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Abstract. This paper proves a new g-Hermite-Hadamard inequality for convex functions using
quantum integrals. We also prove some new midpoint-type inequalities for g-differentiable con-
vex functions. Moreover, we present some examples to illustrate our established results, supple-
mented with graphs.
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1. INTRODUCTION

A function ¢ : I — R, where [ is an interval in R is called convex if it satisfies the
inequality
P(ex+ (1 =1)y) <19(x) + (1 -1)9(y)

where x,y € I and t € [0, 1].
It is also well known that ¢ is convex if and only if it satisfies the Hermite-
Hadamard inequality, stated below (see, [6]):

(p<0€1+062> PR /“z(p(x)dxgcp(onH(p(ocz) (L.1)

2 o — 0y Jay 2 ’

where @ : I — R is a convex function and o, 0, € [ with a; < 0. In [7, 1 1], authors
proved some bounds for the right and left sides of the inequality (1.1) which are
called trapezoid and midpoint inequalities, respectively.
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On the other hand, in [2], Alp et al. proved the following version of quantum
Hermite-Hadamard type for convex functions using the left quantum integrals:

1 02
? <qoc[12—}|— az) : Oy — O (p(x) mdqx = = (al[)z—]i—(p((h). (12
q o1 q

Recently, Bermudo et al. [3] used the right quantum integrals and proved the follow-
ing variant of Hermite-Hadamard type inequality for convex functions:

QC“WW><1/WM@%W§WWQWW”X (1.3)

2], ]~ -l 2],

Several papers are devoted to finding bounds for the left and right sides of inequalities
(1.2) and (1.3). In [12], Noor et al. proved several bounds for the right-hand side of
the inequality of (1.2). Alp et al., by using convex functions, established some new
results for the left side of the inequality (1.2) in [2]. In [I,4], quantum Simpson’s
and Newton’s type inequalities for convex and co-ordinated convex functions were
proved. For more recent results, one can consult [5, 10].

Inspired by the ongoing studies, we prove a new version of quantum Hermite—
Hadamard inequalities for convex functions. We also prove some new correspond-
ing quantum midpoint inequalities for g-differentiable convex functions. We present
many examples to illustrate our results, supplemented with graphs.

2. BASICS OF g-CALCULUS

In this section, we recall some basics of quantum calculus, and throughout this
paper, let 0 < g < 1 be a constant.
The g-number or g-analogue of n € N is given by (see [9])

1—g"
nly = l_qq 1t g g +-tqg @1
The g-Jackson integral for the function ¢ over [0, ;] is defined as (see, [8]):
(053 had
| e@dp=(1-90 Y ocaq) @2
n=0
and g-Jackson integral for a function @ over [0, 0] is as follows (see, [8]):
(05 (25 o
/ @ (x)dyx :/0 ¢ (x) dqx—/o @ (x) dgx. (2.3)
g

Definition 1 ([15]). Let ¢ : [a,02] — R be a continuous function. Then the left
g-derivative of function @ at x € [0, 0] is defined by

O() —(gx+(1—gjo) .o .
o0 Dy9(x) = (I-g)(x—a) Mo (2.4)

xli)lgl o Dg®(x), ifx=0y.
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The function @ is said to be g-differentiable function on [0, 0] if o, Dy@(x) exists
for all x € [o, 02].

Definition 2 ([15]). Let ¢ : [o;,02] — R be a continuous function. Then the left
g-integral of function @ at z € [0, 0] is defined by

/Z O(x)oydgx = (1 —q)(z—011) i q"0(q"z+(1—q")ou). (2.5)

o n=0

The function @ is said to be g-integrable function on [0, 0] if [§, ®(x)e,dyx exists
forall z € [0, ).

On the other hand, Bermudo et al. defined new quantum derivatives and quantum
integral which are called right g-derivative and right g-integral:

Definition 3 ([3]). The right g-derivative of mapping @ : [0, 2] — R is defined
as:

@gx+(1—g)om) —0(x)
(1-g)(az—x) ~

If x = aip, we define D, (0) = lim,_,q, ®2D,@ (x) if it exists and it is finite.

