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Abstract. We call a ring R NJ-semicommutative if wh € N(R) implies wRh C J(R) for any
w,h € R. The class of NJ-semicommutative rings is large enough that it contains semicom-
mutative rings, left (right) quasi-duo rings, J-clean rings, and J-quasipolar rings. We provide
some conditions for NJ-semicommutative rings to be reduced. We also observe that if R/J(R)
is reduced, then R is NJ-semicommutative, and therefore we provide some conditions for NJ-
semicommutative ring R for which R/J(R) is reduced. We also study some extensions of NJ-
semicommutative rings wherein, among other results, we prove that the polynomial ring over an
NJ-semicommutative ring need not be NJ-semicommutative.
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1. INTRODUCTION

All rings considered in this paper are associative with identity unless otherwise
mentioned. R represents a ring, and all modules are unital. The symbols Z(R), E(R),
J(R), N(R),U(R), T,,(R), My(R), N*(R), and N, (R) respectively denote the set of all
central elements of R, the set of all idempotent elements of R, the Jacobson radical
of R, the set of all nilpotent elements of R, the set of all units of R, the ring of upper
triangular matrices of order n X n over R, the ring of all n X n matrices over R, the
upper nil radical of R, and the lower nil radical of R. For any a € R, the notation /(a)
(r(a)) stands for the left (right) annihilator of a.

Recall that R is said to be:

(1) reduced if N(R) = 0.

(2) semicommutative ([8]) if wh = 0 implies wRh = 0 for any w, h € R.

(3) abelian if E(R) C Z(R).

(4) directly finite if xy = 1 implies yx = 1, where x, y € R.

(5) left (right) quasi-duo ([7]) if every maximal left (right) ideal of R is an ideal
of R.

(6) 2-primal if N(R) = N.(R).

Let ME;(R) = {e € E(R) | Re is a minimal left ideal of R}. An element e € E(R)
is said to be left (right) semicentral if re = ere (er = ere) for any r € R. Following
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[13], R is called left min-abel if every element of ME;(R) is left semicentral in R. R
is called left MC2 ([13]) if aRe = 0 implies eRa = O for any a € R, ¢ € ME;(R).

2. RESULTS

Definition 1. We call R an NJ — semicommutative if a,b € R and ab € N(R), then
aRb C J(R).

Evidently, semicommutative rings are NJ-semicommutative. However, the con-
verse is not true (see the following example).

Example 1. In view of Corollary 10, 75(Z) is NJ-semicommutative, where Z is
the ring of integers. Note that ejjexn = 0, ejje12e20 = e, where ¢;; denote the
matrix units in 73(Z) whose (i, j)'" entry is 1 and zero elsewhere. So, T>(Z) is not
semicommutative.

Theorem 1. Left (right) quasi-duo rings are NJ-semicommutative.

Proof. Let R be a left quasi-duo ring, and M be a maximal left ideal of R. Let
w,h € R be such that wh € N(R). If w ¢ M, then M + Rw = R. This implies that
m+rw =1 for some m € M,r € R. So mh+rwh = h. By [14, Lemma 2.3], wh €
J(R) C M. Since M is an ideal, h € M. Therefore, either w € M or h € M. This yields
that wRh C M, and hence wRh C J(R), that is, R is NJ-semicommutative. Similarly, it
can be shown that R is an NJ-semicommutative ring whenever R is a right quasi-duo
ring. g

However, the converse is not true (see the following example).

Example 2. By [5, Example 2(ii)], H[x] is not right quasi-duo, where H is the
Hamilton quaternion over the field of real numbers. Since H[x] is reduced, it is NJ-
semicommutative.

R is said to be J-clean if for eachw € R, w = e+ j for some ¢ € E(R) and j € J(R).
Theorem 2. J-clean rings are NJ-semicommutative.

