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Abstract. This paper proves a new q-Hermite-Hadamard inequality for convex functions using
quantum integrals. We also prove some new midpoint-type inequalities for q-differentiable con-
vex functions. Moreover, we present some examples to illustrate our established results, supple-
mented with graphs.
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1. INTRODUCTION

A function ϕ : I→ R, where I is an interval in R is called convex if it satisfies the
inequality

ϕ(tx+(1− t)y)≤ tϕ(x)+(1− t)ϕ(y)

where x,y ∈ I and t ∈ [0,1].
It is also well known that ϕ is convex if and only if it satisfies the Hermite-

Hadamard inequality, stated below (see, [6]):

ϕ

(
α1 +α2

2

)
≤ 1

α2−α1

∫
α2

α1

ϕ(x)dx≤ ϕ(α1)+ϕ(α2)

2
, (1.1)

where ϕ : I→R is a convex function and α1,α2 ∈ I with α1 < α2. In [7,11], authors
proved some bounds for the right and left sides of the inequality (1.1) which are
called trapezoid and midpoint inequalities, respectively.
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On the other hand, in [2], Alp et al. proved the following version of quantum
Hermite-Hadamard type for convex functions using the left quantum integrals:

ϕ

(
qα1 +α2

[2]q

)
≤ 1

α2−α1

∫
α2

α1

ϕ(x) α1dqx≤ qϕ(α1)+ϕ(α2)

[2]q
. (1.2)

Recently, Bermudo et al. [3] used the right quantum integrals and proved the follow-
ing variant of Hermite-Hadamard type inequality for convex functions:

ϕ

(
α1 +qα2

[2]q

)
≤ 1

α2−α1

∫
α2

α1

ϕ(x) α2dqx≤ ϕ(α1)+qϕ(α2)

[2]q
. (1.3)

Several papers are devoted to finding bounds for the left and right sides of inequalities
(1.2) and (1.3). In [12], Noor et al. proved several bounds for the right-hand side of
the inequality of (1.2). Alp et al., by using convex functions, established some new
results for the left side of the inequality (1.2) in [2]. In [1, 4], quantum Simpson’s
and Newton’s type inequalities for convex and co-ordinated convex functions were
proved. For more recent results, one can consult [5, 10].

Inspired by the ongoing studies, we prove a new version of quantum Hermite–
Hadamard inequalities for convex functions. We also prove some new correspond-
ing quantum midpoint inequalities for q-differentiable convex functions. We present
many examples to illustrate our results, supplemented with graphs.

2. BASICS OF q-CALCULUS

In this section, we recall some basics of quantum calculus, and throughout this
paper, let 0 < q < 1 be a constant.

The q-number or q-analogue of n ∈ N is given by (see [9])

[n]q =
1−qn

1−q
= 1+q+q2 + · · ·+qn−1. (2.1)

The q-Jackson integral for the function ϕ over [0,α1] is defined as (see, [8]):∫
α2

0
ϕ(x)dqx = (1−q)α2

∞

∑
n=0

qn
ϕ(α2qn) (2.2)

and q-Jackson integral for a function ϕ over [α1,α2] is as follows (see, [8]):∫
α2

α1

ϕ(x)dqx =
∫

α2

0
ϕ(x)dqx−

∫
α1

0
ϕ(x)dqx. (2.3)

Definition 1 ([15]). Let ϕ : [α1,α2]→ R be a continuous function. Then the left
q-derivative of function ϕ at x ∈ [α1,α2] is defined by

α1Dqϕ(x) =


ϕ(x)−ϕ(qx+(1−q)α1)

(1−q)(x−α1)
, if x 6= α1;

lim
x→α1

α1Dqϕ(x), if x = α1.
(2.4)
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The function ϕ is said to be q-differentiable function on [α1,α2] if α1Dqϕ(x) exists
for all x ∈ [α1,α2].

