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Abstract. In this paper, we study the following two-dimesional system of difference equations
_ Xn—4Yn—5%n—6 _ Yn—4Xn—5Yn—6

B Yn—1Xn—2 (a+byn73xn74)7nf$xn76) I Xn—1Yn—-2 (C+dxn73)’n74xn75yn76)
where the parameters a, b, ¢, d and the initial values x_;,y_;, i € {1,2,3,4,5,6}, are real numbers.
We show that some subclasses of nonlinear two-dimensional system of difference equations are
solvable in closed form. We also describe the forbidden set of solutions of the system of differ-
ence equations. Some numerical examples are given to demonstrate the theoretical results.

Xn

, n € N,
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1. INTRODUCTION AND PRELIMINARIES

Difference equations and systems of difference equations usually state the nat-
ural models of discrete processes, containing non-linear difference equations such
as rational difference equations, Riccati difference equations, exponential difference
equations. They play a key role in numerous applications in applied sciences such
as Genetics, Biomathematics, Population Dynamics, Bioengineering, Biology and
other sciences. So, there has been a lot of interest in difference equations which can
be solved in explicit form or closed form (see, [1-4, 13, 14,17,19,20,23,24,36,40—

,44]) as well as in difference equations systems (see, e.g. [6-9,11,16,21,25-28,

—35,37-39,45,46,48-50]). For example, the difference equations

Xp—3Xn—4
Xn (:tl j:xn—lxn—an—3xn—4)

Xnt1 = ; n € Np, (L.1)
where the initial conditions are arbitrary real numbers, were studied in [12]. In addi-
tion, they investigated the behavior of the solutions of equations in (1.1).
The authors of [43] studied the periodicity and the solutions of the following sys-
tems of difference equations
YnXn—1 XnYn—1

. y +1 = ) nEN()?
S S " g P e =

Xn+1 =
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where the initial conditions are non-zero real numbers.
The existence, uniqueness and attractivity of prime period two solutions of the
following difference equation

X1 =a-+bx, 1e7, n € Ny,

where a, b are positive constants and the initial values x_, xo are positive numbers,
was studied in [15].
Recently, Yazlik and Gungor solved the following non-linear difference equation

Xn—4Xn—5Xn—6
Xp = il , n € Ny, (1.2)
Xn—1Xn—2 (@ + bXn—3%n—4Xn—5Xn—6)

in closed form. Also, the asymptotic behavior of well-defined solution of equation
(1.2) was obtained in [47].
In [22], Ibrahim gave the solutions of the rational difference equation
XnXn—2
Xn—1(a+bxpx, o)’

Xn1 = n € N, (1.3)
where initial values xp, x_1, x_, are non-negative real numbers with bxpx_, # —a
and x_; # 0. In addition, he investigated some properties for difference equation
(1.3) such as the local stability and the boundedness for the solutions.
Alzubaidi et al. [5] presented the solutions of the following recursive sequences
Xn—2Xn—3
Xp (1 £ x-2X,-3) ’

where the initial conditions x_3, x_», x_; and x( are arbitrary real numbers. Also,
they studied some dynamic behavior of equations in (1.4).

El-Dessoky et al. dealt with the existence of solutions and the periodicity character
of the following systems of rational difference equations
_ XnYn—3 _ YnXn—3
B Yn—2 (:l:l :l:xnyn73) = Xn—2 (:l:l :l:ynxn73) ’
with initial conditions are non-zero real numbers in [10].

In [29], Kara et al. showed that the following system of difference equations
. Xn—2Yn-3 . Yn—2Xn—3
N Yn—1 (an + bnxn72yn73) I Xn—1 (Ocn + Bnyn72xn73) ’
where the sequences Vn € Ny, (a,), (b,), (0ty), (Bn) and the initial values x_;, y_j,
j € {1,2,3} are non-zero real numbers, could be solved in the closed form. Further,
they investigated the asymptotic behavior and periodicity of solutions of system (1.5)
for the case when all the sequences (a,), (b,), (at,), (B,) are constant.

Also, Halim et al. [18] gave a representation formula for the general solutions to
the following two-dimensional system of difference equations

Yn—1Xn—2 - Xn—1Yn—2

Y@t byn1%02)” 2" T Xy @+ bxn1yn2)’

n € Ny, (1.4)

Xnt+1 =

Xn+1 ne NO?

n €Ny, (1.5)

Xn

n € N,

Xnt1 =
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where parameters a, b and initial values x_;, x_1, X9, y_2, Y—1, Yo are real numbers.
In addition, they gave some theoretical explanations related to the representation.