“D,e(x) = X # 0.

Definition 4 ([3]). The right g-definite integral of mapping @ : [ot;,0,] — R at
z € [0, 0] is defined as:

7}, (1) dgx = (1-) (0~ z)l;c/‘m (et (1-¢") o).

Lemma 1 ([13]). For continuous functions @,h: [0, 0] — R, the following equal-
ity is true:
/ h(t) ©Dg@(to + (1 —1)0) dyt
0

1
Olr — O

h(t)o(toy+(1—1t)ap) |
Olr — O 0‘

[ Dante) o aren + (1~ ar) az)dyt -

Lemma 2 ([14]). For continuous functions @,h: [0,0] — R, the following equal-
ity is true:
C
| 1OwD g0+ (1 =1 a)ds

_h(@)e(ton+(1—1)ay)|°
- Olp — Oy

1 c
- Dyh 1— dgt.
armar Jy PRt (1 —aand,
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3. g-HERMITE-HADAMARD INEQUALITY

In this section, we prove the new quantum Hermite-Hadamard inequality and give
an example to illustrate the obtained inequality.

Theorem 1. Let ¢ : [ot1,0] — R be a convex mapping, then we have the following
inequality:

o0

1 o @ to
¢<“1;°‘2>< [/aliach(x) apmdp+ [ 7 o ‘zqux] (3.1)

T Oy — 0 |/ o

_ 9@ +o(0)
< Plo) o)

Proof. Since ¢ is a convex function, we have

o + O 1/1—1¢ 141 1 /141t 1—1
= | —= — — | — — 2
(p( > > (p<2< > o+ 2 0(2>+2< 2 o + 2 OCz)) 3.2)

1 l_toc+l+toc n 1+ta+1—ta
¢ 3 1 2 2 (0 > 1 5 2

2
@ (o) +¢ (o)
5 .
g-integrating the inequality (3.2) over [0, 1], we have

o + Ol 1 ! o + 0 o + 0
<= t — dgt
o(3%) =3 [ o (M5 e (25%) )
1 /1 o + Ol o + 0
= t — dgt
+2/0(P< ) + (041 2 q
1

02 % Qo +0ip
_ / ¢ (x) @dqij/ Q(x) "2 dyx|.

IN

IN

ooy |Jure o

It is obvious from Definition 2 and Definition 4 that

L lap+on o + 0 2 o
/0 ¢ (2 i <a2 2 dyt = 0 — 04y /gwaz () L;aqux

2

and

1 o + Ol o + Ol 2 alzuz %1 +0)
_ — 2
/O o) ( St <0c1 > dgt o /OL1 ¢ (x) dgx.

This completes the proof. O

Remark 1. In Theorem 1, if we set the limit as ¢ — 1, then we obtain the classical
Hermite-Hadamard inequality (1.1).
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Example 1. The function @ (x) = e* is convex on R so that it also convex on [0, 1].
For this convex function, we have

o 1 (1—q)e'? & , ¢
Joror @) qux:/% dp = e

and
(Xl +(X2
2 Otl +(X.2

1 _ 1/2 o !
ex) 2 dqx:/(:ex%dqx:(lmez -

2

Oy

Hence, we have

1 %2 a0y
i | 000 et [T 00 "

1_ 1/2 N n N n
= 7( q)e [Z q"eqT—i—ane_qT
n

18 —— _ -

et I I . I I I . .
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81.1'2 ]

(e+1)/2
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FIGURE 1. Example |

061—|—062 _ 1_1/2
o(*5%) o) =

We also have
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and
Qo) +¢(0n) 00)+¢(1) e+l
2 2 2
It is obvious from Figure 1 that we have the inequality
1
91/2 < Ypia < e

for g € (0,1). On the other hand Figure 1 shows that Y,,;; — fol edx = e—1 for
q—1.

4. MIDPOINT INEQUALITIES

In this section, we prove some left-estimates of the newly proved Hermite-Hadamard
inequality (3.1) using the g-differentiability of the function.
Let us start with the following lemma.