Proof. Let R be a J-clean ring, and w, h € R be such that wh € N(R). By hypo-
thesis, for any r € R, there exists e € E(R) such that wrh — e € J(R). We prove that
e = 0. Observe that

(wrh — e)? = wrhwrh — wrhe — e(wrh — e). (2.1)

Since wh € N(R), 1 —hw € U(R). As R is J-clean, 1 —hw —e; € J(R) for some
e1 € E(R). Therefore, 1 — (1 —hw)~'e; € J(R). This yields that (1 —Aw)~'e; € U(R)
and hence e¢; € U(R), that is, e; = 1. This implies that zw € J(R). So, from Equation
(2.1), wrhe € J(R). Note that wrh — e = j for some j € J(R). Hence e = wrhe — je €
J(R), and so e = 0. Thus, wrh € J(R). O
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However, the converse of Theorem 2 is not true; for example, any commutative
ring which is not J-clean (for example any field with more than two elements).

Following [6], for any w € R, the commutant of w is defined by comm(w) = {y €
R | yw = wy} and comm?(w) = {x € R | yx = xy for all y € comm(w)} is called the
double commutant of w. According to [4], R is called J — quasipolar, if for any
w € R, w+ f € J(R) for some f2 = f € comm?*(w).

The proof of the following proposition is similar to that of Theorem 2.

Proposition 1. J-quasipolar rings are NJ-semicommutative.
Theorem 3. If R/J(R) is NJ-semicommutative, then R is NJ-semicommutative.

Proof. Leta, b € Rand ab € N(R). Clearly, ab € N(R/J(R)). Since R/J(R) is NJ-
semicommutative , arb € J(R/J(R)). As R/J(R) is semiprimitive, arb € J(R). O

The converse of Theorem 3 is not true (see the following example), and hence a ho-
momorphic image of an NJ-semicommutative ring need not be NJ-semicommutative.

Example 3. Let R = Z37, be the localization of Z at 3Z and S the set of qua-
ternions over the ring R. Observe that § is a noncommutative domain. So, § is an
NJ-semicommutative ring. Observe that J(S) = 3S and S/3S = M>(Zs) via the iso-
morphism ¥ defined by W((xo/yo) + (x1/y1)i+ (x2/y2)j + (x3/y3)k+3S) =

—1 —1 —1 —1 —1 —1
X0Yg TX1y; —X2), X1y| +X2y, —X3y3

lefl +Xzy51 +X3y§1 xoya1 —xlyfl +x2y;1

forany (xo/yo)+ (x1/y1)i+ (x2/y2)j+ (x3/y3)k) +3S € §/3S. Take A = (g (1)) and
? ?) Observe that A*> € N(M(Z3)) and ABA ¢ J(Ma(Z3)) as J(Ma(Z3)) =

0. So, §/J(S) is not NJ-semicommutative.

B—=

Proposition 2. Let R be an NJ-semicommutative ring. Then
(1) R is left-min abel.
(2) If ab € N(R) then, either a € M or b € M for any maximal left ideal M of R.
(3) R is directly finite.

Proof.
(1) Let e € ME;(R) and a € R. Take w = ae — eae. Then ew =0, we = w and

w? = 0. Since R is NJ-semicommutative, wRw C J(R). As J(R) is semiprime,
w € J(R). If w =0, then we are done. Assume, if possible, that w # 0. Since
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Re is minimal left ideal of R, Re = Rw. As w € J(R), Re = Rw C J(R), a
contradiction. Thus, R is left-min abel.

(2) Let M be a maximal left ideal of R, and ab € N(R). Suppose a ¢ M. Then,
Ra+M =R. So, ra+m =1 for some r € R and m € M. Thus, bra+bm = b.
Since R is NJ-semicommutative, bra € J(R). So, b € M.

(3) Letwh = 1. Observe that (1 —hw)w1 € N(R). Since R is NJ-semicommutative,
(1 —hw)whl € J(R), thatis, 1 —hw € J(R)NE(R). Hence hw = 1.

O

A left R-module M is called Wnil-injective ([12]) if for each a (3 0) € N(R), there
exists a positive integer n such that ¢ # 0 and each left R-homomorphism from Ra"
to M can be extended to one from R to M.

It is evident that reduced rings are NJ-semicommutative. By Example 1, 75(Z) is
NJ-semicommutative, but it is not reduced. In this context, we have the following
result.