Motivated by the above papers we will expand the difference equation (1.2) to
following system of difference equations

X, = Xn—4Yn—5Xn—6 , (16)
Yn—1Xn—2 (a + byn—3xn—4yn—5xn—6)
i Yn—4Xn—5Yn—6

e e 2 (c+ X 3Yna¥n-5Vs)
for n € Ny, where the parameters a,b and the initial values x_;, i € {1,2,3,4,5,6},
are real numbers. Our aim here is to show that system (1.6) is solvable in closed
form by using the method of transformation. The forbidden set of initial values for
solutions of system (1.6) is also described. Some numerical examples are given to
demonstrate the theoretical results.

Definition 1. A solution (x,,y,),~_¢ of system (1.6) is called eventually periodic
with period p if there exist ng > —6 such that x4 p =Xy and y,;, =y, for all n > ng.
If np = —6, then the solution (x,,y,),~_¢ of system (1.6) is said to be periodic with
period p. -

2. SOLUTIONS OF THE SYSTEM (1.6) IN CLOSED FORM

In this section is studied solvability of system (1.6) and our main results are proved,
also some applicateions are given. We will deal only with well-defined solutions to
system of difference equations. Hence, we assume that

X, #0, y,#0, n>—6,
and
a+by, 3%p-4Yn-5%n—6 70, c+dx, 3yn-aXn-s5yn—67#0, n€Ny.
It is clear that if x_; = 0 or y_; = 0, for some j € {1,2}, then xq or y is not defined.
Similarly, if x_3 =0 or y_3 =0, then x; =0 or y; = 0 and y; or x; is not defined,
respectively, while if x_; =0 ory_; =0, for some / € {4,5,6}, then xo =0 or yo =0
so that xj or y; is not defined. On the other hand, we suppose that x,, = 0 for some

no € Ny and x,, # 0, for every n < ng, then from system (1.6), it follows that x,,,_4 =0
or y,,—5 = 0, which is impossible. Thus, the set

{gzx,i —Oory ;=0,i€ {1,2,3,4,5,6}}

is a subset of forbidden set of solutions of the initial values for system (1.6). Hence,
for well-defined solutions of system (1.6), (x,,yn)n>—6, We have that
Xpyn 70, n>—6, 2.1)

ifandonly ifx_jy_; #0, j € {1,2,3,4,5,6}. After this, we assume that (x,,y,)s>—6
is a solution of system (1.6) with holding the condition (2.1). Now, we will investigate
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the solutions in 10 different cases depending on whether the parameters are zero or
nonzero.

Case 1: Let a = ¢ =0, bd # 0. In this case, system (1.6) is equivalent to the
system

1 1
= =
byn—lxn—Zyn—3 dxn—lyn—an—?a

Multiplying the first equation in system (2.2) by y,_1, for all n € Ny and the
second by x,,_1, for all n € Ny, it follows that

Xn , néeNp. 2.2)

1

XnYn-1=7——, Yukn-1=———, neNp
bxp_2yn—3 dyn—2Xn—3
Now, we may use the change of variables
kn = Xnyn—1, kn =YnXn-1, n=-2,
and transform (2.2) into the following equations
1 ~ 1 ~
knzizknfh kn:/\i: n—4, ’122,
bky > dky_»
which means that (k,),~_, and (En) , are four-periodic, that is,
> >

kanti = ki,  kanyi = ki,

where n € Ny, i € {—2,—1,0,1}, from which along with the substitutions
kn = Xy Yn—1, kn = ynXx,_1, it follows that

d b
Xdn+i = Zx4(n—1)+i7 Yan+i = Ey4(n—l)+ia

for every n € Ny, i € {—2,—1,0, 1}, and we get

d\" b\"
Xpti = <b> Xiy Yanti = (d) Vi, (2.3)

forevery n € No, i € {—2,—1,0,1}.
Case 2: Let b=d =0, ac # 0. In this case, system (1.6) is written as in the
form
X, = xn74yn75xn76, Yo = yn74xn75yn76’ n e N. (2.4)
ayn—1Xp—2 CXp—1Yn—2
Multiplying the first equation in system (2.4) by y,_1x,_2, for all n € Ny and
the second by x,,_1y,—2, for all n € Ny, it follows that
Xn—4Yn—5Xn—6 Yn—4Xn—5Yn—6

XnYn—1Xn—-2 = Ta YnXn—1Yn—-2 = fa n € Np. (2.5)



ON A SOLVABLE SYSTEM OF DIFFERENCE EQUATIONS OF SIXTH-ORDER 1409

By change the change of variables

Wn = XnYn—1Xn—-2, {V\n = YnXn-1Yn—2, h=>—4,
system (2.5) becomes
1 ~ —~
Wp = 5Wn747 Wy = Ewn74a n € Ny. (2.6)
From (2.6), we see that the sequences (Wam-ti),,,~_; and (Wam+i) >, fori €
{0,1,2,3}, are the solutions of the homogeneous linear first-order difference
equation with constant coefficients, respectively,
1 1.
Sm = —Sm—1, Sn = —Sn—1, meNO~
a c

