"nH — d(Z],Z:Q).

Then ||it, — 2y || converges to zero.

2. MAIN RESULTS
First, we prove a very useful approximation result.

Proposition 1. Let E, and ‘E; be nonempty subsets of a metric space (X,d). Sup-
pose that 3 : Ey U'E, — Ey U'E, is an operator fulfilling the following hypotheses:

(7)) (%) € E and 3(E) C Ey,
(‘D) there existo! By, are nonnegative real numbers with o/ + ' +y +28 < 1
such that

d(3ia,3v) < o'd(2,30) +B'd(v,3v) +Yd(ir,v) + &' (d(2,30) +d(v,3ir))
+(1—o/ =B —y —-28) d(E, E), 2.1
forall i € Ey and v € By. If ng € Ey and iy = Sit, where n € NU{0}, then
d(iy,Su,) — d(Ey, ).
Proof. Consider
(it thpy1) = d(Sitp—1,Sity)
< od(ity 1, Sty 1)+ B'd (i, Sity) +Y d (1, 11y
+8'd(ity1,30,) +8d (i, Sity 1)+ (1 —of —p' —y —28) d(Ey, )
= O'd(ity—1,in) + B'd ity tty 1) + Y d (in—1,80) + 8'd ity -1, 11
+8d(ity, ity) + (1 —o — B’ =y —28) d(Ey, )
< o/d(ity—1,0n) + B'd (i, ttn1) +Yd (i1, 0) + 8'd(ty—1, )

+8d (i, iy 1)+ (1 —of =B =y —28) d(E1, Br). (2.2)
Rewriting equation (2.2), we have
o +vy+8 (1—o/ —p' —y —27)
\na\n Si \nfa\n dZaZ
d (i, thy41) (I—B’—S’)d(u 1,0n) + (1-p—0) (‘E1, )
/ 8/

d(tty,ttyr1) = kd(itg—1,0,)+ (1 —k) d(E1,E) 5 k= (fjﬁyljsf <1,
d (i, 1) < kd(tty—1,0,) + (1 —k)d (-1, itn) 2.3)

d(’/\tna’/\‘n+l) S d(’/\‘nfl,’/\tn)u

for all n € N. Therefore, {d(it,,t,+1)} is a bounded below and decreasing sequence,
so there exists r > 0 such that

r = lim d(ity, itp+1)-
n—soo
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Again consider
d(itp, tip 1) = d(Sity—1,3ity)

< od (it -1, Si—1) + Bd (i1, Sitn) + (-1, 11) +
+ & (y—1,Bity) + & (i, Sty—1) + (1 =0 =B =Y —28) d(E1, Er)

= o/d(dy—1,0y) + B'd(ln, tins1) +Yd (ln—1,0) + 8'd (8tn—1,n11)
+&d (i, ity) + (1 — o —B' —y —28) d(Ey, ')

< a/d(ﬁnfban)+B,d(ﬂn,ﬁn+l)"‘yd("\‘nfla’:‘n)‘*‘S,d("\’nfla’:‘n)
+8d(it itns1) + (1 —of = B/ =Y = 28') d(E1, E)

- o +7+8 (1—o —p' —y —2%)

- (1-p-9) (1-p-9)

= kd(ity—1,0,) + (1 —k) d(E1,E)

= Kd(ity_2,0, 1) + (1 = k) (E1,E)

< Bd(ity 2,0, 1)+ (1—K) d(Ey, E)

d(un—lal’\tn)"i_ d(Z:l?Z:Z)

< K'd(ig, i) + (1 —K") d(Ey, E). 2.4)
Since k < 1, k" — 0 as n — 4o, we have
d(ity, 1) — d(E1, Br). (2.5)

Next, we prove an existence result for a best proximity point.

Theorem 1. Let E, and ‘E; be nonempty subsets of a metric space (),d). Suppose
that 3 : By UE, — Ey U'E, is an operator fulfilling the following hypotheses:

(7)) S(E) C B and 3(E,) C Ey,

(I2) x is complete,

(‘T3) there existo!,B,Y,d are nonnegative real numbers with o +p' +7v +28' < 1

such that
d(3i,3v) < o'd(,3a) +B'd(v,3v) +Yd(ir,v) + & (d(2,30) + d(v,3ir))
+(1—o —p -y —28)d(E, B), (2.6)

forall i € Ey and v € ‘Ey. Suppose iy € ‘Ey and i, = i, where n € NU{0}. If
{uan} has a convergent subsequence in ‘E; then 3 has a best proximity point.