Proposition 3. If R is an NJ-semicommutative ring, then R is reduced in each of
the following cases:
(1) R is semiprimitive.
(2) R is a left MC2 NJ-semicommutative ring and each simple singular left R
module is Wnil-injective.

Proof. (1) Suppose h* = 0. Since R is NJ-semicommutative, 1Rk C J(R). As
J(R) is semiprime, 1 € J(R) = 0.

(2) Suppose h?> = 0 for some i (# 0) € R. Then, I(h) C M for some maximal
left ideal M of R. Assume, if possible, that M is not an essential left ideal of
R, then M = [(e) for some e € ME;(R). By Proposition 2 (1), R is left min-
abel, and since R is left MC2, by [13, Theorem 1.8], e € Z(R). So, eh =0.
Thus, e € I[(h) C M = I(e), a contradiction. Therefore, M is an essential
left ideal of R and R/M is simple singular left R module. By hypothesis,
R/M is Whil-injective. Define a left R-homomorphism ¥ : Rh — R/M via
Y(rh) = r+ M. As R/M is Whil-injective, 1 —ht € M for some 7 € R. Since
R is NJ-semicommutative, and #?> = 0, hRh C J(R). Therefore, 1 € J(R). So

1 —ht € U(R), a contradiction. Hence & = 0.
U

R is said to be:
(1) semiperiodic ([2]) if foreachw € R\ (J(R)UZ(R)), w? —w? € N(R) for some
integers p and g of opposite parity.
(2) left (right) SF ([10]) if all simple left (right) R-modules are flat.

Theorem 4. If R/J(R) is reduced, then R is NJ-semicommutative. The converse
holds if R is:
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(1) semiperiodic.
(2) left SF.

Proof. Suppose R/J(R) is reduced. Let ab € N(R). Clearly, ba € N(R/J(R)).
Since R/J(R) is reduced, ba € J(R). For any r € R, (arb)? = arbarb € J(R), that is,
arb € N(R/J(R)) =0 and so, arb € J(R).

Conversely;

(1) Suppose R is an NJ-semicommutative semiperiodic ring. Write R = R/J(R)
and let w € R with w?> = 0. Then by [2, Lemma 2.6], w?> € J(R) C N(R) U
Z(R). If w? € N(R), then wRw C J(R) (since R is NJ-semicommutative). As
J(R) is semiprime, w = 0. Suppose w? ¢ N(R), then w? € Z(R). If w € Z(R),
then wRw = 0. As R is semiprime, w = 0. Assume, if possible, that w ¢
Z(R) then w ¢ J(R)UZ(R). By [2, Lemma 2.3(iii)], there exist e € E(R)
and a positive integer p satisfying w” = wPe and e = wy for some y € R.
Hence ¢ = ewy = ew(l —e)y + ewey = ew(1 —e)y 4+ ew?y*. As R is NJ-
semicommutative, eR(1 —e) C J(R). Hence e € J(R), that is, e = 0. This
yields that w” = 0 and so w € N(R), a contradiction to w?> ¢ N(R). Therefore
W € Z(R) and so w = 0. Thus, R is reduced.

(2) Suppose R is an NJ-semicommutative left SF ring. By [ 1, Proposition 3.2],
R/J(R) is left SF. Let w? € J(R) such that w ¢ J(R). Assume, if possible,

inite
Rr(w)+J(R) =R, then 1 = x—i—f): risi, x € J(R), ri €R, s; € r(w). Then
inite

w=xw+ fZ risiw. Observe that s;w € N(R). As R is NJ-semicommutative,
siRw € J(R). This implies that w € J(R), a contradiction. Hence Rr(w) +
J(R) # R. There exist some maximal left ideal H satisfying Rr(w)+J(R) C
H. Note that w? € H. By [11, Lemma 3.14], w? = w?x for some x € H,
that is, w —wx € r(w) C H. So, w € H. Hence there exists y € H satisfying
w = wy, that is, 1 —y € r(w) C H. This implies that 1 € H, a contradiction.
Therefore, R/J(R) is reduced.

O

Corollary 1. If R is an NJ-semicommutative semiperiodic ring, then R/J(R) is
commutative.