Lemma 3. Let ¢ : [0,0] C R — R be a function. If the functions o, Dy and
“D,¢ are continuous and integrable over [0, 0], then we have the following new
equality:

| Jatso @ (%) o dgx

o + 0

_ et 4.1

Oy — O a1 +op o +op (p < 2 ) ( )
+Jo 2 @(x) 7 dyx

0 — O ! o + 0 o + 0
N A R CEC N P PP

! oy + o o + O
—/O (1—gqt) O‘ZDq(p( 12 2+t<0c1— 12 2)>dqt].

Proof. Let

o — 0 ! oy + 0
(241) [/0 (1—gqt) o, Dy (t(szr(l—t) 12 2>dqt 4.2)
1
_/ (1—qt) D,o <toc1+(1—t) O”;az)dqt}
0
(0 — o)
==V -b).
i D]
By applying Lemma 1 to calculate the integral /;, we have
1 o) + 0 o) + 0

1 o + 0 ol + 0
:/0 0“Dq(p< 3 +t(oc2— > dgt
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1 o + o o + o
—/0 qtaqu<p< = 2+t<ocz— = 2>>dqf

(B (o= 2)) [ g (B2 (o — 25%))

1

(02 — #15%2) . (02 — #15%2) .
/qcp 0‘1+a2+tq(a2 algaz))dt
O(]é()(z) q

(*5™) (*5%) (*5%)
_'_7[)261 (1—q (I—O)anm<a1;a2+q”“ (az—alg(b))
n=0

_ 20(m)  20(%5%)  299(w)
(062—061) (002—061) (02 — o)

+ O o + o
Z (p<1 2 ,,+1<a2_ 12 2)>

:2(1—61)@((12)_2@(%)
((XZ—(X]) (0(42—0(.1)

22 ((Xz—()(l) > ((X,l—l—()(z ol + 0
+ 1— n+1 + n+1 oy —
(0 —otp)? -a( =5 ) Lae(— 4 >

n=0
_2(1-g)p(o) 20 (*5%)
(02 —ou) (02 —ou)

4 ocz—oc1> - <oc1+ocz oy + 0
+ (1= ( Y d'o( —5—+4" (oa—
(az_al)z( 9| — P 5

_2(1-g)p(on) 20(%5*%)
(02 —ou) (02 —ou)

+m2jal)2(1—q) <a2;a1>;q”(p <O”J£OQ+q” (ocz—o“;(”))
+4)2<1—q>(°‘2;“‘)@<a2>

(0 — i

2 (p(oc1+oc2>+ / ox J
= — cx+(x X.
(0 — i) 2 (0t — oy )? e

:(p(on—gocz + o _OLIZOCZ) (P(ou-gaz) q(P(Oc]-i—Ocz +op _Ocl-é—ocz)
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Similarly, by using Lemma 2 to calculate the integral /;, we obtain

1
12:/ (1 —qt) °‘2Dq(p<a1;a2+t<a1—a1;a2)>dqt 4.4)
0

_ 2 o400 4 ag o
= (Ocz_al)(p< 3 ) (052—001)2 OL/ P(x) 2 dyx.
1

Thus, we establish the desired equality by putting (4.3) and (4.4) in (4.2). The proof
is completed. U

Theorem 2. We assume that the conditions Lemma 3 hold. If the functions ’aqu(p‘
and |°‘2Dq(p‘ are convex, then the following inequality holds:

fa1+fx2 (p( ) on];rocqux

! o + 0
oo | e | <2> 4.5)
+Jo, 7 Q(x) 7 dyx
(230;2]—[(;6]1) [ 2], lou Dy (0u1)| + <1 + [3]q) |0 Dg® (012) |

+ (141],) [“Dg0 (01)] + g [2], | Dy (a02)] |
Proof. By taking modulus in (4.1), we have

(;x|2+tx2 (P( ) “];OQ dqx

1 T Ol + O
-0 <> (4.6)
Ol — O 0‘1;“2 o oy 2

+ ot Q(x) T2 dgx

(ap—ouy) [ 1 oL + 0 oL + 0
ST /o (1—gt) |0, Dy® > +1|on— >
1
+/0 (1—qr) O‘ZDq(p(al;aert(ocl—al;az)) dqt].