Proof. Let {ily,) } be a subsequence of {u2,} which converges to a point i € E;.
Now

d (i, o (ry—1) < d (i, itan(rry) +d(lan(rrys Wan(kr)—1)- 2.7



CONVERGENCE, OPTIMAL POINTS AND APPLICATIONS 1531

Taking n — o in (2.7), we get
d(it, itop 1) — d(Er, ).
Since d(E1, E2) < d (o), Sit) < d(ipy(ry—1,u). Then S has a best proximity point.
]

Theorem 2. Let ‘E; be a nonempty closed subset and ‘E; be a nonempty convex
and closed subset of a uniformly convex binormed linear space (,||.||1,||.||) with
|-Il1 < ||| Suppose that 3 : Ey UE, — Ei U E; be an operator fulfilling the follow-
ing hypotheses:

(7)) S(E1) C B and 3(E) C ‘E,

(‘D) y is complete with respect to ||.||1,

(‘B3) there existo! .Y, are nonnegative real numbers with o/ + ' +y +28 < 1

such that

18— 39| < of || — Sit]| +B||p — I9|| + Il — 9| + & (|la— S| +]|p — Satl])
Y —of —B —y —28) d(E1, ), 2.8)

forall it € Ey and v € ‘B. If iy € ‘Ey and it, 11 = i, where n € N, then 3 has the
best proximity point in ‘E;.

Proof. By Proposition 1, we have
[|ld2n — Vons1|| = d(E1, E) and ||ian+1 — Sion+1|| = d(Er, Es). (2.9)
Since % is a uniformly convex Banach space by Lemma (2), we get
|[itan — ttp(ns1y|| — 0 and |[Sitgp i1 — Sitgy || — 0. (2.10)

We now show that for every € > 0 there exists Ny such that for all m > n > Ny,
||ttam — Sitan|| < d(‘E1, Ez) + €. Suppose not, then there exists € > 0 such that for all
k' € N, there exists m(k') > n(k') > k', for ||ity ) — Sitoni)|| > d(E1,E2) + €, this
m(k") can be chosen such that it is the least integer greater than n(k’) to satisfy the
above inequality. Now

d(Er, Er) + € < |[itam(ry — Sthan(er)|

< tamrry = tamry—1) | + #2(m@ery 1) — St2ne)|
< oy = tiamer)—1) || +d(Er, Ea) + €.

Using equation (2.10) and taking k" — o in the above inequality we have
|[ttam(ary — Sttaner) || = d(Er, Bo) +e.

Consider

eomkry = Stianeny || < |dameiry = agmeuey+0) |1+ 2imery+1) = S 1)
ISy 1) — S ||
< itamry = wagmeiry+1) || + 132 11) — Sanqn ||
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+ 12| [t — St || + (1= ) (Er, B)
< |dmry = ta(megry+ 1) | + 1Sy 1) — Sthann ||
+ & |[itam(ary — St ||+ (1= K)d(Ey, B). (2.11)
Taking k' — oo in equation (2.11) and using equation (2.10) we get
d(E1,B) +e <K (d(E1,B) +€)+ (1 —k)d(Er, F)
=d(E1,E) + K,

which is a contradiction. Therefore {iiy,} is a Cauchy sequence in ‘£ with respect
||.]. Because ||.||i < [|.||, hence {u2,} is a Cauchy sequence in E; with respect
||.]]1. Since Z; is a closed subset of a complete metric space ¥, then it is a complete
subspace. By the completeness of E;, {ilp,} converges to a point & in E;, then by
Theorem 1, we get 3 has a best proximity point, ||z — Si||; = d (), E) in E;. O

3. CONSEQUENCES

Throughout in this section we use some notations which required in the sequel.
Let £ be a nonempty closed subset and ‘E; be a nonempty convex closed sub-
set of a uniformly convex binormed linear space (%, ||.||1,]|-]|) with ||.|[1 < ||.]| and
3 : E1 UE, — E; UE, be an operator.