Proof. Since R/J(R) is semiperiodic, by Theorem 4 (1) and [2, Theorem 4.4],
R/J(R) is commutative. 0

Corollary 2. If R is an NJ-semicommutative left SF, then R is strongly regular.

Proof. By Theorem 4, R/J(R) is reduced. Hence R/J(R) is strongly regular by
[11, Remark 3.13]. This implies that R is left quasi-duo, and hence by [1 |, Theorem
4.10], R is strongly regular. O

As an immediate consequence of Corollary 1 and Corollary 2, the following co-
rollary is obtained.
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Corollary 3. If R is an NJ-semicommutative, semiperiodic, left SF ring, then R is
commutative regular ring.

The proof of the following proposition is trivial.

Proposition 4. Suppose {Rs}sca is a family of rings, and A represents an index
set. Then IgcaRg is NJ-semicommutative if and only if Ry is NJ-semicommutative
foreach d € A.

Corollary 4. eR and (1 — e)R are NJ-semicommutative for some central idem-
potent e € R if and only if R is NJ-semicommutative.

Proposition 5. R is NJ-semicommutative if and only if eRe is NJ-semicommutative
foralle € E(R).

Proof. Suppose R is NJ-semicommutative. Let eae, ebe € eRe with (eae)(ebe) €
N(eRe). Since R is NJ-semicommutative, (eae)(ere)(ebe) € J(R) for all r € R. Since
eJ(R)e = J(eRe), (eae)(ere)(ebe) € J(eRe). Hence, eRe is NJ-semicommutative.
Whereas the converse is trivial. U

Proposition 6. Let I be an ideal of an NJ-semicommutative ring W and R a subring
of Wwith I C R. If R/I is NJ-semicommutative, then so is R.

Proof. Letx, y € Rand xy € N(R). Since W is NJ-semicommutative, xrgy € J(W)
for any ro € R. Therefore, for any r € R, 1 —xroyr € U(W). There exists w € W
such that w(1 — xrgyr) = 1 = (1 —xroyr)w. Note that Xy € N(R/I). Since R/I is
NJ-semicommutative, 7%y € J(R/I). This implies that 1 — %7%y7 € U(R/I). So there
exists 7 € R/ such that 7(1 — x7y7) = 1. This implies that 1 —z(1 —xrgyr) € I. Hence,
w—t(1 —xrogyr)w € R, that is, w € R. Hence xrgy € J(R). O

Corollary 5. Let I be an ideal of an NJ-semicommutative ring W and R an NJ-
semicommutative subring of W. Then, I+R is NJ-semicommutative.

Proof. Follows directly from Proposition 6. ([l

Corollary 6. Every finite subdirect product of NJ-semicommutative rings is NJ-
semicommutative.

Proof. Let R/K and R/L be NJ-semicommutative rings for some ideals K and L
of R with KNL =0. Define ¥:R — R/K@R/L via ¥(x) = (x+K,x+L). So
R = Im(¥). By hypothesis, Im(¥)/¥(K) = R/K is NJ-semicommutative. Observe
that ¥(K) C Im(¥) C R/K @ R/L. By Proposition 6, R is NJ-semicommutative. [J

Corollary 7. Let K and L be ideals of R such that R/K and R/L are NJ-semi-
commutative. Then, R/(K N L) is NJ-semicommutative.

Proof. DefineW:R/(KNL)—R/Kand®:R/(KNL)— R/Lvia¥(r+KNL)=
r+K and ®(r+KNL) = r+L, respectively. Clearly, ¥ and ® are epimorphism with
ker(¥) Nker(®) = 0. So, R/(KNL) is the subdirect product of R/K and R/L. By
Corollary 6, R/(K NL) is NJ-semicommutative. O
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Lemma 1. Let I be a nil ideal of R such that R/I is an NJ-semicommutative ring.
Then, R is NJ-semicommutative.