From which it follows that

1 m+1 1 m+1
Sm = () S—1, 3;1: <> 3\—17 mGNO,
a c

and consequently we have

1 m+1 1 m+1
Wimti = <a> Wi 4, Wimpi = <C> Wi—4, m € Ny, 2.7
fori e {0,1,2,3}. From (2.6), we easily get
WW, -3 Ww -3
Xn = Aninxn—& Yn = #yn—ﬁa n € Ny,
Wn—1Wn—4 Wp—1Wn—4

from which along with the solutions in (2.7), we obtain the general solutions
of system (2.4)

m
X12m+-dr+s = Xdr+4s—12 H
Jj=0

~

< W4 (3 j4r)+sWA3 j+r)+5—3
W43 j+r)+s—1WA4A3 j+r—1)+s

W43 jtr—1)+5s—2Wa(3j+r—2)+s—1 >
~ )

Wa(3j4+r—1)4s—3W4(3 j+r—2)+s—2
and

m
Y12m+dr+s = Ydr+s—12 H
Jj=0

)

( W4(3j4r)+sWa(3j+r)+5—3
W4 (3 j4r)+s—1W4Bj+r—1)+s

Wa(3j4r—1)+s—2WaR3j4r—2)+s—1 )
W4(3j+rf1)+s73w4(3j+r72)+s72 ’

for every m € Ny, r € {1,2,3} and s € {2,3,4,5}, from which along with

(2.7) it follows that

c \m+l a
X12mt-drts = Xdris—12 (;2) s V12mtdrts = Yarts—12 (;2) , (2.3)

forevery m € No, r € {1,2,3} and s € {2,3,4,5}.
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Case 3: Leta=d =0, bc # 0. In this case, system (1.6) is expressed as

1 _4Xp—5Vn—
- yn:M’ n e No. 2.9)
byn—1Xp—2Yn—3 CXp—1Yn-2
Multiplying the first equation in system (2.9) by y,_1x,—_2y,—3, for all n € Ny
and the second by x;,_1y,—2x,_3, for all n € Ny, it follows that

Xn

1 Xn—3Yn—4Xn—5Yn—6
Br Ik 1Yn=2%n-3 = Lt C" "2 neNy. (2.10)

By using the change of variables

XnYn—1Xn—-2Yn-3 =

'n = XnYn—1Xn—-2Yn-3, ?n = YnXn—1Yn-2Xn-3, NE N07 (21 1)

system (2.10) becomes

1

=7, € Ny,

R A 2.12)
rn = . = be? n 2 3
From (2.11), we easily obtain
Xn = n = Arn Xn—4, Yn = n = n Yn—4, n2=>1,
Yn—1Xn—2Yn—3 n—1 Xn—1Yn—2Xn—3 Fn—1
from which along with (2.12), we get the general solutions of system (2.9)

1 n

Xangi = C"Xiy  Yanyi = <C> Vi, (2.13)

for every n € Ny and i € {0,1,2,3}.
Case 4: Let b =c =0, ad # 0. In this case, we obtain the system
Xn—4Yn—5Xn—6 1
= Yn= 5
aypn—1Xp—2 dXp_1Yn—2Xn—3
By interchanging variables x,, y, and d instead of b and a instead of ¢, system
(2.9) is transformed into (2.14). So, by interchanging x_; and y_;, for j €
{1,2,3,4,5,6}, the formula in (2.13) is transformed into the formula

. neN. (2.14)

Xn

1 n
Xdnti = <a) Xiy  Yanti =a"i, (2.15)

forevery n € Ny and i € {0,1,2,3}.
Case 5: Let a =0, bed # 0. In this case, system (1.6) becomes
1 Yn—4Xn—5Yn—6
= = , n€Npy. (2.16)
bynflxn72yn73 In Xn—1Yn—2 (C + dxn73yn74xn75yn76)
Multiplying the first equation in system (2.16) by y,_1x,_2y,—3, forall n € Ny
and the second by x;,—1y,—2x,—3, for all n € Ny, it follows that

Xn

1
XnYn—1Xn—-2Yn-3 = Ea n € Ny,



n
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Xn—3Yn—4Xn—5Yn—6
€+ dXn—3Yn—4Xn—5Yn—6
By using the first equation of (2.17) in the second one, we get that

. neN. 2.17)

YnXn—1Yn—2Xn-3 =

XnYn—1Xn—2Yn—-3 = Ba nec NOa
1
YnXn—1Yn—2Xn-3 = mu ne N(),
from which it follows that
bc+d\" b "
Xdp+i = <b> Xiy  Yanti, = <bc+d) Yirs (2.13)

wheren € N, i €{0,1,2,3} and i; € {—1,0,1,2}.