If o/ = p' =9 = 0 in Theorem 2, we get the following best proximity result.

Corollary 1. Assume that S is fulfilling the following hypotheses:
(7)) S(E1) C B and 3(E,) C Ey,

(‘D)  is complete with respect to ||.||1,
(‘T3) there exist a nonnegative real number & with 28’ < 1 such that

1S i —So|| < & (|li— S|+ |9 — Sarl|) + (1 —28) d(E1, B),

forall it € Ey and v € ‘B. If iy € ‘Ey and it, 11 = i, where n € N, then 3 has the
best proximity point in ‘E;.

If o =’ and Y = & = 0 in Theorem 2, we get the following best proximity result.

Corollary 2. Assume that 3 is fulfilling the following hypotheses:

(7)) S(E) C B and 3(E,) C Ey,

(‘D) y is complete with respect to ||.||1,

(‘I3) there exist a nonnegative real number o with 20/ < 1 such that
1Sa— S]] < o ([li—Sal |+ v — o) + (1 - 2o0) d( 1, o),

forallin€ Ey and v € ‘. If iy € ‘Ey and i, 1 = S, where n € N, then 3 has the
best proximity point in ‘E.

If o/ =’ = & = 0 in Theorem 2, we get the following best proximity result.

Corollary 3. Assume that 3 is fulfilling the following hypotheses:
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(7)) S(E) C B and 3(E,) C Ey,

(‘D)  is complete with respect to ||.||1,

(‘T3) there exist a nonnegative real number Y withy < 1 such that
10— 39| < V[l =]+ (1Y) d(E1, Ea),

forallin€ Ey and v € ‘. If iy € ‘Ey and i, 1 = S0, where n € N, then 3 has the
best proximity point in ‘E.

If o/ =B’ =¥ and & = 0 in Theorem 2, we get the following best proximity result.

Corollary 4. Assume that 3 is fulfilling the following hypotheses:
(T1) S(E1) C B and 3(E) C By,

(‘T2) ' is complete with respect to ||.||1,

(‘T3) there exist a nonnegative real number o with 30/ < 1 such that

1S i — S| < of ([l — Sal| + |10 — 39| + [[it — D|[) + (1 - 3) d(E1, Ea),

foralli € Ey and v € ‘Ey. If g € ‘Ey and it = Sut, where n € N, then S has the
best proximity point in ‘E.

Remark 1.
e By choosing different values of o,’,y,8 in Theorem 2, we get many best
proximity results.

e If we take ||.|| = ||.||1 in Corollaries 1, 2, 3 and 4, then we get the corres-
ponding results of [7, 10, 14].

If E, = E; = % in Theorem 2, we have the following fixed point result.

Corollary 5. Assume that 3 is fulfilling the following hypotheses:
(‘T1)  is complete with respect to ||.||1,

(‘D) there existo!,B,Y,d are nonnegative real numbers with o + ' +v +28' < 1
such that

10— 3o|| < of||a— Sar

+p

D= S|+ |it— ||+ & (||ie — I

+1[p=3al)),
3.1)

forall w,v € . If g € Y and it,+1 = Sit, where n € N, then 3 has a fixed point.

If we take E; = &, = in Corollaries 1, 2, 3, 4, we get the following fixed point
results.

Corollary 6. Assume that 3 is fulfilling the following hypotheses:

(‘T1) x is complete with respect to ||.||1,
(‘1) there exist a nonnegative real number & with 28’ < 1 such that

[|[Sa— 3| <& (|| —3v||+ ||[v—Sal]),
forall i,y €. If g € Y and 1,1 = Sit, where n € N, then 3 has a fixed point.
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Corollary 7. Assume that 3 is fulfilling the following hypotheses:

(T1) x is complete with respect to ||.||1,
(‘Iy) there exist a nonnegative real number o with 2o < 1 such that

13— 3v]| < o (| — Sal| +[ v - Sv|)),

forall u,v € . If g € and ity = S, where n € N, then 3 has a fixed point.

Corollary 8 ([13]). Assume that 3 is fulfilling the following hypotheses:

(‘T1)  is complete with respect to ||.||1,
(‘) there exist a nonnegative real number Y withY < 1 such that

(IS — Sl < [a—vl],

forall w,v € . If iy € { and i, = Sit, where n € N, then 3 has a fixed point.

