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Abstract. Inthis article, we deal with a logarithmic wave equation with distributed delay. Firstly,
we establish the well-posedness by utilizing the semigroup theory. Later, we obtain the global
existence of solutions by using the well-depth method. Moreover, under appropriate assumptions
on the weight of the distributed delay and that of strong damping, we get the exponential decay
results.
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1. INTRODUCTION

In this paper, we deal with the following logarithmic wave equation with distrib-
uted delay:

sy — Au— g Auy (x,1) — fr? o (s) Auy (x,t — 5)ds

= u|ul’ I |ul~, in Q x (0,00),

u(x,1) =0, onoQ x (0,00), (L1
ur (x,—t) = fo(x,—t), 0<t<1y,

M(X,O) = Uup (x)7 Ut (X, 0) =up (X), in €,

where Q is a bounded and regular domain of R". k, u; are positive constants, the in-
tegral term denotes the distributed delay for T; < T and w : [T1,T2] — R is a bounded
function and ug, u;, fo are the functions of the initial data to be specified later.

The study of the asymptotic behavior of wave equation is an old and large areas
because it is important in the applications, for this reasons wave equation has been
taking different forms and names according to the phenomena it describes and also
the material using in the experiment. In this paper we will study the nonlinear wave
equation (1.1) with time delay. Also, in the same equation, we add the logarithmic
source term which seems in inflation cosmology, nuclear physics, geophysics and
optics, for instance (see [3-5,7,12]). To give a problem describe a phenomena enough
perfect, we must take a consideration the delay which appears in practical phenomena
like physical, biological, economic and some of themes. Furthermore, delay term
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influenced on the stability and instability of the studied system and many papers has
been discussed the both situations, for example [8—10, 16].

During the past decades, many authors considered extensively on existence, nonex-
istence, stability and blow-up of solutions for the strongly damped wave equations
with source term as follows:

Uy — Au— OAu; + puy = f (u) . (1.2)

Firstly, Sattinger [28] studied the existence of local as well as global solutions for the
equation (1.2) with ® = u = 0 by introducing the concepts of stable and unstable sets.
In [13], Ikehata looked into the decay and blow-up of solutions for the equation (1.2)
with linear damping that is ® = 0 and u > 0. In [1 1], Gazzola and Squassina obtained
the global existence and blow-up results for the equation (1.2) with both weak and
strong damping (® > 0). In the case of logarithmic source term f (i) = uln|ul*,
Ma and Fang [20] obtained the existence and blow-up results for the equation (1.2)
with @ =1, y=0and k = 2. In [18], Lian and Xu established the global existence,
energy decay and blow-up results in the case ® > 0 and u > —®A, here A is the first
eigenvalue of the operator —A under homogeneous Dirichlet boundary conditions.
It is well known that, in the n-dimensional case, the equation:

Uy — Au+ apuy (x,t) +auy (x,t — ) = 0, (1.3)

is exponentially stable without delay (a = 0, ag > 0), (see [19, 35]). With delay
term (a > 0), Nicaise and Pignotti [23] considered the equation (1.3) and established,
under the condition that the weight of the feedback is larger than the weight of the
delay (a < ap), that the energy of (1.3) is exponentially stable. If the delay term in
the equation (1.3) is replaced by the distributed delay:

/Tza(s) u (x,t —s)ds,

T

exponential stability of solutions have been proved in Ref. [22] under the assumption:

T2
/ a(s)ds < ap.
T
Without logarithmic nonlinearity (u |u|”~*In|u|*), the equation (1.1) takes the follow-
ing form:
T2
Uy — Au— g Auy (x,1) — / w2 (8) Auy (x,t —s)ds =0, (1.4)
Tl

Messaoudi et al. [21], established the well-posedness and obtained an exponential de-
cay results under a suitable assumption on the weight of the damping and the weight
of the delay of the equation (1.4 ). Furthermore, in [21], they extended the results
obtained to the case of strong delay (uyAu; (x,t —T)) in same work. Some other re-
searchers considered delayed hyperbolic-type equations (see [2, 14,15,25,27,29-34]).
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Motivated by previous works and in the presence of strong damping (—u; Au; (x,1)),
distributed delay (/2 (s) Au; (x,t —s) ds) and logarithmic (uul” ~21n |u/*) nonlin-
earity, we consider the well-posedness, global existence and exponential decay for
the logarithmic wave equation (1.1) with strong damping and distributed delay.

The contents of this work is organized as follows: In Section 2, firstly, we obtain
the well-posedness by utilizing the semigroup theory. Then, in Section 3, we establish
the global existence results by the well-depth method. Finally, in Section 4, we get
the exponential decay of solutions.