Definition 2 ([15]). Let ϕ : [α1,α2]→ R be a continuous function. Then the left
q-integral of function ϕ at z ∈ [α1,α2] is defined by∫ z

α1

ϕ(x)α1dqx = (1−q)(z−α1)
∞

∑
n=0

qn
ϕ(qnz+(1−qn)α1) . (2.5)

The function ϕ is said to be q-integrable function on [α1,α2] if
∫ z

α1
ϕ(x)α1dqx exists

for all z ∈ [α1,α2].

On the other hand, Bermudo et al. defined new quantum derivatives and quantum
integral which are called right q-derivative and right q-integral:

Definition 3 ([3]). The right q-derivative of mapping ϕ : [α1,α2]→ R is defined
as:

α2Dqϕ(x) =
ϕ(qx+(1−q)α2)−ϕ(x)

(1−q)(α2− x)
, x 6= α2.

If x = α2, we define α2Dqϕ(α2) = limx→α2
α2Dqϕ(x) if it exists and it is finite.

Definition 4 ([3]). The right q-definite integral of mapping ϕ : [α1,α2]→ R at
z ∈ [α1,α2] is defined as:

α2∫
z

ϕ(x)α2 dqx = (1−q)(α2− z)
∞

∑
k=0

qk
ϕ

(
qkz+

(
1−qk

)
α2

)
.

Lemma 1 ([13]). For continuous functions ϕ,h : [α1,α2]→R, the following equal-
ity is true:∫ c

0
h(t) α2Dqϕ(tα1 +(1− t)α2)dqt

=
1

α2−α1

∫ c

0
Dqh(t)ϕ(qtα1 +(1−qt)α2)dqt− h(t)ϕ(tα1 +(1− t)α2)

α2−α1

∣∣∣∣c
0
.

Lemma 2 ([14]). For continuous functions ϕ,h : [α1,α2]→R, the following equal-
ity is true:∫ c

0
h(t)α1Dqϕ(tα2 +(1− t)α1)dqt

=
h(t)ϕ(tα2 +(1− t)α1)

α2−α1

∣∣∣∣c
0
− 1

α2−α1

∫ c

0
Dqh(t)ϕ(qtα2 +(1−qt)α1)dqt.
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3. q-HERMITE-HADAMARD INEQUALITY

In this section, we prove the new quantum Hermite-Hadamard inequality and give
an example to illustrate the obtained inequality.

Theorem 1. Let ϕ : [α1,α2]→R be a convex mapping, then we have the following
inequality:

ϕ

(
α1 +α2

2

)
≤ 1

α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
(3.1)

≤ ϕ(α1)+ϕ(α2)

2
.

Proof. Since ϕ is a convex function, we have

ϕ

(
α1 +α2

2

)
= ϕ

(
1
2

(
1− t

2
α1 +

1+ t
2

α2

)
+

1
2

(
1+ t

2
α1 +

1− t
2

α2

))
(3.2)

≤ 1
2

[
ϕ

(
1− t

2
α1 +

1+ t
2

α2

)
+ϕ

(
1+ t

2
α1 +

1− t
2

α2

)]
≤ ϕ(α1)+ϕ(α2)

2
.

q-integrating the inequality (3.2) over [0,1], we have

ϕ

(
α1 +α2

2

)
≤ 1

2

∫ 1

0
ϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))
dqt

+
1
2

∫ 1

0
ϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))
dqt

=
1

α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
.

It is obvious from Definition 2 and Definition 4 that∫ 1

0
ϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))
dqt =

2
α2−α1

∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx

and ∫ 1

0
ϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))
dqt =

2
α2−α1

∫ α1+α2
2

α1

ϕ(x)
α1+α2

2 dqx.

This completes the proof. �

Remark 1. In Theorem 1, if we set the limit as q→ 1−, then we obtain the classical
Hermite-Hadamard inequality (1.1).
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Example 1. The function ϕ(x) = ex is convex on R so that it also convex on [0,1] .
For this convex function, we have∫

α2

α1+α2
2

ϕ(x) α1+α2
2

dqx =
∫ 1

1
2

ex
1
2
dqx =

(1−q)e1/2

2

∞

∑
n=0

qne
qn
2

and ∫ α1+α2
2

α1

ϕ(x)
α1+α2

2 dqx =
∫ 1

2

0
ex 1

2 dqx =
(1−q)e1/2

2

∞

∑
n=0

qne−
qn
2 .