Proof. Let w, h € R and wh € N(R). Clearly, wh € N(R/I). Since R/I is NJ-
semicommutative, wiph € J(R/I) for any ry € R. So 1 —wryhi € U(R/I) for all
r € R. So (1 —wryh#)s = 1 = 5(1 — wiphF) for some s € R. This implies that 1 —
(I —wrohr)s € 1. Since [ is nil, (1 —wrohr)s € U(R) and hence 1 —wrohr € U(R).
Therefore wroh € J(R), that is, R is NJ-semicommutative. O

Proposition 7. If K and L are ideals of R such that R/K and R/L are NJ-semi-
commutative, then R / KL is NJ-semicommutative.

Proof. Observethat KLC KNLandR/(KNL)=(R/KL)/((KNL)/KL). Clearly,
((KNL)/KL)*> = 0, and by Corollary 7, R/(KNL) is NJ-semicommutative. By
Lemma 1, R/KL is NJ-semicommutative. O

The following result is an immediate consequence of Proposition 7.

Corollary 8. The following are equivalent for an ideal I of R.

(1) R/I is NJ-semicommutative.
(2) R/I" is NJ-semicommutative for all positive integer n.

A Morita context ([9]) is a 4-tuple M), where R;, R, are rings, M is

1
P R
(R1,R2)-bimodule and P is (Ry,R;)-bimodule, and there exists a context product
M x P — R; and P x M — R, written multiplicatively as (m, p) — mp and (p,m)

R M) . T . . .
pm. Clearly, < Pl R > is an associative ring with the usual matrix operations.
2

A Morita context is said to be trivial if the context products are trivial,

1
P R
that is, MP = 0 and PM = 0.

P Ry
NJ-semicommutative if and only if Ry and R, are NJ-semicommutative.

Proposition 8. Suppose R = (Rl M> is a trivial Morita context. Then R is

Proof. Suppose R is NJ-semicommutative. By Proposition 5, eRe is NJ-semi-
commutative. So R; and R, are NJ-semicommutative. Conversely, assume that R

and R, are NJ-semicommutative and ot = am B = "o € R be such
p1 b po bo
that o € N(R). Then ajap € N(R;) and b1by € N(Rz). Let y= (Z ’Z be any

element of R. Since R and R, are NJ-semicommutative rings, ajaag € J(R;) and
bibby € J(R}). Therefore oy € J(R). Hence R is NJ-semicommutative. O
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R M
0 Ry

triangular matrix ring. It is well known that J(R) = (J(Rl) M > .

Let Ry and R; be any rings, M a (R, R;)-bimodule and R = ) , the formal

0 J(Ry)
Corollary 9. Let R| and R, be any rings and M a (R,R)- bimodule. Then
<I§)] ?j) is NJ-semicommutative if and only if Ry and Ry are NJ-semicommutative.
2

Corollary 10. R is NJ-semicommutative if and only if T,,(R) is NJ-semicommutative.

Proposition 9. The following are equivalent.
(1) R is NJ-semicommutative.

a apn ... din-1) Aain
0 a ... ayu-1) am
2) R, = : . : : ra,aij €R, i< j o is NJ-semi-
0o 0 ... a A(n—1)n
o o0 ... 0 a
commutative.
0 ap ain
0 0 ... Aop
Proof. (1) = (2) Let I = . . . :a;j€R p C R, Note
o o0 ... O

that 7 is an ideal of R, and I" = 0. Also R,/ = R. By Lemma 1, R, is NJ-
semicommutative.

(2) = (1) It follows from Proposition 5. O
Corollary 11. The following are equivalent.

(1) R is NJ-semicommutative.

(2) R[x]/ <x™ > is NJ-semicommutative for any positive integer n, where < x" >
is the ideal generated by x" in R|x|.

Proof. Observe that

ay a asz ... dp—1 ay
0 ay ay ... Aap—2 a4y
R[x]/ <x" >= S :a; €R %. So, the proof fol-
0 0 0 e aq ar
0o o0 o0 ... O a

lows from the proof of Proposition 9.

Let A be a (R,R)-bimodule which is a general ring (not necessarily with unity) in
which (aw)r = a(wr), (ar)w = a(rw) and (ra)w = r(aw) hold for alla,w € A and r €
R. Then ideal-extension (also called Dorroh extension) I(R;A) of R by A is defined
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to be the additive abelian group /(R;A) = R® A with multiplication (r,a)(s,w) =
(rs,rw+as+aw).