Corollary 9. Assume that 3 is fulfilling the following hypotheses:

(71)  is complete with respect to ||.||1,
(‘Iy) there exist a nonnegative real numbers o with 3o < 1 such that

10— 3 S ),

forall w,v €. If g € { and i, = i, where n € N, then 3 has a fixed point.

< o =3[+ || —v

_|_

Remark 2.
e By choosing different values of o, 8,7, 8’ in Corollary 5, we get many fixed
point results.
o If we take ||.|| = ||.||;1 in Corollaries 6, 7, 8 and 9, then we get the corres-
ponding results of [3, 1 1].

Now, we provide several illustrations that support our findings in this section.
Example 1. Consider y = R, define ||.||,]|.]|1 : x — Ry by

i

= 2laf and |[af[; = |a]

for all it € . It is easy to see that |[it||; < ||i]|, for all it € x. Suppose E; = [}, 1] and

E = [%, %] are two subsets of ), then d(‘E;, E,) = 0.5 and d, (£, E») = 0.25.
Ly3ifae(i,))
Define S : E{UE, - E\UE, by S(it) =4 2 ifa=1
sifue(3,3]
for all & € E; U E,. Next we prove that S satisfies the following inequality,
1Sa—3v|| < of|ja—Sal|+B'|[vp—3v|| + 7@ — || +8( v—3al|)
+(1—d —p -y —-28)d(E, B),

i— 39| +
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forall i € Ey and v € . Let o =0.488, p' =0.01, 7 =1, & =0 with o/ + ' +
Y +28 < 1.

R | A R U
B —37 _‘ 32+4_2H_ 32+4H'
If i € E and v € % then ||+ || € [0.5156,0.5312], [[a — || € [0.5,1.75],
|| — S| € [0.75,2] and || — 3V|| € [0.5,1.25]. This implies
1S — 30| < o[ —Saf| + B'|[p — S| + Y [|oe — ]| + &' (|| — 3| | + ||y — Sat]|)

+(1—do —p -y —-28)d(E, E),

forall i € E; and v € E and 3(E) C E, S(E) C ‘E. Since ||| < ||ua]], for all
u € ¥, we have

1Bit— 3|y < o || —Sal|; + B

+& (]| —3v

Starting with point &g = i € E;, we construct a sequence as

»—Sv|[1 +Y] =i
1+ IPp=Salh)+(1—o =B =y —28) di (£, ).

Upy1 | Uo i up | U3 | w4 | us | Ug | Uy
S, 1 0.2510.7578 1 0.50 | 0.75 | 0.50 | 0.75 | 0.50 | 0.75
We found that {i5, } has a subsequence (0.25, 0.5, 0.5, 0.5,...), which converges to %
All the conditions of Theorem 2 are satisfied, and 3 has a best proximity point %

Example 2. Consider y = R? with usual metric defined as

[zl = 11 ]s :m (3.2)

for all 2; = (it1,v1) € R2. Suppose
Zl :{(O,I:tl)ioﬁl:tl §3} and fzz{(o,l:tl)logb\tl SZ},
are two subsets of R?, then d(E;, E,) = 0. Define 3 : E; — F, by
. Z
3(21) Zgl
forall z; € ‘E;. Let 2,2, € ‘E;. Next we prove that 3 satisfies the following inequality,
1821 — 32| < o||21 —Sz1]| +B'|1z2 — S22|| + Y121 — 22|
+8(/21 =S|+ |22 = Sul)) + (1 -/ = p' =¥ —208) d(E1, ),
forall 21,20 € E. Leto/ =B/ =& =0, ¥ = 1 with o/ +p'+7 +2& < 1. Take
21 =(0,211),22 = (0,11) in E; then
N N2
(w2
=(5-%)

(3.3)

3 3

821 = S22l =

_ H (0,i1)  (0,in)
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\/32 \/ i1y — i) fl\m—zzll

1821 =32l < YHZI—ZzH-
This shows
||321—322H < OC/H21— 2 —22||
+8([121 =Sl +[l22 = Sal) + (1 o' =B~y =28) (1, ),

forall 21,2, € E; and 3(E) C ‘£, S(E) C ‘E. Starting with point ig = (0,1) € E,
we construct a sequence as

ﬂnJrl

)

i

iy

i3

iy

s

ilg

Sxn

©.1)

(0,0.3333)

(0,0.1111)

(0,0.0366)

(0,0.0122)

(0,0.0040)

(0,0.0013)

We found that {i, } has a subsequence ((0,1) (0,0.1111), (0,0.0122), (0,0.0013),
(0,0.0001),(0,0.0000)...), which converges to (0,0). All the conditions of Theorem 2
are satisfied, and 3 has a best proximity point (0,0).

