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Abstract. In this paper, we introduce three new fractional operators, MRL fractional integral,
MRL fractional derivative and MC fractional derivative operators, which including generalized
M-series in their kernels and give some of their fundamental properties. Then we apply Laplace,
Mellin and beta integral transformations to the new fractional operators and obtain conclusions
involving classical gamma and beta and modified gamma and beta functions. As examples, we
also obtain similar conclusions by applying new fractional operators to the functions 7 and
(1— az)”‘. Furthermore, we present the relationships of the new fractional operators with other
fractional operators in the literature. Finally, we compare the behavior of the function zZ in clas-
sical Riemann-Liouville and Caputo fractional operators and MRL and MC fractional operators
for orders € = 0.2,0.4,0.6,0.8.
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1. INTRODUCTION

It is known how to take the integer integral and derivative of a function such as the
first, second, third, fourth. Is it possible to take the fractional integral and derivative
of the same function from orders 0.2, 0.4, 0.6, 0.8 etc? First, in the correspondence
between Leibniz and L’Hospital in 1695, “Can integer derivatives be extended to
fractional derivatives?” [1 1, 13] the question arose and caught the attention of many
famous mathematicians (Riemann, Griinwald, Letnikov, Liouville, Caputo, Euler,
Abel, Fourier, Kobel, Erdelyi, Hadamard, Riesz and Laplace).

The fractional integral and derivative has been one of the interesting topics in
mathematics for a long time, and this interest is increasing day by day. In the liter-
ature, there are many studies by researchers on fractional operators (see for example
[1-4,7-10,12,14-19,22,23] and reference therein).

In this paper, we define three new fractional operators with generalized M-series
in their kernels. Then we apply Laplace, Mellin and beta integral transformations
to the new fractional operators and give some examples. Furthermore, we present
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the relationships of the new fractional operators with other fractional operators in the
literature. Finally, we examine the behavior of the function z> in classical and new
fractional operators, see Figure 1 and Figure 2.

2. PRELIMINARIES

In this section, we give relevant material which will be used throughout the paper.
The gamma function [5] for R(x) > 0 is defined by

= / A" Lexp(—A)dA.
0

The beta function [5] for R(x) > 0 and R(y) > 0 is given by

/Axl AV ldA.

The Pochhammer symbol [5] for R(A) > —n,n € Npand A #0,—1,—2,... is defined

by

['(A+n)

Mp=—i—">
( )’1 l—‘(}\.) ’

The generalized M-series [20] for R(a) >0, &1,...,&p, ;... 1y #0,—1,-2,... is

given by

i E)n---(Epln z ‘

im0 (1) (tg)n (0t + B)

The modified gamma function [6] for R(a) > 0, R(p) > 0, R(x) > 0, &;,...,E,,
Mi,. ..My 7#0,—1,-2,...is given by

MEEP) (s p) = M) (81, Bttt i3 3 P)
p

_ x—1 . .
_/O A gMg<§1,...,§p,y1,...,yq,—A—K)dA.

The modified beta function [6] for R(a) >0, R(p) >0, R(x) >0, R(y) >0,&1,...,Ep,
M1, Hg 7 0,—1,-2,...1s defined by

MBP (x,y;p) = MB B (&L, ittty g X,y P)
—pP

x—1 —1 . .
:/OA (1—A) w?(gl,...,gp,yl,...,yq,A(l_

gMg(gla'-'7§p;yl7"'7yq;Z) =

dA.
)
The Mellin transform [1 1] for p € C is defined by

M{fw)ip} = [ W flw)d
The Laplace transform [ 1] for R(s) > 0 is given by

S{fwyish = [ exp(sw)(w)aw
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The beta transform [21] for R(x) > 0 and R(y) > 0 is defined by

1
By} = [ W (1w

The Riemann-Liouville fractional integral [13] for R (g) > 0 is given by

E{f(z)} = F(lg) /0 “(c— A f(A)dA. (2.1)

The Riemann-Liouville fractional derivative [13] for R(e) > 0, m — 1 < R(e) < m,
m € N is defined by

DI} =t g 1

/0 Z(z — A" F(A)dA. (2.2)

The Caputo fractional derivative [ 13] for R(€) >0, m—1 < R(e) <m, m € Nis given
by

CDg{f(z)}:r ! ] /Oz(z—A)m**lf(m)(A)dA. (2.3)

(m—¢

3. NEW FRACTIONAL OPERATORS

In this section, we introduce three new fractional operators in the classical
Riemann-Liouville fractional integral, Riemann-Liouville fractional derivative and
Caputo fractional derivative operators sensitivity and give some of their basic prop-
erties. Also, we call new Riemann-Liouville fractional integral, Riemann-Liouville
fractional derivative and Caputo fractional derivative operators as MRL fractional
integral, MRL fractional derivative and MC fractional derivative operators, respect-
ively.