Hence, we have

1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]

=
(1−q)e1/2

2

[
∞

∑
n=0

qne
qn
2 +

∞

∑
n=0

qne−
qn
2

]
:= ϒmid .

FIGURE 1. Example 1

We also have

ϕ

(
α1 +α2

2

)
= ϕ

(
1
2

)
= e1/2
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and
ϕ(α1)+ϕ(α2)

2
=

ϕ(0)+ϕ(1)
2

=
e+1

2
.

It is obvious from Figure 1 that we have the inequality

e1/2 ≤ ϒmid ≤
e+1

2

for q ∈ (0,1) . On the other hand Figure 1 shows that ϒmid →
∫ 1

0 exdx = e− 1 for
q→ 1.

4. MIDPOINT INEQUALITIES

In this section, we prove some left-estimates of the newly proved Hermite-Hadamard
inequality (3.1) using the q-differentiability of the function.

Let us start with the following lemma.

Lemma 3. Let ϕ : [α1,α2] ⊂ R→ R be a function. If the functions α1Dqϕ and
α2Dqϕ are continuous and integrable over [α1,α2], then we have the following new
equality:

1
α2−α1


∫

α2
α1+α2

2
ϕ(x) α1+α2

2
dqx

+
∫ α1+α2

2
α1 ϕ(x)

α1+α2
2 dqx

−ϕ

(
α1 +α2

2

)
(4.1)

=
(α2−α1)

4

[∫ 1

0
(1−qt) α1Dqϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))
dqt

−
∫ 1

0
(1−qt) α2Dqϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))
dqt
]
.

Proof. Let

(α2−α1)

4

[∫ 1

0
(1−qt) α1Dqϕ

(
tα2 +(1− t)

α1 +α2

2

)
dqt (4.2)

−
∫ 1

0
(1−qt) α2Dqϕ

(
tα1 +(1− t)

α1 +α2

2

)
dqt
]

=
(α2−α1)

4
[I1− I2] .

By applying Lemma 1 to calculate the integral I1, we have

I1 =
∫ 1

0
(1−qt)

α1
Dq ϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))
dqt (4.3)

=
∫ 1

0
α1Dq ϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))
dqt
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−
∫ 1

0
qtα1Dq ϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))
dqt

=
ϕ
(

α1+α2
2 + t

(
α2− α1+α2

2

))(
α2− α1+α2

2

) ∣∣∣∣∣
1

0

−
qt ϕ

(
α1+α2

2 + t
(
α2− α1+α2

2

))(
α2− α1+α2

2

) ∣∣∣∣∣
1

0

+

1∫
0

q ϕ
(

α1+α2
2 + tq

(
α2− α1+α2

2

))(
α2− α1+α2

2

) dqt

=
ϕ
(

α1+α2
2 +α2− α1+α2

2

)(
α2−α1

2

) −
ϕ
(

α1+α2
2

)(
α2−α1

2

) − q ϕ
(

α1+α2
2 +α2− α1+α2

2

)(
α2−α1

2

)
+

2q
b−a

(1−q)(1−0)
∞

∑
n=0

qn
ϕ

(
α1 +α2

2
+qn+1

(
α2−

α1 +α2

2

))
=

2ϕ(α2)

(α2−α1)
−

2ϕ
(

α1+α2
2

)
(α2−α1)

− 2q ϕ(α2)

(α2−α1)

+
2q

b−a
(1−q)

∞

∑
n=0

qn
ϕ

(
α1 +α2

2
+qn+1

(
α2−

α1 +α2

2

))
=

2(1−q)ϕ(α2)

(α2−α1)
−

2ϕ
(

α1+α2
2

)
(α2−α1)

+
22

(α2−α1)
2 (1−q)

(
α2−α1

2

)
∞

∑
n=0

qn+1
ϕ

(
α1 +α2

2
+qn+1

(
α2−

α1 +α2

2

))
=

2(1−q)ϕ(α2)