Case 6: Let b =0, acd # 0. In this case, system (1.6) is expressed as

Xn—4Yn—5Xn—6 . Yn—4Xn—5Yn—6
9 n — 5
ayn—1%n—2 Xn—1Yn—2 (€ +dXn_3Yn—4Xn—5Yn—6)
Multiplying the first equation in system (2.19) by y,_1x,_2y,—3, forall n € Ny
and the second by x;,—1y,—2x,—3, for all n € Ny, it follows that

1
XnYn—1Xpn—-2Yn-3 = Eyn73xn74)7n75xn767 n € Ny,

neNg. (2.19)

Xn—3¥Yn—4Xn—5Yn—6
C+dxp 3Yn—aXn—5Yn—6
By using the first equation of (2.20) in the second one, we get that

Yn—6Xn—7Yn—8Xn—9
ac +dyn—6Xn—7Yn—8%n—9

YnXn—1Yn—-2Xn-3 = , né€N. (2.20)

YnXn—1Yn—2Xn-3 = , n> 3. (221)

By employing the substitution y,x,_1y,—2X,—3 = ?11’ n> =3, to (2.21), we
obtain the linear six-order equation

Sy, =acs,_¢+d, n>3, (2.22)
from which it easily follows that

d+ (ac)" ((1—ac)s;, —d)
Sén+i, =

, né€Np, (2.23)
1—ac

ifac # 1, and
Sén-+i, = Siy +dn, n € Ny, (2.24)
if ac = 1, where i, € {—3,-2,—1,0,1,2}. The equalities in (2.23) and
(2.24) are formulas for the general solution of (2.22). From the substitution
YnXn-1Yn-2%n-3 = 5, for n > =3, and x,y, 1%, 2y,—3 = 51—, for n € Ny,
we get
Sn—18n—55n—9

Xp — 3—xn—127 nz 87
a-Sp—38p—78n—11
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a3sn—12
Yn =

Yn—12, N > 97
Sn

from which it follows that

B L S12j46r +ii— 1512467 +i; —5512)j+6r +i; —9
x12m+6r|+i1 - x6r1+i| —12 3m+3 H )
a G20 S12j4+6r1+i1 =3812j+6r1 +i1 —7512j+6r1+i1 —11

m . .
_ 3m+3 S6(2j+r—2)+i
Y12m4-6ry+is = Y6r,+ir—124 I E—
J=0 S6(2j+r2)+i
S .
_ 3m+3 26(r2—2)+i
_y6r2+i2—]2a )
S6(2m+r2)+iz

where
meNy, re{l,2}, rne{2,3}, i€{2,3,4,56,7} and
e{-3,-2,-1,0,1,2}.

From this, along with (2.23) and (2.24), we get

1
Xiome+6ri+in = Xori+i1—12 3,03 (2.25)

m d—{—(ac)(2j+r1+1+L%J) ((l_ac)si17776LE —d)
6

X i1—6

j:0d+(ac)<2j+r1+l+L 3 J) ((] _ac)si1—9—6[ﬂj —d)

6

d+ (ac) <21+r1+L"1g2J) ((1 —ac) Si1—5—6LﬁJ —d)

6

X

d+(ac)<2j+r1+L¥J) ((l _ac)si17776tﬂ —d)
6

2j+r+| 150
. d+(ac)<j s )<(1_ac)si1—9—6Li166J_d)

d+ (aC)<2j+r171+Lilg2J) <(1 —ac) S 56,12 _d> ’

6

md+ (ac) 7D (1 —ac) s, —d)
3m+3 5]
Y12m+6r,+i, = Y6r,+i,—124 -

e e D ™ (1 —ac)ss —a)
3mes d+(ac)> 2 (1 - ac)s;, —d)

d+ (ac)(2m+’2) ((1—ac)s;, —d)

= Y6ry+ir—124 ; (2.26)

ifac # 1, and

1
Xi2mbriis = Xori+i—12_ 7,13 (2.27)
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J)

Siy_7-6[ 0% 4J+d(2]+r1+1+

i—
6

m
<11
j=0

Siy—9—g| =8 6J+d<21+r1+1+

_s—6| 12 2J+d(2]+r1+Lll —2 )
11 —7— 6\_11_4J+d(2‘1+r1+ ll 5 )

Sll 9_ 6Lll 6J+d(
+d(2]+r1—1+

Sij—s5-6[12]

i3 Sp +td(rn—2)
si2~|—d(2m—|—r2)’
if ac = 1, where m € Ny, r; € {1,2}, r, € {2,3}, i1 € {2,3,4,5,6,7} and
e {-3,-2,—-1,0,1,2}.
Case 7: Let ¢ =0, abd # 0. In this case, system (1.6) becomes

