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Abstract. In this paper, we study the existence of entropy solutions for some generalized el-
liptic p(u)-Laplacian problem when p(u) is a local quantity. We get the results by assuming the
right-hand side function f to be an integrable function, and by using the regularization approach
combined with the theory of Sobolev spaces with variable exponents.
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1. INTRODUCTION

In this paper, we study the existence of entropy solutions for some generalized
elliptic equations with exponents p which may depends on the unknown solution u.
We consider the case where the dependency of p on u is a local quantity. Namely, we
study the following problem

{—div(yvu —OW)|[P™2(Vu—0u) =f inQ 0

u=20 on 0%,

where Q is a bounded domain of RY,N > 2, f is a given data, p: R — [p_, p.] is
a real continuous function, 1 < p_ < p; < 4o and p'(z) = pé’z ()Zzl is the conjugate
exponent of p(z), with

p—:=essinfp(z), p4 :=esssupp(z).
zeR Z€R

The problem (1.1) models several natural phenomena which appear in area of ocean-
ography, turbulent fluid flows, induction heating and electrochemical problems. We
cite for example the following parabolic model:
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e Fluid flow through porous media. This model is governed by the following
equation

3? —div (|Vo(8) — K(8)e”*(Ve(8) — K(B)e)) =0,

where 0 is the volumetric content of moisture, K(6) the hydraulic conduct-
ivity, @(8) the hydrostatic potential and e is the unit vector in the vertical
direction.

In the classical cases, when p(u) = p(x) or p(u) = p many authors have studied
the problem (1.1) by proving the existence and the uniqueness of several types of
solutions, and by different approaches ([ 1,7, 8, 15]).

The novelty of this work is to study some problems involving the generalized
p-Laplacian operator in the case when the variable exponents p depend on the un-
known solution u. The motivation to study these kind of problems relies in the fact
that, in reality the measurements of some physical quantities are not made point-
wise but through some local averages. The situation where the variable exponents
p depend on the unknown solution u is non-standard as in the classical case (see
[2-4,7,8,10,14,15,19]). This kind of problems appear in the applications of some
numerical techniques for the total variation image restoration method that have been
used in some restoration problems of mathematical image processing and computer
vision [11, 12, 18]. Tiirola, J. in [18] have presented several numerical examples
suggesting that the consideration of exponents p = p(u) preserves the edges and
reduces the noise of the restored images #. A numerical example suggesting a re-
duction of noise in the restored images # when the exponent of the regularization
term is p = p(|Vu|) is presented in [1 1]. Many authors have considered the problem
(1.1) in the case where ® = 0 and especially the study of questions of existence and
uniqueness of weak or entropy solutions to the problem (1.1). In this case, M. Chipot
and H. B. de Oliveira in [13] have proved the existence of weak solutions for some
p(u)-Laplacian problems, the existence proofs of [13] are based on the Schauder
fixed-point theorem. C. Allalou, K. Hilal and S. A. Temghart in [5], extended the res-
ults established in [13] by proving some existence results for some local and nonlocal
problems. Andreianov et al. [6], have studied the following prototype problem

—div(|Vu|P“2Vu)+u=f inQ,
u=20 on 0Q.

C. Zhang and X. Zhang in [20] have proved the existence of entropy solutions to
problem (1.1) in the case where ® = 0 and they have provided some positive answers
for the two questions proposed by Chipot and de Oliveira in [13]. S. Ouaro and
N. Sawadogo in [16] and [17] considered the following nonlinear Fourier boundary
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value problem

b(u) —diva(x,u,Vu) = f inQ
a(x,u,Vu) n+iu=g on 0Q.

The existence and uniqueness results of entropy and weak solutions are established
by an approximation method and convergent sequences in terms of Young measure.

In this paper, we first show that the approximated problems admits a sequence
of weak solutions by applying the variational method combined with a special type
of operators. In the second step, we will prove that the sequence of weak solutions
converges to some function « and by using some a priori estimates, we will show that
this function u is an entropy solution of elliptic problem (1.1).

This paper is organized as follow. In Section 2 we introduce the basic assumptions
and we recall some definitions, basic properties of generalised Sobolev spaces that
we will be used later. The Section 3 is devoted to show the existence of entropy
solutions to the local problem (1.1).