4. APPLICATIONS
4.1. Solving split feasibility problems
The split feasibility problem (SFP), which is mathematically formulated as:

find a point i € C such that Ei € D, 4.1)

where C and D are non-empty convex and closed subsets of the Hilbert spaces #j and
H, and ‘E : H; — b is a bounded linear operator. This problem was first proposed
by Censor and Elfving [5] in Euclidean spaces. Assume that the SFP (4.1) has at least
one solution and S its solution set, then (see [1]) # € C is a solution of (4.1) if and
only if it is a solution of the fixed-point problem (FPP),

it = Pe(l — 0E* (I — Pp)E)it,

where P and Py are the near by point projections onto C and 9D, respectively, ® > 0,
and ‘E* is the adjoint operator of ‘E. It has been shown in [4] if K is the spectral radius
of £*E and @ € (0, 2), then the operator

S=P-(I-0E"(I—Pp)E)
is nonexpansive and averaged and the so-called CQ algorithm,
Upt] = Tc(l— (0@*([— ?@)f)ﬂn, n>0,

converges weakly to a solution of the SFP. Now we generlaize this using assump-
tions on two norm ||.|| and ||.||;, defined on the Hilbert spaces #; and #4 such that
|-/l <|.]| and proved the convergence of the iterative algorithm to the solution of a
SFP.
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Theorem 3. Assume that C is convex and closed subset of a H; endowed with two
norm ||.|| and ||.||1 such that ||.||1 <||.|| and Pe(I — &E* (I — Pp)E) satisfying (3.1),
o€ (0, %) If SFP (4.1) has at least a solution and C is complete with respect ||.
then

1

i1 = Pe(l — OE* (I - ) E) (i),
converges to the unique solution it of the SFP.
Proof. Given (C is convex and closed, we can take C = % and
S=P-(I-0E"(I—Pp)E)
and using Corollary 5, we get the result. O

4.2. Solving variational inequality problems

Assume that # is a real Hilbert space and C C H be a convex and closed. A

function §’ defined on Hilbert space # is said to be monotone if
(80— 8", u—v) >0, forall i, € .
The variational inequality problem (VIP) with respect to S’ and C, symbolized by
VIP(S', (), is to discover i* € (C such that
(S, u—a*) >0, forall n € 7.
It is popular if ® > 0, then &* € C is a solution of VIP(S’, C) if and only if &* is a
solution of the FPP
u=Pc(1—0S),
where P is the near by point projection onto C. It was confirmed by others results
(see [4]), if Po(I —wS’) and (I — ®S’) are averaged nonexpansive mappings, then,
under few more hypotheses, the iterative algorithm defined by,
Upt] = fpc(]— 0)5/)12,1,11 eN,

converges weakly to a solution of VIP(S', C), if such solutions exist. Now we gen-
eralize this using assumptions on two norms ||.|| and ||.||;, defined on the Hilbert
space ‘H such that ||.||; < ||.|| and proved the convergence of iterative algorithm to
the solution of a VIP.

Theorem 4. Assume that C is convex and closed subset of a H endowed with
two norms ||.|| and ||.||1 such that ||.||; < ||.|| and Pe(I — ©S’) satisfying (3.1) on C,
® > 0. If C is complete with respect ||.||1, then

I:tn+1 = fpc(l— 0)5/)12,1,
converges to the unique solution it of the VIP(S',C).

Proof. Given ( is convex and closed, we can take C =% and 3 = P-(I — ®S’) and
using Corollary 5, we get result. O
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5. CONCLUSION

We find some novel best proximity point results in binormed linear spaces us-
ing Hardy-Roger type contraction mappings. One can obtain interesting results by
choosing different values of o,/,Y,8. Many known results in the literature are
generalized and extended by our findings.
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