Proposition 10. Let A be an (R,R)-bimodule which is a general ring (not neces-
sarily with unity) in which (aw)r = a(wr), (ar)w = a(rw) and (ra)w = r(aw) hold
for all a,w € A and r € R. Suppose that for any a € A there exists w € A such that
a+w-+aw = 0. Then the following are equivalent.

(1) R is NJ-semicommutative.
(2) Dorroh extension S = I(R;A) is NJ-semicommutative.

Proof. (1) = (2) Suppose R is NJ-semicommutative and o. = (r,v), = (p,w) €
S be such that aff € N(S). Let y= (s,u) be any element of S. Since R is NJ-
semicommutative rsp € J(R). We claim that ayp € J(S). Now, let (0,a) € (0,A). For
any (r1,a;) € S, we have, (1,0) — (0,a)(r1,a1) = (1,—ar; —aa;). By hypothesis,
there exists ap € A such that (1, —ar; —aa;)(1,a2) = (1,0). Therefore (0,4) C J(S).
Note that oy} = (rsp,w) for some w € A. So if we show (rsp,0) € J(S) then we
are done. Let (ri,v;) be any element of S. Then (1,0) — (ri,vi)(rsp,0) = (1 —

rirsp,—virsp) €U(S),as (1 —rirsp, —virsp) = (1 —rirsp,0)(1, (1 —ryrsp)~ ! (—virsp))

and (1,(1 —ryrsp)~H(—virsp)) = (1,0) + (0, (1 — ryrsp) ~ ' (—virsp)) € U(S). Thus
(rsp,0) € J(S) and hence oy} € J(S). Therefore S is NJ-semicommutative.

(2) = (1) Leta, b € Rand ab € N(R). Clearly, (a,0)(b,0) € N(S). Since S is
NJ-semicommutative ring, (a,0)(r,0)(b,0) € J(S) for all r € R. Hence arb € J(R),
that is, R is an NJ-semicommutative ring. O

Let ¥ : R — R be a ring homomorphism , R|[[x,¥]] represents the ring of skew
formal power series over R, that is, all formal power series in x with coefficients from
R and multiplication is defined with respect to the rule xr = W(r)x for all r € R. It is
well known that J(R[[x, ¥]]) = J(R)+ < x >, < x > is the ideal of R[[x, ¥']] generated
by x. Since R[[x, ¥]] = I(R; < x >), the following result is an immediate consequence
of Proposition 10.

Corollary 12. Let W : R — R be a ring homomorphism. Then the following are
equivalent.
(1) R is NJ-semicommutative.
(2) R[[x,¥]] is NJ-semicommutative.
Corollary 13. Then the following are equivalent.

(1) R is NJ-semicommutative.
(2) R|[[x]] is NJ-semicommutative.

It is a natural question to ask whether the polynomial ring over an NJ-semicommutative

ring is NJ-semicommutative. However, the following example gives the answer in
negative.
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Example 4. For any countable field K, there exists a nonzero nil algebra S over
K such that N*(S[x]) = 0 (see the proof of Lemma 3.7 in [3]). Let R= K +S. Ob-
serve that R is a local ring with J(R) = S. Hence, R is an NJ-semicommutative ring
and N*(R[x]) = N*(S[x]). If R[x] is not NJ-semicommutative, then we are done. If
RIx] is NJ-semicommutative, then we show that (R[x])[y] is not NJ-semicommutative.
Assume, if possible, that (R[x])[y] is NJ-semicommutative. By [I, Theorem 1],
J((R[x])[y]) = I[y] for some nil ideal I of R[x] which is N*(R[x]) = N*(S[x]) = 0.
Therefore, J((R[x])[y]) = 0. So, (R[x])[y] is semicommutative, which further im-
plies that R[x] is a semicommutative ring. Hence R[x] is 2-primal, and so, N(R[x]) =
N.(R[x]). But, this is a contradiction to the fact that 0 # N(R) = S C N(R[x]) and
N.(R[x]) € N*(R[x]) = N*(S[x]) = 0.
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