2. PRELIMINARIES

The exponent function p depends on the solution # and therefore it depends on the
space variable x. This allows us to look for the entropy solutions to the problem (1.1)
in a Sobolev space with variable exponents.

Let Q be a bounded domain of RN, N > 2, we say that a real-valued continuous
function A(.) is log-Holder continuous in  if

C
30> 0: h(x)—h(y)| € ——
In (leiyo

For any Lebesgue-measurable function : Q — [1, o), we define

1
Vx,y € Q, |x—y\<§. 2.1)

h_ :=essinfh(x) , hy:=esssuph(x),

xeQ x€Q

and we introduce the variable exponent Lebesgue space by:
Lh()(Q) = { u: Q—R / ph()(”) = / ‘M(X)‘h(x)dx < oo}
Q

Equipped with the Luxembourg norm

u

gy =int{n>0: pyy (5) <1}, 2.2)
L"0)(Q) becomes a Banach space. If
1 <h_ <hy <oo, (2.3)
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L")(Q) is separable and reflexive. The dual space of L'()(Q) is L"()(Q), where
H'(x) is the generalised Holder conjugate of A(x),

1 1

MOMCE

From the definitions of the modular p.)(«) and the norm (2.2), it can be proved that
if (2.3) holds then

min { ), el } < puey (o) < max {lully s Nl b @4

A very useful consequence very useful of (2.4) is the following:

lully iy = 1 < Pay () < flully) +1.

For any functions u € L")(Q) and v € L' )(Q), the generalized Holder inequality

hold:.
1 1
s (G 2 ) ey < 2y Il

We define also the generalized Sobolev space by
WO (Q) := {u e L")(Q) : Vu e L'V)(Q)},

which is a Banach space with the norm

Nl py == llullncy + 1 Vallac)-

The space W!()(Q) is separable and is reflexive when (2.3) is satisfied. We also
have

W0 (Q) < W0 (Q) whenever h(x) > r(x) fora.e. x € Q.
Now, we introduce the following function space
W, Q) = {u e W (Q) : Vu e /0 (Q)},
endowed with the following norm

leell gy := llaellt + 1Vl -

If h € C(Q), then the norm in WOLh(')(Q) is equivalent to || Vul[;.). G5 (€2) is dense

in WO1 ’h(')(Q), when £ is log-Holder continuous. If / is a measurable function in Q
satisfying 1 <h_ < h; < d and the Log-Hdlder continuity property (2.1), then

1,h(-
w0y SCVullyy VueWy"(Q),

|
for some positive constant C, where

Nh(x .
() = Nﬁ}(l())‘) if h(x) <N,
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On the other hand, if & satisfies (2.1) and A_ > N, then
]l < Cl[Vallay Vue Wy (@),

where C is another positive constant.
Let T; denote the truncation function at height k > 0 :

k ifr>k
Ti(r) = min{k,max{r,—k}} =< r if |r| <k,
—k ifr<—k.

Next, we define the very weak gradient of a measurable function u with Ty (u) €
WO1 P (u)(Q). The proof follows from [9, Lemma 2.1] due to the fact that WO1 ” (')(Q)
C Wo1 P~ (Q) (for more details we recommend readers see [6, Proposition 3.5]).

Proposition 1. For every measurable function u with Ty (u) € WOI"!7 (v) (Q), there ex-
ists a unique measurable function v: Q — RN, which we call the very weak gradient
of u and denote v = Vu, such that

VTi(u) =VvX{u<ky forae. x € Q and foreveryk >0,

where (g denotes the characteristic function of a measurable set E.
Moreover, if u belongs to WOI’1 (Q), then v coincides with the weak gradient of u.

Lemma 1 ([7, Lemma 2.1]). For&n € R and 1 < p < o, we have
1 1 _
—[EJP — —In|P < E[P2E(E —m).
p p

Lemma 2. Fora>0,b > 0and 1 < p < o, we have
(a+b)P <2P71(a? +bP).