Xn—4Yn—5Xn—6 1

Yi2m4-6ry+in = Y6ry+ir—124 (2.28)

Xy = , =—— neNy (229
" V%2 (@ byn X aVn %) " A1 Yn2ta 3
By interchanging variables x;, y, and d instead of b, a instead of ¢ and b
instead of d, system (2.16) is transformed into (2.29). So, by interchanging
x_jandy_j, for j € {1,2,3,4,5,6}, the formula in (2.18) is transformed into
the formula
d " ad+b\"

Xdan+i; = (W> Xiyy  Yan+i = (d) Yi, (2.30)

wheren € N, i €{0,1,2,3} and i; € {—1,0,1,2}.
Case 8: Letd =0, abc # 0. In this case, system (1.6) is equivalent to the system
X, = Xn—4Yn—5Xn—6 o )’1174xr175ynf67 neNy. (231

Yn—1Xn—-2 (a + byn73xn74)7n75xn76) O CXn—1Yn—2
Similarly, by interchanging variables x,, y, and b instead of d, c instead of
a and a instead of ¢, system (2.19) is transformed into (2.31). So, by inter-
changing x_; and y_;, for j € {1,2,3,4,5,6}, the formula in (2.25)-(2.28) is
transformed into the formula

b+ (ac)¥ 7Y (1 =ac)s;, — b)

3m+3 5]

X12m+6r,+iy — X6ry+i,—12C -

+6r+ip — 2 +ip— jl;!) b+(ac)(2]+r2) ((1 —aC)Siz—b)

3mi3 b+ (ac) 72 (1 —ac)si, — b)
b+ (ac)® ) (1 - ac)s;, — b)

, (2.32)

= X6ry+i—12€C

1
V12m+6r1+i; = Y6r +i 71263,,,7+3 (2.33)
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2jtr+14+ | 15t
m b—i—(ac)(] R J> (I —ac)s, -4, —b
i1—7-6 1]

j:0b+(ac)(2j+r1+l+L¥J) ((l—ac)sl 9|1 6|~ b)

X

b+(ac)<2j+rlﬂ¥J) ((1 —ac)s;, 5. 6122 —b)

x . i—4
b+ (ac) (2]+r1+LTJ) ((1 — ac) Si17776LEJ — b)
6

2j+r+| 152
. b—f—(ac)(f ! 6 )((l—ac)sil_9_6ti166J—b) |

b+(ac)<2]+r1fl+v1672j) <(1 —ac) S 6\_[1 ZJ —b)

if ac # 1, and
3m+3 S 0 (r2—2)

N e e , 2.34
12m+6r,+iy 6ry+ir—12 Siy _|_b<2m_|_r2) ( )
1o Sigeit F 2j+r+1+|122%))
Y12m+6r+i; =Y6r =12 313 H
=0

S 5. 6122 2J+b(2]—|—r1—|— 3
S 7. 614 4J+b(2]—|—r1+ 3

(2.35)

b(
(2]+r1+1+ d 6J>
1)
)

1 o_g e +b (254 +258))
Sij—s5—6| 12 2J+b(2f+rl—1+tll 152])

)

if ac = 1, where m € Ny, r; € {1,2}, r, € {2,3}, i1 € {2,3,4,5,6,7} and
ip€{-3,-2,—1,0,1,2}.
Case 9: Let abcd # 0. Employing the change of variables

1 1
U= ———— Vn=_—_——————— n=-3 (2.36)
XnYn—1Xn—2Yn-3 YnXn—1Yn—-2Xn-3
system (1.6) is transformed into the following system of linear difference
equations
U, =av,_3+b, v,=cu,_3+d, né€Ny, (2.37)

from which it follows that

U, = acu,—¢+b+ad, (2.38)
vy =acv,_¢+d—+bc, n>3, (2.39)
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which are nonhomogeneous linear sixth-order difference equations with con-
stant coefficients. If we apply the decomposition of indexes n — 6m 4 j, for
some m € Ny and j € {3,4,5,6,7,8}, to (2.38) and (2.39), then they become

U6m+j = ACUG(m—1)+; + b+ ad, (2.40)

Vem+j = ACVe(m—1)+; +d + b, (2.41)
which are first-order 6-equations. Let ugy,; = ug,{ ) — Zm and Vepyj = v,S{ ) =
Zm, form > —1 and j € {3,4,5,6,7,8}. Then Egs. (2.40) and (2.41) can be
written in the form