2. WELL-POSEDNESS

As usual, the notation ||.||, denotes L” norm and (.,.) is the L? inner product. In
particular, we write ||.|| instead of ||.||, (see [1,26], for details). Similar to the [23],
we introduce the new variable

z2(x,p,8,1) = uy (x,0 —ps), in Qx (0,1) x (t1,T2) X (0,00).
Hence, we get
5z (x,P,8,8) +2p (x,p,5,1) =0in Q x (0,1) X (T1,72) X (0,00).
Therefore, the problem (1.1) becomes the form:
Uy — A — py Aug (x,1) — [y (5) Az (x,1,5,1) ds

= ululP > In|ul*, in Q x (0, +o)
571 (x,p,8,t) +zp (x,p,5,1) =0, inQx (0,1) x (11,72) X (0,4c) @0
u(x,1) =0, on 0Q x (0, )
u(x,0) =up (x), u (x,0) = uy (x), in Q
z(x,p,s,0) = fo (x,—ps), inQx(0,1) x (t1,72).
We establish the local existence utilizing the semigroup theory [17,24]. Let v = i

and denote by
T T p—2 k T
® = (u,0,2)", ®(0) = Do = (g, u1, fo (-,ps)) andJ(cp):(o,u\uy In |u ,0)

Hence, (2.1) can be written as an initial-value problem:

P+A4P =J(P),
{ ®(0) =y, @2
where the linear operator 4 : D (A4) — # is defined by
-V
AP = | —Au—wAv— [ u(s)Az(x,1,5,0)ds |,
5%p
where D (A4) and # are introduced below.
The setting space of & is the Hilbert space

H =Hj (Q) x L* (Q) x L* ((0,1) x (t1,72) : Hy (Q)),
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equipped with the inner product

~ T2 1
<c1>,c1>> - / (VuVii +00) dx + / / s|u2 (5)] / VzVzdpdsdsx,
H Q QJr 0

for all ® = (u,0,z)" and ® = (i,9,2)" in #. The domain of 4 is

_ cI>€7-[:(u+,u D+(:12.U (S)Z))EHZ(Q)’
D(ﬂ)_{ Z,ZpGLz((O,l);(TI:TZ);;I(; (Q)).2(-,0,-) = }

Now, we obtain the local existence and uniqueness of solutions as follows:
Theorem 1. Suppose that iy > [ 2 (s) ds and
p>2 ifn=1,2,
{ 2 < p< ol ifn>3.
Then, for any ®y € H, problem (2.2) has a unique weak solution
®cC(0,T);H).
Furthermore, if ®y € D (A4), the solution of (2.2) satisfies
®cC'([0,T),H)NC([0,T),D(A)).

Proof. We will utilize the Hille-Yoside theorem [6, 17]. For this aim, we indicate
that 4 is monotone. Thus, for all € D(4), we obtain

(2.3)

(AP, D), /VDVudx
/ [Au—i—,ulAD—l—/ w (s Az(x,l,s,t)ds] dx
+ / / 12 ()| / VoVzpdpdsdx 2.4)

_m/ V| dx+/w </ ()Vz(x,l,s,t)ds)dx

+2 / / 2 ()] V2 (x, 1,5,1) P dsdx
2 Q T

1o )
—f// 2 (5)| [ Vo 2 disdx.
2 Q T

By using the Young’s inequality, the estimate (2.4) becomes the form:

T T2
<zc1>,q>>ﬂ2u1/ |Vu|2dx—’”2’// Vu|2dsdx—‘“2‘// |Vv|? dsdx
O 2 QJr 2 QJr

T2
= <‘u] —/ ‘[Jz‘ (s)ds)/ ‘VU’ZdXZ 0.
T Q

Therefore, A4 is a monotone operator.
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To indicate that 4 is maximal, we establish that for each:

= (f7g7h)T e -7-[9
there exists V = (,v,z)" € D(4) such that (I+4)V = F. That is,
u—v =f
D_Au_“lAD_fﬂcﬁ? |,L12 (S)|M(X,1,S,l‘)ds =8
sz+zp = sh.