3. MAIN RESULTS

In this section, we prove the existence of entropy solutions of problem (1.1).
Firstly, we state the following assumptions:

(H1) f€LY(Q).
(Hy) ®: R — RY is a continuous function such that ®(0) = 0 and |®@(x) — O(y)| <

Alx—y| for all x,y € R, where A is a positive constant such that A < TR and
0
Cy is the constant given by the Poincaré inequality.

We define the set where we are going to look for the solutions to problem (1.1) as

W@ = {ue (@) [ 1Vl <o}
Q

Now, we give a definition of entropy solutions for the elliptic problem (1.1).
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Definition 1. A measurable function u with Ti() € Wy ") (Q) is said to be an
entropy solution for the problem (1.1), if

/CD (Vu—0(u))VTi(u—o dx</ka u—@)dx,
for all ¢ € C}(Q) and for every k > 0 with
®()=[g" % VEERY.

Theorem 1. Let (H,) and (H,) be satisfied. Then, there exists at least one entropy
solution of the problem (1.1).

Proof. The proof of Theorem 1 is divided into several steps.

Part 1: The approximate problem.
Let f, be a sequence of C(€2) functions strongly converging to f in L' such that

[l < A1z

We consider the following problem

(@) {;d;v(ocb (V=0 ~fy g

where
P (&) = [g]"") % vEeRY.
We define the operator A by

(Au,v) = / ®(Vu—0(u))Vvdx  with u,v e Wol’p(')(Q).
Q
We will prove that A is coercive. From Lemma 1, we obtain
(Au,uy = / D(Vu—0(u))Vudx

_/ |Vu—0 “2(Vu—0O(u))Vudx

> [ W'V”‘ s [ —setpta

Since
(a+b)? <2771 (la]” +[b]"),
we have
1 u u u u
5t IVul" = 5 [Vu— () + O () ") < [Vu— ©(u) [P +|@(u) [P,
then

1

o IVl — () P < [V~ @(u)
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Therefore, from Poincaré inequality we get

1 1 1
I pu) _ p(u) _ | p(u)
(i > [ | S 9~ 0w | ax- [ ol tax

(u) p(u)
> [ L1 gupr@gy— / 2 0(u)|PWdx
~ Jap(u)2r! a p(u)

11 2
> Vil P gy — / p()|,|p(x)
_/szp(u)ﬂ’*l' ™ gzp(u)l ™ dx

1 1 )

2/ — |Vu]p(”)dx—/ s Cg( )|Vu]p(”)dx.
Q p+ 2P+ Q p-

So the choice of the constant A in (H;) implies that

1 1 1 1
(Auyu) > | — T / |Vu| P dx.
p+20+~t p_2r--1) Jo

(Au,u)

Consequently

as —> o,

T Ul 1.0)
Tl @ el @

We deduce that the operator A is coercive. Besides, that the operator A is bounded
and hemi-continuous. Then, the problem (%,) admits at least one weak solution

Uy € WO1 P (')(Q) in the following sense
/ Vit — O () [P 2 (Vi — O (1)) - Vepelx / Fpdx 3.1)
Q Q

for all ¢ € W, " (Q).
Our aim is to prove that a subsequence of these approximate solutions {u,} con-
verges to a measurable function u, which is an entropy solution to (1.1).

Part 1: A priori estimate.
Lemma 3. (VTi(u,)),c is bounded in LP~ ().

Proof. We take @ = Tj(uy,) as a test function in (3.1), we obtain

[ ® (Vi = ©(u,)) VT t)dx < Kl f 11
By the same way as in the proof of the coerciveness, we get

pl,p(un)(Tk(un)) < Ck.
Therefore

1
1 Tic) ) < 1+ (CH)P,

we deduce that for any k > 0, the sequence (7;(u,)),c is uniformly bounded in
WO1 P (un() (Q) and also in WO1 P~ (Q). Then, up to a subsequence still denoted T} (uy,),
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we can assume that for any k > 0, T;(u,) weakly converges to Vi in Wol’p ~(Q) and
also Ty (u,) strongly converges to vy in LP-(Q). O

Lemma 4. (u,),.y converges in measure to some measurable function u.

Proof. Firstly we prove that (u,),.y is a Cauchy sequence in measure. For every
fixed 8 > 0 and every positive integer k > 0, we know that

meas { |u, — u,| > 8} < meas{|u,| > k} + meas {|u,,| > k}
+meas {|T; (un) — Ti (tm)| > 0} .