Zm = acZm—1 +b+ad, (2.42)
Zm = aCZm_1 +d+bc, mE Ny, (2.43)

which are nonhomogeneous linear first-order difference equations with con-
stant coefficients. Contrary to the usual, here, Eqs. (2.42) and (2.43) can be
solved by using transformation z,, = w,, +C and z,, = Wy, + C, for chosen
suitable values of C and 6, to reduce them to homogeneous linear first-order
difference equations with constant coefficients. That is, by employing these
transformations to Eqgs. (2.42) and (2.43), they become

Wy = acwy—1 +Clac—1)+b+ad,
W, = ACWp—_1 —|—6(ac— 1)+d+be, meNy,

which for C = ll’fff and C = ‘llfla’ﬁ, if ac # 1, reduce to the next equations

Wm = ACWpy—1,
W = acWwp_1, m€ Ny,
whose general solutions are

Wi = w_1 (ac)™t!,

W = w1 (ac)™™, m>—1.

b+ad d+bc

From this and by using the relation z,, = wy, + 779 and Z,, = Wy, + {oe, We
obtain
b+ad b+ad
=1+ —— ) (ac)"" + —, (2.44)
ac—1 1—ac
- . d+bc d+bc
Im = <Z1 + > (ac)’"+1 +—" m>-1, (2.45)
ac—1 1—ac

when ac # 1. If ac = 1, then Egs. (2.42) and (2.43) becomes

im = Im—1 +b+ad7
Zm =Zm-1+d+bc, m>—1,
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from which they immediately follow that

Zm=2-1+(m+1)(b+ad), (2.46)
m=2-1+(m+1)(d+bc), m>-1. (2.47)

From (2.44), (2.45), (2.46) and (2.47) and the substitutions ug, ; = u%’ = 2

and vepyj = VE,{) = Zm, we can write the solutions of (2.40) and (2.41) as in
the following

b+ad +1 b+ad
Homei = (uj6+ ac — 1> (a)™ + 1—ac’

d+bc d+bc
Vemtj = (vj_6+ o 1) (ac)™ ' + ——=

m>—1,j€{3,4,5,6,7,8}, when ac # 1, or
Uemyj =ujec+(m+1)(b+ad),
Vem+j =Vj—ec+ (m+1)(d+bc).
m>—1, j€{3,4,5,6,7,8}, when ac = 1. Now note that from (2.36) we

1—ac’

have that
1 Vin—1
Xm = = Xm—4
UnYm—1Xm—2Ym—3 Um
_ Vm—1Ym-5 Vm—1Ym—5Vm—9
= Xm—8 = Xm—12,
UmUm—4 UmUm—4Um—8
1 Un—1
Yn= S
VinXm—1Ym—2Xm—3 Vi
_ Up—1Um—5 _ Up—1Up—5UR—9
= Ym—-8 = Ym—12,
VmVm—4 VmVm—4Vm—8

for m > 6, from which it follows that
m V6(2v+r+LﬂJ)+l 1-6[ 24 6(2S+r+[%])+i—5—6L%J

X12m+-6r+i = X6r+i— 12H . .
5=0 (2s+r+L J)+z 6LTU u6(2s+r+[%j)+i7476L%J
l 1

Yo 5 )=
o( o )i

and

Mo (25| 2| ) +i-1-6 1 | Mo (2strt| B8 ])+i-5-6] 58
Y12m+6r+i = Y6r+i— 12H
s= (23+r+L%J

o ) ti-
5 )i

- LT” Yo(2s+rt| B ) +i-4-6L |
ll

Ho(2:
s

I
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for every m € Ng, r € {1,2} and i € {0,1,2,3,4,5}.
Case ac # 1: In this case, we obtain that

X12m-+6r+i = X6r+i—12 (2.48)

m d+bc+((l—ac)v 716 TA d_|_bc) 2S+r+1+ i 4J

X
s:0b+ad+<(1—ac)u_6+l. 1t — b+ad) ]

d+bc+<(1 ac)v_ 14658 — (d+bc)) (ac)2s+r+l+[T3J

b+ad + 2s+r+1+L%J

—(d+bc =2

i—11

2v+r+1+L

(1—ac)u_,y,,;_ 6li=1) — b—i—ad)(ac
) ae)
b+ad+ )

d+bc+( l—ac)v_ys ;i

(1—ac)u 46| T (b+ad)

and

Y12m+6r+i = Yor+i—12 (2.49)

- b+ad+<( —ac)u_q,; g =i (b+ad) 2”’“* 5

» )) (@)
s:Od—l-bC—i-((l—ac)v 6in6li| — d—i—bc) 25+r+1+ 122

lfac)u H+i—6| 28] — (b+dd)) (ac)zs+r+1+LTsJ

28+r+1+ =

l—ac)v_jo,; 6l=1] ~ (d+bc) ) (ac)

X

1J7

(
(
(I—ac)u_ys ;gi=n (b+“d)>( ©)
(1 —ac)

d+bc+< l—ac)v_i4 ;- ST (d—i—bc))( )2Y+r+1ﬂ*6

for every m € Ny, r € {1,2} and i € {0, 1,2,3,4,5}.