As z(.,0,.) = u— f =, by the third equation of (2.5), we infer that

p
z2(op,)=(u—fle ™ “67”/ h(.Y.s)etdy.
0
By substituting (2.6) in the second equation of (2.5), we have
u—kAu = G,

where

T2
k:1+y1+/ |z (5)|ds > 0,
T
()
G=8+f—(.ul+/ ’Hz(s)fest>Af

/ 12 (s) / Ak (y,x)ePdyds € H' (Q).
We define, over H{ (Q), the bilinear and linear forms:
B(u,w) = / uwdx—i—k/ VuVwdx, L(w) = (G,w)H,leé .
Q Q
We see that B is coercive and continuous, and L is continuous on H} (Q).
Then, Lax-Milgram theorem specifies that the equation
B(u,w) =L(w),Yw € H} (Q),

has a unique solution u € H} (Q). Thus, v =u— f € H} (Q).
As aresult, by (2.6), we obtain

2,2p € L* (@ x (0,1) x (t1,72)) and z(.,0,.) = v.
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(2.5)

(2.6)

2.7)

(2.8)

(2.9)

Replacing Af by A(u—v) and se™* fol Ah(7,x)e¥dy by Az(x,1,s) — e *Av in the

right-hand side of (2.9) and utilizing the Green’s formula, we get

/Qul)—l—/QV<u—|—,u11)+/ntzy2(s)e_sz(x,l,s)ds) Vw:/g(f+g)w,VwEH& (Q).

From the standard elliptic regularity theory [0], we have

T2
u+,u11)+/ w(s)e™z(.,1,5)ds € H*(Q).
T1
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Hence,
T
A(u—I—,ullH-/ ,uz(s)e_sz(.,l,s)ds> =g+f-ucl*(Q).
T1
Thus,
V=(u,0,2)" €D(A).

As aresult, I + A4 is surjective and then 4 is maximal.
Finally, we denote that J : %/ — H is locally Lipschitz. Hence, if we set:

f(s)=Is|” 2sn|s*, |s| £ 0and f(s) =0, |s| =

>

then

s| #0and f'(s) =0, |s| =0.

f1(9)=k[1+(p—1)Inls[][s|" 2,
Thus,

~ 2 2
HJ(cp)—J(cp)H :H(O,]u|p_2uln\u]k—]ﬁ|p_2b~tln\ﬁ]k,0>H
H H

2
a2 fuf (a2 |||

aln|al*

uln |ul

= ||f ()= F @I
By the mean value theorem, we obtain, for some 6 € [0, 1],
| () —f @) =|f (Bu+(1—8)a) (u—u)|
:k) [+ (p— 1) In|6u+ (1—6) ] |6u+ (1 —8) "2 (u— i)
<k[1+(p—1)|In|0u+(1—0)a]|]|0u+ (1—6)u"?|u—1i|
—k(p—1)[In|Bu+ (1—0)a]||0u+ (1—0)a” ?|u—1u
+k|Ou—+ (1—8)al” 2 |u—ua].
To control the logarithmic term
In|Bu+ (1—0) ] |Bu+ (1—8)a)” 2,

seems in the last inequality we remind that, for any € > 0,

ls]—+o0 ||

Then, there exists B > 0 such that
In|s|
sI°
Hence, whenever |0u+ (1 —0)u| > B, we get
In|Bu+(1—0)u] <|0u+(1—0)ul®,
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and
In|0u+ (1—06)ul|6u+ (1 —e)ml’*z < |Bu+(1 _e)mp72+s'
Since p > 2, then for some A > 0 and |6u+ (1 —8)u| < B, we obtain

In|Bu+ (1—0) ] |Bu+ (1—8)a)” * <A.
Thus, we get
In|0u+ (1 —0)a][Bu+ (1—0)a" > <A+ |0u+(1—6)u” >,
Then, we obtain the following estimation for
[ () = f (@) < k(p—1)]But(1-0)al”> " |u—1]
+k|Ou~+ (1—0)al" 2 |u—i| +kA(p—1) |lu— 1|
<k(p—1) (lul + [al)" " |u— ] (2.10)
ke (Jue] 4 )72 e — ) + KA (p = 1) |u— ]
As u, ii € H} (Q), by utilizing Holder’s inequality, (2.3) and the Sobolev embedding

2
(@ o L/(@) 1<r< =
n_

to have

2
[ [l i@y ] dx= [l (@) -
Q Q

gc(/ (Jua] + ] 2P~ 1dx>5 </Q|u a2 1dx>ll

~ 1 ~12
<€ [l gy + IS0 )] s

-2
2(p—1 ~112(p—1 - ~
< Il 1TRL " iy -

—N

/\

Similarly,
2
[ i@y ) = [ (@)
Q Q

p—2

2(p-2+€)(p—1) p—1 —2(p—1)
< (f Qa5 ) ([ =
Q

_ 1y 2&(=1) = -
S </ (’M|+|M|)2(p 1)+ p—2 dx) ||M—M||1242(,,71)(Q).