Choosing Tj (u,) as a test function in (3.1), we get

Pl,p(un)(Tk(“n)) < k”fn”Ll(Q) < kaHLl(Q)-
It follows that
| Kax <K fla)
{lun| >k}
Therefore
meas {[us| > k} <K' | flla).
Let € > 0, we choose k = k(€) such that

€ €
meas {|u,| >k} < 3 and  meas {|uy| >k} < 3

Since {7 (u,)} converges strongly in L~ (Q), then it is a Cauchy sequence. Thus
€
meas {| Tk (un) — T (um)| > 8} < 3

for all n,m > no(9,¢).
Finally, we obtain

meas { |u, — up| > 8} <€,
for all n,m > no(9,¢€). Hence

limsupmeas {|u, — u,,| > 8} =0,
n,m—yoo

which proves that the sequence (u,),. is @ Cauchy sequence in measure and then
converges almost everywhere to some measurable function u.

u, —u aein Q.

Therefore
Ti(uy) — Ti(u) in W, 7~ (Q)
Ti(uy) — T (u) in LP- (Q) and a.e. in Q.

Lemma 5. (Vu,), .y converges almost everywhere in Q to Vu.
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Proof. We first prove that {Vu, } is a Cauchy sequence in measure. Let §,/,€ are
positive real numbers, obviously we have

{xeQ:|Vu, —Vuy,| >0} C{x e Q:|Vu,| >h}U{x e Q: |Vu,| > h}
U{xeQ:|u,—un|>1}UE,

where

E:={x€Q:|Vu,| <h,|Vuy| <h,|uy —upm| < 1,|Vu, — Vu,| > 8}.
For k > 0, we can write

{xeQ:|Vu,| Zh} C{xeQ:|uy| 2 k}U{x e Q: |VTi(u,)| > h},
then by using the same method as in Lemma 4, we obtain for k sufficiently large

meas {{x € Q: |Vu,| >h}U{x e Q: |Vuy,| >htU{x e Q: |uy,—upn| >1}} < %

Notice that the application

G:(5,0,61,82) = (®(& — O(s)) — P (&2~ 0(1))) (81 — &)

is continuous and the set
H = {(5,1,&1,&) ERX RV X R |s| <h, 1] < b, [&1] < b, |&o| < b,y [&) — & > 8}

is compact and

(®(&1—0(s)) —P (52— 0(1))) (&1 —&) >0 V& # &

Then the application G has its minimum on #. Therefore, there exists a real valued
function 3(k,8) > 0 such that

B(h,3) meas(E) < [ [ IVt =@ ()" (Vit, — © 1)
— Vit = © () [P (Vity — @ (1)) | [Vaty — Vi
= [ [1Vtn =@ )" (Vity = © 1)
Vit — O (1) [P 2 (Vityy — © (um))} [Vity — Vity)] dx
4 /E [Vt = © ()" 2 (Vity — © (1))

Vit — O (t) P “) 2 (Vi — © (um))} [Vity — Vity] dx.

We take T} (u, — u) as a test function in (3.1) to get
B(h,5) meas (E) < / [ Vit = © () )2 (Vity — © (1))
E

~ Vit = © (1) [P (Vity, = © (1)) | [Vity — Vi) dx
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+/ — fm] T (uy — ) dx.

By using the mean value theorem, there exists 1 taking values between p (u,) and
p () such that

B(h, ) meas (E) < [ (Vi =@ ()" [10g Vit = © ()] ||Vt = Vit
| () = p (n) [ dx+ || fo = finll 1)
By using Lemma 2, (H,), the facts that 4 > 1 and the deﬁmtlon of E, we get
B(h,3)meas (£) < 271" (1427 ) og (1420 [ [p(un) = p ()| dx
+ [ fo = Sl (@) = Onm-

From Lebesgue dominated convergence theorem, we obtain
Ol m €
B(h,8) " 2
for all n,m > N(g,d). Consequently combining the previous results we get

meas {x € Q: |Vu, —Vu,| > 8} <e forall n,m > max{N;,N2}.

meas (E) <

Hence {Vu,} is a Cauchy sequence in measure. Then we can choose a subsequence
(denoted it by the original sequence) such that

Vu, —v a.e. in Q.