Case ac = 1: In this case, we get that

m Vg gt (2s+r+ 14 [ 5]) (d+bo)
X i =X
12m+6r+ 6r+i— 12H)u_6+l ol=1) (25+r+1+ ) (b+ad)

(2.50)

o i + (2s+r+1+|Z2]) (d+bc)
U 0.4 6LT7J+(25+r+1+Ll 7J)(b+aa’
2+ (25 Hr 14 | =421 (d + be)
U+ (2sHr+ 1] =) (b4 ad)

V_15+i-6| =

U_144i-6| i
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and

y y H 77+1 6
12m+-6r+i = Yor+i—12
=0V _61i-6|i2 (2s+r+1+

el +(2s+r+1+[F]) (b+ad)
V_josieiz) t (25 Hr+ 14 [57)) (d +b)
U_yspiglii) + (25 +r+1+ Ll:ialzJ) (b+ad)
Voldtioe[ i) T (2s+r+1+ 5t (d+be)’

for every m € Ny, r € {1,2} and i € {0, 1,2,3,4,5}.
From the above considerations, we see that the following result holds.

ity (2s+r 14| 74 1) (b+ad)
) (d+bc)

(2.51)

Theorem 1. Assume that a,b,c,d and the initial values x_;,y_;, i € {1,2,3,4,5,6},
are real numbers. Then, the next statements hold.

a) If a=c =0 and bd # 0, then the general solutions of system (1.6) is given
by formulas in (2.3).

b) If b=d = 0 and ac # 0, then the general solutions of system (1.6) is given
by formulas in (2.8).

¢) If a=d =0 and bc # 0, then the general solutions of system (1.6) is given
by formulas in (2.13).

d) If b=c =0 and ad # 0, then the general solutions of system (1.6) is given
by formulas in (2.15).

e) If a=0 and bcd # O, then the general solutions of system (1.6) is given by
formulas in (2.18).

£) If b=0, acd # 0 and ac # 1, then the general solutions of system (1.6) is
given by formulas in (2.25)-(2.26).

) If b=0, acd # 0 and ac = 1, then the general solutions of system (1.6) is
given by formulas in (2.27)-(2.28).

h) If ¢ = 0 and abd # 0, then the general solutions of system (1.6) is given by
Sformulas in (2.30).

i) If d =0, abc # 0 and ac # 1, then the general solutions of system (1.6) is
given by formulas in (2.32)-(2.33).

) If d =0, abc # 0 and ac = 1, then the general solutions of system (1.6) is
given by formulas in (2.34)-(2.35).

k) If abcd # 0 and ac # 1, then the general solutions of system (1.6) is given by
formulas in (2.48) and (2.49).

D) If abcd # 0 and ac = 1, then the general solutions of system (1.6) is given by
formulas in (2.50) and (2.51).

By the following theorem, we characterize the forbidden set of the initial values
for system (1.6).



ON A SOLVABLE SYSTEM OF DIFFERENCE EQUATIONS OF SIXTH-ORDER 1419

Theorem 2. The forbidden set of the initial values for system (1.6) is the union of
two sets

{S:x,,- —Oory =0, i€ {1,2,3,4,5,6}}

and

O ()

meNg j=3 Xj—3Yj—4Xj—5Yj—6

1 _ b
~gon ™ (-2)},
Yj-3Xj-4Yj-5Xj—6 a

where S = (x*67x*5>x747x731x72>x717y767y757y747y*37y*27y*1) .

Proof. We have already obtained that the set
{S x_;=0ory ;=0,i€ {1,2,3,4,5,6}}

belongs to the forbidden set of the initial values for system (1.6). If x_; Z0 # y_;,
i€{1,2,3,4,5,6}, (i.e., x,y, # 0, n> —6), then such a solution (x,,y,),>_g is not
defined if and only if

a+byn—3xp-ayn-sxn—6 =0, ¢+dxp—3Yn-aXn—5yn—6 =0,

for some n € Ny, which correspond to the statements y,_3x,—4Vn—5Xn—6 = —% and
Xpn—3Vn—4Xn—5Vn—6 = —g, for n € Ny, respectively. Hence, from (2.36), we get
d b
Up 3 = —— and Vp-3 = ——, (2.52)
c a

for n € Ny. Now, we consider system (2.37) and the functions
ft)=at+b, g(t)=ct+d
which correspond to the equations of (2.37). Thus, we can describe the solutions of
(2.38) and (2.39) as follows:
Us(m—1)+j = (f08)" (uj-6),
Vom—1)+; = (g0 f)" (vj-6),
form € Ny and j € {3,4,5,6,7,8}. By using (2.52), we get

d
uj¢=(fog) " (C> , (2.53)
vie=(gof)™" (—2) , (2.54)

for m > —1 and j € {3,4,5,6,7,8}, where f!(t) = =2 and g~!(r) = =2. This
means that if one of the conditions in (2.53) and (2.54) holds, then 6 (m — 1)-th or
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6m-th iteration in (1.6) can not be calculated. Consequently, desired result follows
from (2.36).