Since the functions ‘aqu(p} and ‘“2Dq(p| are convex, we have

1 0 a2 o+ o + 02
— [/M;%(p(x) wmdirs [T 000 "] o (M%)

SW[/OI(I—W) ((1 )\al /@ (0 |+<1—2i_t>‘oc]Dq(P(062)‘>dqt
+/ (1—qt) (( )\0‘2Dq(p (o) H(l )\O‘ZDq(p )|>dqt}

dyt
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143,

22,13,

_ (0621061) Zé]q | Dy (0t1)| +

1+ 3] q
2[2], 3],
Thus, the proof is completed. O

|06|D61(P(0L2)‘

o q o
‘ qu(p(ocl)|+T3]q‘ 2Dq(p(oc2)\ )

Remark 2. In Theorem 2, if we set the limit as ¢ — 1, then we obtain [1 1, The-
orem 2.2].

Theorem 3. We assume that the conditions Lemma 3 hold. If the functions ‘a, Dq(p‘s
and |°‘2Dq(p‘s, s > 1 are convex, then the following inequality holds:

fgaaz () ()C) o erocz dqx
o + 0l
— 4.7
Olr — O o +ap oy +op (p < 2 ) ( )

o 0() 7 dgx

< (p—auy) (1 s q[2], | Dy (ou1)[* + (1+[3]q) |ou Dy (002) |
-4 2],

1

(1+03],) [=Dgo (@) +42],|“Dyo (a2)

" 20,1,

Proof. By using the power mean inequality in (4.6), we have

1 o2 @ ap+oy o + 0
Sy @) ssmdprt [T 00 " x| o (25

Oy — 0 |JuT% o

SM(/JO—W)W)
X 1(l—qt) a Dg® al+a2+t az_oc1+oc2

(I (7% (e3%))

—i—(/ol(l—qt) O‘qu(p(a];az—&-t(Ou—al;az))

By using the convexity of the functions ‘aqu(p‘S and }O‘ZDq(p

1
=5

5 5
dqt>

s 5
dqt> ] .

S
, we have

oc1+(x2

1 o 2 L) Ol + O
— [ﬁ,;%@(x)m;aquw/m o) 2dqx]—<p( : )‘
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< (OQZO“) (/01 (l_qf)dqt)
X [</01(1_6ﬂ) ( % ‘“IDQ(P((Xl)“Y—k% “Xqu(P(O‘Z)‘S) dqt>s

. </01(1_qt) (12+t‘a2Dq(p(a])}s+12_’\GZchp(ocz)\s> dqt>1]

1-1
(p—o) (1) ° q ) 2l
- % <[2]q> (2[3]q | Dgp (1) | + W |1 Dy (02)] )

s

1
1=5

1+[3]q o K q o P
+<2mqmq‘ Dq@(“l)‘ er’ Dq(p(ocz)‘>

Thus, the proof is completed. g

Theorem 4. We assume that the conditions Lemma 3 hold. If the functions ‘a, Dq(p‘s

and {O‘ZDq(p *. s > 1 are convex, then the following inequality holds:
| wpray @ (X) wrerdgx
2 o (07
B < 1+ 2> 4.8)
Ol — Oy apton o +oy 2

+f(xlT (p(x) 2 dq.x

<(O€2—O€1) 1_(1_q)r+1 % q‘aqu(p((X1)|s+<[2]q+l) ‘aqu(p<0(,2>}s
=2 alr+1], 20

q

(121, +1) [=Dg0 (0)] + g %Dy (o)

2[2), ’

+

where s~ +r71 =1.