, by choosing € > 0 small enough, such that

L
—1

|
[}

( )

Since p <

2e(p—1) 2n
=2(p—1 < .
(p=1)+ p—2 T n-=-2
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Thus, we get
~\2(p—2 ~2 * ~p* T
/Q(Iu|+|ul) P2 i dx < C [l g N | M= 00 g

p—2

* —~ >k ’71 —~ 2
< C |l g+ 12 | =l g

Thus, by combining the last three estimations, we get

bors @), < -1 -

v (g + e

N T
o (lllyy g+ 1 )| Nt =3

< (llnlly(c WHH(;(Q)) =il 0

Hence, J is locally Lipschitz. Then, as a consequence of the Theorem 1.2 page
184, Pazy [24] (see also a remark in the beginning of page 118, Komornik [17]), we
complete the proof. O

3. GLOBAL EXISTENCE

In this section, we establish that the solution of (2.1) is uniformly bounded and
global in time. The energy functional for the problem (2.1) is,

1, ., 1 5k 1 ‘
E(e) = 5l 4 5 9l = [l

1 1,10
b [ sl 011V (epos.) dsdpds (3.1)
2Jato Jy

The following lemma indicates that the energy functional is nonincreasing:

Lemma 1. The energy E (t) satisfies, along the solution (u,z) of (2.1), the estimate

£ <~ |u([Thmeias)| [ wuPax<o (32)

Proof. Multiply the first equation in (2.1) by &, and integrate over €2 and the second
equation in (2.1) by — |uz| Az and integrate over Q x (0,1) x (T1,72), sum up, we
obtain

dr

2 2 k
P 41Vl 5 el = ol
2
+3 foO |IL12( )HVZ(-xapwgat” depdx

T2
:—y1/ |V | dx—/Vut/ |z ()| Vz(x,1,s,t)dsdx
Q Q T
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1 T2
e (s)] / / / VaVz (x,p,s,1) dsdpd. (3.3)
QJ0o T1

Now, we handle the last two terms of the right-hand side for (3.3) as:

1 1
_’.UZ(S)’// / ViVzp (x,p,s,t) dsdpdx

alo Jy

_ |I«12(S)| oy .

o //0 /xl $[|Vz(x,p,s,t)| }dsdpdx

1
:2</ |2 (s )|ds>/|vut| dx
|:u2 |// |Vz x,l,Sl’ | dsdx
T1

and
T2
—/Vu,/ |\t ()| Vz(x,1,s,t)dsdx
Q T1
1

<5 ([ retas [ 1vuPavs ol [ [79ets0ta).

Thus, we obtain

dE (t 1 2
()S—,ul/ |Vu,2dx+</ Luz(s)]ds>/ Vi, |* dx
dt Q 2 T1 Q
T2
_ )] // \Vz(x,1,s,1)|* dsdx
2 Q T1
1/ e 2 " 2
+</ |,ug(s)|ds/ (V| dx+],u2(s)]// |Vz(x,1,s,1)] dsdx).
2 T1 Q Q Tl

Therefore, we get
T2
E'(1)<— [,u] - (/ \/.lg(s)\dsﬂ / Vi, [2dx < 0.
T Q

Firstly, we set
1) = [ulP = [ " n]ul*dx.
Q
1 5 k 1 L
t)== [ |Vu dx—{——up—f/uplnu dx
)= J Vel et~ [l in

1 1 T2
+—/// s|uz ()| [Vz (x,p,5,1)|* dsdpdx. (3.4)
2JaJo Jy
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Thus, we obtain
1 2
E(t)=J(t)+ 5 llu]"

Lemma 2. Assume that the initial data ug, uy € H} (Q) x L (Q) satisfying

2pE(0)\ T
p ()) <l
p—2

1(0) >OandB:ka+l<

Then, I(t) >0, for any t € [0,T].

3.5

Proof. Since I (0) > 0, we infer from continuity that there exists 7* < T such that

I(t) >0 forall r € [0,7*]. This implies that, for all 7 € [0,T"],

p—2 » k 1
J() = "—=|IVu|l"+ = ||lul|P+ —I(¢
(1) P [Vl sz 15 p (t)

1 1,10
5 ][ s @)1V2 s dsdpy.
2Jalo Jy

Thus, we get

p—2 2
J(t) > e [Vl

Therefore,

2p 2p 2p

Vull* < =20 (1) < = E(1) < ——E(0).
vl < a0 < 2 E@ < e )
On the other hand, by using the fact that In|u| < |u|, we obtain

/|u|P1n\u|dxg/ [P dx,
Q Q

where [ is chosen tobe 0 < [ < n%z, such that

prm2
p n—>2 n—2"

Hence, the embedding H]} (Q) — LP*! (Q), satisfies

/Q jul? 1n | dx < Cpyy | VP!

p—2+1
2

2 —2+1 2 2
=yt [Vl 19l = o[V (19

p—2+I1

2pE (0 2
sgﬂ(zf)) IVul?,

2

where C,; is the embedding constant.
As aresult, from (3.4) and (3.5), we have

1(t) > ||Vul* = B||Vul|* > 0, Ve € [0,T].