0

3. NUMERICAL EXAMPLES

To support our theoretical results, we present numerical examples for the solutions
of system (1.6) regard to the different values of a, b, c and d.

Example 1. Consider the system (1.6) with the initial values x_¢ = —15.71, x_5 =
87.76, x_4 = 48.97, x_3 =12.23, x_», =045, x_; =134, y_¢ = 5.2, y_5 = 8.6,
V4 =227,y 3=22,y_5,=0.5y_1 = 1.4 and the parameters, a = 0, b = 1.34,
¢ =0, d = 1.34 the solutions are represented as in the Figure 1.

FIGURE 1. Plots of x;,,y,incasea=0,b=1.34,¢c=0,d =1.34
af ]
af :

= 2 :

=0 ]

@ 11 ]
% :
of

A ]

_2;\ L L L L L L L L L L L L L L L L L L L L L L L L \t

0 20 40 60 80 100 12¢

n

— x(n) — y()

In this case, equations in (2.3) are satisfied. Hence, the solutions of system (1.6)
have periodic solutions with period four.

Example 2. Consider the system (1.6) with the initial values x_¢ = —4.37, x_5 =
1.5, X_4 = 2.4, X_3 = —3.6, X_p = 7.5, X_1= —0.6, V-6 = —5.7, y_5= 2, Y4 = 3.2,
y_3=-2.8,y_»=71.5,y_1 =0.1 and the parameters,a =1, b=0,c=1,d =0 the
solutions are represented as in the Figure 2.

In this case, equations in (2.8) are satisfied. Hence, the solutions of system (1.6)
have periodic solutions with period twelve.

Example 3. Consider the system (1.6) with the initial values x_¢ =4.8, x_5 = 1.68,
X_4=78,x3=268,x,=708,x_1=—104,y ¢=4.2,y_5=25.6,y_4 =4.26,
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FIGURE 2. Plots of x;,,y,incasea=1,b=0,c=1,d=0
207‘\“‘\“‘\“‘\“‘\“‘\“‘\7

10f .

£ L
= -10f §
:

0 20 40 60 80 100 12C

n

— x(n) — y()

y_3=1.8,y_»,=0.5,y_; =—1.79 and the parameters,a =0,b=0.987,c=1,d =0
the solutions are represented as in the Figure 3.

FIGURE 3. Plots of x,,,y,incasea=0,b=0.987,c=1,d=0
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In this case, equations in (2.13) are satisfied. Hence, the solutions of system (1.6)
have periodic solutions with period four.
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Example 4. Consider the system (1.6) with the initial values x_¢ = 0.8, x_5 =

—5.7, X_4 = 2.47, X_3 = —10.65, X_2 = 5, X_1 = —0.01, Y6 = 1.9, Y5 = —9.2,
y_4=3.7,y_3=-351,y_,=4.22,y_1 = —2.9 and the parameters, a =0, b = 2,
¢ = 3, d = —4 the solutions are represented as in the Figure 4.

FIGURE 4. Plots of x,,,y,incasea=0,b=2,c=3,d =—4
107‘\“‘\“‘\“‘\“‘\“‘\“‘\7

%(n) y(n)

=101 7
T S S T S S S IR SO E |

0 20 40 60 80 100 12C

n

— x(n) — y()

In this case, equations in (2.18) are satisfied. Hence, the solutions of system (1.6)
have periodic solutions with period four.

4. CONCLUSION
In this study, we obtain solutions of the following system of difference equations

Y = Xn—4Yn—5Xn—6 _ Yn—4Xpn—5¥Yn—6
n

= s, Yn—= )
Yn—1Xn—2 (a + byn—3xn—4yn—5xn—6) " Xn—1Yn—2 (C + dxn—3yn—4xn—5)’n—6)

for n € Ny, where the parameters a,b and the initial values x_;, i € {1,2,3,4,5,6},
are real numbers. In addition, we show that some solvable subclasses of the class
of nonlinear two-dimensional system of difference equations are solvable in closed
form. We also describe the forbidden set of solutions of the system of difference
equations. Some numerical examples are given to demonstrate the theoretical results.
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