Thus, using Proposition 1 and the fact that VT (u,) — Vi () in (L7~ (Q))", we de-
duce that v coincides with the very weak gradient of u almost everywhere. Therefore,
we have

Vu, —-Vu ae. in Q.

Part 3: Passing to the limit.
We choose Ty (u, — ) as a test function in (3.1) for ¢ € C}(Q). Then

/|Vun |pun (Vun*®(un))-VTk(u,,—¢)dx:
[ AT =)z, G2

We now focus our attention on the left-hand side of (3.2).
We note that, if L =k +[|¢|| 1= (q)

/ Vit — © (1) [P 2 (Vity — ©(utn)) - VT (t — 0) dlx

= /Q (VT (1) — O(T (1)) [P)2
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(VT3 () = O(Ty (1)) - Vi (T (1) — 0) dx
= [ V73 (1)~ ©T, (1)) 2
(V1L (un) — ®(TL(Mn))) VL () X473 (1) 0| <k} 4%
— [ 1V ) = O(T, ()2

(V1 (un) — O(TL (1)) - VOX{ |73 (1) 0| <k} AX-
From (3.2), we have

/Q [WTL (1) = ©(Ty (1)) (VT (1) = O(Tt (1)) - VT (1)
+ pl’(a(TL () |Y} X0l <y
_ /Q ’VTL (un) - ®(TL (Mn)) |p(un)*2 (VTL (Mn) - ®(TL (un))) V(PX{|TL(M’1)7¢|<k}dx

1
= /Q STk (un — §) dx+ /Q Z‘@)(TL (ttn) "X ) — 0] <k} A
(3.3)

fpr 10T ()] <1,
p_ if |O(Ty (uy)| > 1.

/ N / N
Since {VT} (u,)} is bounded in (Lp (“")(Q)) C (Lp+ (Q)) , then from the hypo-
thesis (H3), the sequence {©(T}, (u,)} is also bounded in (LP(") (Q))N c (Lr-(Q)N,
which implies that {WTL () — O(Ty, (un))|P ") "2 (VT (uy) — O(Ty, (u,,)))} is
! N / N
bounded in (LP (”")(Q)> c (LP+ (Q))
As u, — u a.e. in Q and Vu,, — Vu a.e. in Q, it follows that
O (T (uy)) — O (Tp(u)) ae. in Q 3.4

and
VT (up) — VT (u) a.e. in Q.
Hence,

VT (ttn) = O(TL (1)) 72 (VT () — O(TL (un)))
VT3 (1)~ O(T; ()" (VI (1)~ O(T, (1)) in (L(@))".
As 0 € C}(Q), we get that

[ 1V () = (T (1)) ) (VT (1) = ©(T: (1) - Vi) -cty
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— VT ) = O(TL ()" (VL () = ©(T: (1)) VOt 1,0 o111

n—y—+oo

From (3.4) and the Lebesgue dominated convergence theorem, we obtain

1 1
/Qp_@(TL(Mn) YX{TL(un)—<1>|<k}dx—>/Qp_’@(TL(u) "X17: ()0l <k .

On the other hand, by using Lemma 1, we have

VL () — O(Tg ()[4 2 (VT (1) — O(Ty (un))) - VT (1)

1 .
+ ?|®(TL (un) |Y] XA T () — 0| <k} >0 ae.inQ.

By using Fatou’s Lemma, we get

A

IVTL (1) — O (T ()" (VIL (1) — O(Ty (w))) - VT (u)

1
+ pf@(TL (u) |Y] XA T () 0| <k} dX

< liminf
n—eo  JO

VL (i) — O(TL ()[4~ (VT (1) — O(TL (un))) - VT (1)

1
+ pf|®(TL(Mn) Y] X7 () — 0| <k} X

Now, we consider the first term in the right hand side of (3.3). Since f, — f in L'(Q),
then

lim | fiTi(n,—0)dx = [ fT(u—0)dv.

Finally, by using the above results we can pass to the limit as n — o in the equality
(3.3) to concludes that u is an entropy solution to the problem (1.1). O
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