(α2−α1)
−

2ϕ
(

α1+α2
2

)
(α2−α1)

+
4

(α2−α1)
2 (1−q)

(
α2−α1

2

)
∞

∑
n=1

qn
ϕ

(
α1 +α2

2
+qn

(
α2−

α1 +α2

2

))
=

2(1−q)ϕ(α2)

(α2−α1)
−

2ϕ
(

α1+α2
2

)
(α2−α1)

+
4

(α2−α1)
2 (1−q)

(
α2−α1

2

)
∞

∑
n=0

qn
ϕ

(
α1 +α2

2
+qn

(
α2−

α1 +α2

2

))
+

4

(α2−α1)
2 (1−q)

(
α2−α1

2

)
ϕ(α2)

=− 2
(α2−α1)

ϕ

(
α1 +α2

2

)
+

4

(α2−α1)
2

α2∫
α1+α2

2

ϕ(x) α1+α2
2

dqx.
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Similarly, by using Lemma 2 to calculate the integral I2, we obtain

I2 =
∫ 1

0
(1−qt) α2Dqϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))
dqt (4.4)

=
2

(α2−α1)
ϕ

(
α1 +α2

2

)
− 4

(α2−α1)
2

α1+α2
2∫

α1

ϕ(x)
α1+α2

2 dqx.

Thus, we establish the desired equality by putting (4.3) and (4.4) in (4.2). The proof
is completed. �

Theorem 2. We assume that the conditions Lemma 3 hold. If the functions
∣∣
α1Dqϕ

∣∣
and

∣∣α2Dqϕ
∣∣ are convex, then the following inequality holds:∣∣∣∣∣∣∣

1
α2−α1


∫

α2
α1+α2

2
ϕ(x) α1+α2

2
dqx

+
∫ α1+α2

2
α1 ϕ(x)

α1+α2
2 dqx

−ϕ

(
α1 +α2

2

)∣∣∣∣∣∣∣ (4.5)

≤ (α2−α1)

8 [2]q [3]q

[
q [2]q

∣∣
α1Dqϕ(α1)

∣∣+(1+[3]q
)∣∣

α1Dqϕ(α2)
∣∣

+
(

1+[3]q
)∣∣α2Dqϕ(α1)

∣∣+q [2]q
∣∣α2Dqϕ(α2)

∣∣] .
Proof. By taking modulus in (4.1), we have∣∣∣∣∣∣∣

1
α2−α1


∫

α2
α1+α2

2
ϕ(x) α1+α2

2
dqx

+
∫ α1+α2

2
α1 ϕ(x)

α1+α2
2 dqx

−ϕ

(
α1 +α2

2

)∣∣∣∣∣∣∣ (4.6)

≤ (α2−α1)

4

[∫ 1

0
(1−qt)

∣∣∣∣α1Dqϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))∣∣∣∣dqt

+
∫ 1

0
(1−qt)

∣∣∣∣α2Dqϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))∣∣∣∣dqt
]
.

Since the functions
∣∣
α1Dqϕ

∣∣ and
∣∣α2Dqϕ

∣∣ are convex, we have∣∣∣∣∣ 1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
−ϕ

(
α1 +α2

2

)∣∣∣∣∣
≤ (α2−α1)

4

[∫ 1

0
(1−qt)

((
1− t

2

)∣∣
α1Dqϕ(α1)

∣∣+(1+ t
2

)∣∣
α1Dqϕ(α2)

∣∣)dqt

+
∫ 1

0
(1−qt)

((
1+ t

2

)∣∣α2Dqϕ(α1)
∣∣+(1− t

2

)∣∣α2Dqϕ(α2)
∣∣)dqt

]
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=
(α2−α1)

4

[
q

2 [3]q

∣∣
α1Dqϕ(α1)

∣∣+ 1+[3]q
2 [2]q [3]q

∣∣
α1Dqϕ(α2)

∣∣
+

1+[3]q
2 [2]q [3]q

∣∣α2Dqϕ(α1)
∣∣+ q

2 [3]q

∣∣α2Dqϕ(α2)
∣∣] .