Proof. By applying Holder’s inequality in (4.6), we have

1 * 2 ooy o 4o
[/ 00 wedat [ o) d]cp( - 2)‘

Oy — 0 |JUT% o

< (062;0&1) (/01 (1 —qr)’alqt)i
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1

! o + o o + o : s
(0 b5 52
1

1 § 5

+(/0 “ZDq(p<O°1J2ra2+t<oc1—alJ2ra2>) dqt> ]

. . N N
Since the functions ‘aqu(p} and “"ZDq(p| are convex, we have

o +0t2

1 o2 2 o)+ oy + 0
— [/M;agp(x)m;aquw/m o) quxlcp( : )‘

< (0‘2;0‘1) </01 (1 —qt)rdqt) r

X [(/01 (lz_t \aqu(p(ocl)}er% \aqu‘P(OCZNS) dyt

N—
o

1

(o —oy) 1—(1—51)rJrl ' q s [2]q+1 i\
- 4 q[r+1]q 2[2]q ‘(Xqu(p((x‘l)‘ + 2[2]q |0(qu(p(a‘2)’
[2]q+1 o s 49 o s :
+< 22, 12Dy (011)| +T2]q‘ Dy (03)]
Hence, the proof is completed. U

5. EXAMPLE

In this section, we give an example to support one of the newly established in-
equalities.

Example 2. For a convex functions @ : [1,3] — R is defined by ¢ (x) = x+ 2. From
Theorem 2 with g = %, the left hand side of inequality (4.5) becomes
1 02 2 o +0y Ol + O
— [/ 0() sgmdpt [ 7 000 “Fapr| —o(*1 )‘

1] /3 2 1
- / (x+2) 2d1x+/ (x+2) %dix| —4|=|=(4+4)—4|=0
21/ 3 1 4 2

o +0p
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the right side becomes

812], 3] [q [Z]q ‘ochq(P ((Xl)‘ + (1 + [3]q> ‘aqu(p (052)‘

qt~q

n (1 + [3]q> %D (ou)| +¢[2], I“ZDq<P(ocz)\]

B 8(1+61)(312+q+1) @+¢+a) +alg+ D) +qlg+ D)+ (244" +q)]
1
=i T @ e tUTe )= y=5=08

clear that

0<0.8

which demonstrates inequality (4.5).

6. CONCLUDING REMARKS

In this paper, we have established some new Hermite-Hadamard inequality for
convex functions in the context of quantum calculus. Moreover, we have proved
some quantum estimates for midpoint-type inequalities for g -differentiable convex
functions. It is also has proven by some mathematical examples that the newly es-
tablished inequalities are valid for any convex function. It is an interesting and new
problem that the upcoming researchers can obtain similar inequalities for coordinated
convex functions.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

REFERENCES

M. A. Ali, H. Budak, Z. Zhang, and H. Yildirim, “Some new Simpson’s type inequalities for
coordinated convex functions in quantum calculus,” Math. Methods Appl. Sci., vol. 44, no. 6, pp.
4515-4540, 2021, doi: https://doi.org/10.1002/mma.7048.

N. Alp, M. Z. Sarikaya, M. Kunt, and 1. Iscan, “q-Hermite Hadamard inequalities and quantum
estimates for midpoint type inequalities via convex and quasi-convex functions,” Journal of King
Saud University-Science, vol. 30, no. 2, pp. 193-203, 2018, doi: 10.1016/j.jksus.2016.09.007.

S. Bermudo, P. Kérus, and J. Ndpoles Valdés, “On g-Hermite—Hadamard inequalities for
general convex functions,” Acta Math. Hungar., vol. 162, no. 1, pp. 364-374, 2020, doi:
https://doi.org/10.1007/s10474-020-01025-6.

H. Budak, S. Erden, and M. A. Ali, “Simpson and Newton type inequalities for convex functions
via newly defined quantum integrals,” Math. Methods Appl. Sci., vol. 44, no. 1, pp. 378-390, 2021,
doi: https://doi.org/10.1002/mma.6742.

Y. Deng, H. Kalsoom, and S. Wu, “Some new quantum Hermite—Hadamard-type estimates within
a class of generalized (s, m)-preinvex functions,” Symmetry, vol. 11, no. 10, p. 1283, 2019, doi:
https://doi.org/10.3390/sym11101283.

S. S. Dragomir and C. Pearce, “Selected topics on Hermite-Hadamard inequalities and applica-
tions,” Science Direct Working Paper, no. S1574-0358, p. 04, 2003.