Therefore, 7* can be extended to 7.

(3.6)

3.7

(3.8)

(3.9)
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Theorem 2. Assume that the initial data ug, u; satisfy the conditions of Lemma 2,
then the solution of (2.1) is uniformly bounded and global in time.

Proof. It suffices to indicate that || Vul||*+||u,||* is bounded independently of 7. We
have,

1 1 k 1
E0)ZE@) =3 ||Mt||2+J(f) 25 ||Mr||2+ 7 [ull 5+ ;I(f)

2/// {12 (5)]|Vz (x, p.s,1) 2 dsdpdx

1
25 e+~ ( —B) [IVul*.
Therefore,
1Vul|* + ||us]|* < CE (0),
where C is a positive constant depending only on k, p and Cp 1. i

4. EXPONENTIAL DECAY

In this section, we establish the exponential decay results. Firstly, we give the
lemmas as follows:

Lemma 3. [2/] The functional

1 T2
— [ [ ] sl ()] V2o P dsdpa,
QJo T1

satisfies, along the solution of (2.1),

T2 T2
F{(t)§</ qu(S)ldS> [vulas— [ [ e 1192510 dsa
T Q QJ1
T 1 )
=[Sl )] [ e Ve Pdpdsd @.1)
Q T1 0

Lemma 4. The functional
F,(t) = NE (1) +£/ uudx + —/ Vu|? dx,

satisfies, along the solution of (2.1),

Ao <—{nfu- ([ |u2<s>|ds)] ~ef [ 1vufas
—e(1—-B—8)||Vu? +e // IVz(x,1,s,1)|* dsdx, (4.2)

where N, O. and € are positive constants.
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Proof. A direct differentiation, from the equations in (2.1), satisfies

RO <N [Chalas)| [ FuPas
-%e(/"nhydx ”/\Vu|dx+:/]uwhﬂu\dx>

—8// |t (5)|VuVz(x,1,s,t)dsdx. (4.3)
Q T1

From the Young’s inequality and the boundness property of u; (s), we get, for any
4 > 0 and some ¢, > 0,

2
—// |2 ()| VuVz(x,1,s,t)dsdx
Q T1

2 Cx © 2
gwwn+7//|wu¢wnww. (4.4)
46 QJt
Combining (3.7), (4.3) and (4.4), the result follows: O

Theorem 3. Assume that (3.5) holds. Then, there exist two positive constants c3
and cy4 such that
E(t) < cze” .

Proof. By setting
F (l‘) =F (l) +F (l‘) .
It is easy to see, for € small enough, that

F5(t)~E(t). 4.5)
From the (4.1) and (4.2), we get

A0 <~V ( [Chlas)] - ( [“haolas) e} 1vul?

s Cx w2
—e(1=B=8) |Vl = (¢ (o) —e35) [ [ IVzlx 15,0 dsdx
1

T 1
[ sl )1 [ e Vet posinP dpdsas w6
1

Since B < 1, by choosing & small enough such thatox=1—-B—3 > 0.
For some ® > 0, the embedding Hj} (Q) < L (Q) satisfies

g2 p=2
Jully < ClI9ulf < (IVal?) ™ [Vull> < € (E () [Vl

< o Vul%,

or
E0L

2

HMV>——WVNZ
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Therefore, (4.6) becomes the form

RO <~V ( [Chnlas)] - ([“halas) e} 1vul?

-1
ea ) €0 » .
= vl = Sl — (e e )]~ e // V2(5,1,5.)Pdsdx
T2 1 5
—// s |2 (s)]/ e P|Vz(x,p,s,1)|"dpdsdx. 4.7)
Q T1 0

Whence § is fixed, by choosing N to be large enough, such that

W= ([T elas)] = ([7 b 0las) e a9 -5 >0

Hence, (4.7) takes the form, for some C > 0,

2 2
Fz’(t)S—C[HVMzII I Vull ™+ [lull

+/// sl2 (5)] V2 (x, 9, 5,1) P dsdpelx

< —CE(t

From the equivalence relatlon (4.5) and taking a simple integration over (0,7), the
result is established. i
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