Thus, the proof is completed. �

Remark 2. In Theorem 2, if we set the limit as q→ 1−, then we obtain [11, The-
orem 2.2].

Theorem 3. We assume that the conditions Lemma 3 hold. If the functions
∣∣
α1Dqϕ

∣∣s
and

∣∣α2Dqϕ
∣∣s, s≥ 1 are convex, then the following inequality holds:∣∣∣∣∣∣∣

1
α2−α1


∫

α2
α1+α2

2
ϕ(x) α1+α2

2
dqx

+
∫ α1+α2

2
α1 ϕ(x)

α1+α2
2 dqx

−ϕ

(
α1 +α2

2

)∣∣∣∣∣∣∣ (4.7)

≤ (α2−α1)

4

(
1
[2]q

)1− 1
s


q [2]q

∣∣
α1Dqϕ(α1)

∣∣s +(1+[3]q
)∣∣

α1Dqϕ(α2)
∣∣s

2 [2]q [3]q


1
s

+


(

1+[3]q
)∣∣α2Dqϕ(α1)

∣∣s +q [2]q
∣∣α2Dqϕ(α2)

∣∣s
2 [2]q [3]q


1
s
 .

Proof. By using the power mean inequality in (4.6), we have∣∣∣∣∣ 1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
−ϕ

(
α1 +α2

2

)∣∣∣∣∣
≤ (α2−α1)

4

(∫ 1

0
(1−qt)dqt

)1− 1
s

×

[(∫ 1

0
(1−qt)

∣∣∣∣α1Dqϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))∣∣∣∣s dqt
) 1

s

+

(∫ 1

0
(1−qt)

∣∣∣∣α2Dqϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))∣∣∣∣s dqt
) 1

s
]
.

By using the convexity of the functions
∣∣
α1Dqϕ

∣∣s and
∣∣α2Dqϕ

∣∣s, we have∣∣∣∣∣ 1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
−ϕ

(
α1 +α2

2

)∣∣∣∣∣
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≤ (α2−α1)

4

(∫ 1

0
(1−qt)dqt

)1− 1
s

×

[(∫ 1

0
(1−qt)

(
1− t

2

∣∣
α1Dqϕ(α1)

∣∣s + 1+ t
2

∣∣
α1Dqϕ(α2)

∣∣s)dqt
) 1

s

+

(∫ 1

0
(1−qt)

(
1+ t

2

∣∣α2Dqϕ(α1)
∣∣s + 1− t

2

∣∣α2Dqϕ(α2)
∣∣s)dqt

) 1
s
]

=
(α2−α1)

4

(
1
[2]q

)1− 1
s
( q

2 [3]q

∣∣
α1Dqϕ(α1)

∣∣s + 1+[3]q
2 [2]q [3]q

∣∣
α1Dqϕ(α2)

∣∣s) 1
s

+

(
1+[3]q

2 [2]q [3]q

∣∣α2Dqϕ(α1)
∣∣s + q

2 [3]q

∣∣α2Dqϕ(α2)
∣∣s) 1

s
 .

Thus, the proof is completed. �

Theorem 4. We assume that the conditions Lemma 3 hold. If the functions
∣∣
α1Dqϕ

∣∣s
and

∣∣α2Dqϕ
∣∣s, s > 1 are convex, then the following inequality holds:∣∣∣∣∣∣∣

1
α2−α1


∫

α2
α1+α2

2
ϕ(x) α1+α2

2
dqx

+
∫ α1+α2

2
α1 ϕ(x)

α1+α2
2 dqx

−ϕ

(
α1 +α2

2

)∣∣∣∣∣∣∣ (4.8)

≤ (α2−α1)

4

(
1− (1−q)r+1

q [r+1]q

) 1
r


q

∣∣
α1Dqϕ(α1)

∣∣s +([2]q +1
)∣∣

α1Dqϕ(α2)
∣∣s

2 [2]q


1
s

+


(
[2]q +1

)∣∣α2Dqϕ(α1)
∣∣s +q

∣∣α2Dqϕ(α2)
∣∣s

2 [2]q


1
s
 ,

where s−1 + r−1 = 1.