S. Dragomir and R. Agarwal, “Two inequalities for differentiable mappings and applications to
special means of real numbers and to trapezoidal formula,” Appl. Math. Lett., vol. 11, no. 5, pp.
91-95, 1998, doi: https://doi.org/10.1016/S0893-9659(98)00086-X.


http://dx.doi.org/https://doi.org/10.1002/mma.7048
http://dx.doi.org/10.1016/j.jksus.2016.09.007
http://dx.doi.org/https://doi.org/10.1007/s10474-020-01025-6
http://dx.doi.org/https://doi.org/10.1002/mma.6742
http://dx.doi.org/https://doi.org/10.3390/sym11101283
http://dx.doi.org/https://doi.org/10.1016/S0893-9659(98)00086-X

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

A NEW ¢g-HERMITE-HADAMARD’S INEQUALITY 1567

D. O. Jackson, T. Fukuda, O. Dunn, and E. Majors, “On g-definite integrals,” in Quart. J. Pure
Appl. Math. Citeseer, 1910.

V. G. Kac and P. Cheung, Quantum calculus. Springer, 2002, vol. 113.

H. Kalsoom, M. Idrees, D. Baleanu, and Y.-M. Chu, “New estimates of-Ostrowski-type inequal-
ities within a class of-polynomial prevexity of functions,” J. Funct. Spaces, vol. 2020, 2020, doi:
https://doi.org/10.1155/2020/3720798.

U. S. Kirmaci, “Inequalities for differentiable mappings and applications to special means of real
numbers and to midpoint formula,” Appl. Math. Comput., vol. 147, no. 1, pp. 137-146, 2004, doi:
https://doi.org/10.1016/S0096-3003(02)00657-4.

M. A. Noor, K. I. Noor, and M. U. Awan, “Some quantum estimates for Hermite—
Hadamard inequalities,” Appl. Math. Comput., vol. 251, pp. 675-679, 2015, doi: ht-
tps://doi.org/10.1016/j.amc.2014.11.090.

I. B. Sial, S. Mei, M. A. Ali, and K. Nonlaopon, “On some generalized Simpson’s and Newton’s
inequalities for (¢, m)-convex functions in g-calculus,” Mathematics, vol. 9, no. 24, p. 3266, 2021,
doi: https://doi.org/10.3390/math9243266.

J. Soontharanon, M. A. Ali, H. Budak, K. Nonlaopon, and Z. Abdullah, “Simpson’s and Newton’s
inequalities for (o, m)-convex functions via quantum calculus,” Symmetry, vol. 2022, no. 14, p.
736, 2022, doi: https://doi.org/10.3390/sym14040736.

J. Tariboon and S. K. Ntouyas, “Quantum calculus on finite intervals and applications to im-
pulsive difference equations,” Adv. Difference Equ., vol. 2013, no. 1, pp. 1-19, 2013, doi:
https://doi.org/10.1186/1687-1847-2013-282.

Authors’ addresses

Thanin Sitthiwirattham

Mathematics Department, Faculty of Science and Technology, Suan Dusit University, Bangkok,
Thailand

E-mail address: thanin_sit@dusit.ac.th

Muhammad Aamir Ali

(Corresponding author) Jiangsu Key Laboratory of NSLSCS, School of Mathematical Sciences,
Nanjing Normal University, 210023, China

E-mail address: mahr .muhammad.aamir@gmail.com

Asghar Ali
Department of Mathematics, Government Postgraduate College Sahiwal, Pakistan
E-mail address: 1ecasgharali@gmail.com

Hiiseyin Budak
Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, Turkey
E-mail address: hsyn.budak@gmail.com


http://dx.doi.org/https://doi.org/10.1155/2020/3720798
http://dx.doi.org/https://doi.org/10.1016/S0096-3003(02)00657-4
http://dx.doi.org/https://doi.org/10.1016/j.amc.2014.11.090
http://dx.doi.org/https://doi.org/10.1016/j.amc.2014.11.090
http://dx.doi.org/https://doi.org/10.3390/math9243266
http://dx.doi.org/https://doi.org/10.3390/sym14040736
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-282

	1. Introduction
	2. Basics of q-calculus
	3. q-Hermite-Hadamard inequality
	4. Midpoint inequalities
	5. Example
	6. Concluding remarks
	References