Proof. By applying Hölder’s inequality in (4.6), we have∣∣∣∣∣ 1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
−ϕ

(
α1 +α2

2

)∣∣∣∣∣
≤ (α2−α1)

4

(∫ 1

0
(1−qt)r dqt

) 1
r
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×

[(∫ 1

0

∣∣∣∣α1Dqϕ

(
α1 +α2

2
+ t
(

α2−
α1 +α2

2

))∣∣∣∣s dqt
) 1

s

+

(∫ 1

0

∣∣∣∣α2Dqϕ

(
α1 +α2

2
+ t
(

α1−
α1 +α2

2

))∣∣∣∣s dqt
) 1

s
]
.

Since the functions
∣∣
α1Dqϕ

∣∣s and
∣∣α2Dqϕ

∣∣s are convex, we have∣∣∣∣∣ 1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
−ϕ

(
α1 +α2

2

)∣∣∣∣∣
≤ (α2−α1)

4

(∫ 1

0
(1−qt)r dqt

) 1
r

×

[(∫ 1

0

(
1− t

2

∣∣
α1Dqϕ(α1)

∣∣s + 1+ t
2

∣∣
α1Dqϕ(α2)

∣∣s)dqt
) 1

s

+

(∫ 1

0

(
1+ t

2

∣∣α2Dqϕ(α1)
∣∣s + 1− t

2

∣∣α2Dqϕ(α2)
∣∣s)dqt

) 1
s
]

=
(α2−α1)

4

(
1− (1−q)r+1

q [r+1]q

) 1
r
( q

2 [2]q

∣∣
α1Dqϕ(α1)

∣∣s + [2]q +1

2 [2]q

∣∣
α1Dqϕ(α2)

∣∣s) 1
s

+

(
[2]q +1

2 [2]q

∣∣α2Dqϕ(α1)
∣∣s + q

2 [2]q

∣∣α2Dqϕ(α2)
∣∣s) 1

s
 .

Hence, the proof is completed. �

5. EXAMPLE

In this section, we give an example to support one of the newly established in-
equalities.

Example 2. For a convex functions ϕ : [1,3]→R is defined by ϕ(x) = x+2. From
Theorem 2 with q = 1

4 , the left hand side of inequality (4.5) becomes∣∣∣∣∣ 1
α2−α1

[∫
α2

α1+α2
2

ϕ(x) α1+α2
2

dqx+
∫ α1+α2

2

α1

ϕ(x)
α1+α2

2 dqx

]
−ϕ

(
α1 +α2

2

)∣∣∣∣∣
=

∣∣∣∣12
[∫ 3

2
(x+2) 2d 1

4
x+

∫ 2

1
(x+2) 2d 1

4
x
]
−4
∣∣∣∣= ∣∣∣∣12 (4+4)−4

∣∣∣∣= 0
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and the right side becomes
(α2−α1)

8 [2]q [3]q

[
q [2]q

∣∣
α1Dqϕ(α1)

∣∣+(1+[3]q
)∣∣

α1Dqϕ(α2)
∣∣

+
(

1+[3]q
)∣∣α2Dqϕ(α1)

∣∣+q [2]q
∣∣α2Dqϕ(α2)

∣∣]
=

2
8(1+q)(q2 +q+1)

·
[(

2+q2 +q
)
+q(q+1)+q(q+1)+

(
2+q2 +q

)]
=

1
4(1+q)(q2 +q+1)

·4
(
1+q2 +q

)
=

1
q+1

=
4
5
= 0.8.

It is clear that
0 < 0.8

which demonstrates inequality (4.5).

6. CONCLUDING REMARKS

In this paper, we have established some new Hermite-Hadamard inequality for
convex functions in the context of quantum calculus. Moreover, we have proved
some quantum estimates for midpoint-type inequalities for q -differentiable convex
functions. It is also has proven by some mathematical examples that the newly es-
tablished inequalities are valid for any convex function. It is an interesting and new
problem that the upcoming researchers can obtain similar inequalities for coordinated
convex functions.
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