Definition 3.1. New Riemann-Liouville fractional integral operator for R(ca) > 0,
R(e)>0,&,....&p, u1,...,ug #0,—1,-2,... is defined as:

Zs{f(Z);an;W} :jf{f(Z);glv'"7&1);“17"'7“(1;“76;‘”}

1 —wz?

= 1"(8)/0 (c— &)L (8) 9P (ﬁh--'v@p;“““"“q;m—&) “*

Definition 3.2. New Riemann-Liouville fractional derivative operator for
R(o) >0,R(e) >0,m—1<R(e) <m,meN,&,....5,u1,...,uy #0,—1,-2,...
is defined as:

D {f(2);00,Biw} = DE{ f():&1, ..., Epi, - p1g3 01, Brw}

1 d m —wz

4 2
= rw—f:)dzm/() (z—A)" lf(A) ng (élvu-?&p;le--aﬂq;A(Z_A)) dA.
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Definition 3.3. New Caputo fractional derivative operator for R(a) > 0, R(e) > 0,
m—1<REe)<mmeN,E&,....&,, ui,....1g #0,—1,—2,... is defined as:

Cﬁg{f(z);aaﬁ;w}:Cﬁg{f(z)f;l,---aE:lella---;Hq;(X’B;W}
1 o aymee—1 p(m)AY O gB , - —wZ
= F(m—e)/o(z AYE1 Fon) () g8 (gl,...,ap,m,...,yq,A(Z_A)>dA.

Remark 3.1. If we put w =0 and B = 1 to the new fractional operators, we get the
classical fractional operators (2.1), (2.2) and (2.3).

Theorem 3.1. The MRL fractional integral for A, Ay € R, R(at) > 0, R(e) > 0,
Eiyoo s &pottty oo g #0,—1,-2,... is linear:

E{Mf(2) + 228 (2); 00 Bswh = ME{£(2); 0, B3 w} + Aot {g(2); 00, B3 w}
Proof. By using MRL fractional integral operator, we have

{01 f(2) + Magl2)s 00, Brw}

A ¢ e— o . . _sz
:r(;/)(z—A) lf(A)ng (él"“’é”’m"“’uq’A(Z—A)>dA
) ¢ e— o . . —wz’
+F(8)/0 (2= A g(A) “MP (gl,...,gp,m,...,uq,A(Z_A)>dA
= ME{f(2):00 Biw} +Aolf {g(2): 00, Biw} O

Theorem 3.2. The MRL fractional derivative for A, A, € R, R(a) > 0, R(e) >0,
m—1<R(e)<mmeN, &,....5p,u,...,ug #0,—1,-2,... is linear:

DE{M f(2) + Mg (2): 0 Biw} = MDE{ £ (2); o, By w} +AoDf {g(2); 00, Bsw}.
Proof. By using MRL fractional derivative operator, we have

DE{M f(2) + Mag(2)s 00 Biw}

M a" [z m—e— o . . —wz?
:F(nfl—g)dzm/o(Z_A) lf(A)ng(al,...,&p,‘ul,...,‘uq,A(Z_A)>dA
A m z —w 2
+1_,(n12_8)(jzm/(; (Z_A)m_e_lg(A) gMg <§177§p’:ulvnuq’A(Z_ZA)> dA
= MDE{f(2);00, B w} 4+ MaD5 {g(2); 01, Bs w} O

Theorem 3.3. The MC fractional derivative for L, A2 € R, R(a) > 0, R(g) > 0,
m—1<REe)<mmeN,&,....6,,u,...,uy #0,—1,-2,... is linear:

“DE{Mf(2) +hag(2): 0 Biwh = MDE{f () Biw} + A2 D% {g(2): 00, Biw}
Proof. By using MC fractional derivative operator, we have
‘DE{Mf(2) +hag(2); 00, B w}
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A 2 e —wz?
= 1_‘(,/”1_8)/0 (Z—A)m 1 ( )qu (&17 &p;ﬂlv-naﬂq;A(Z_ZA)) dA
%) ¢ m—e— l —WZZ
+1—M/0 (z—A) qu <&17 E"”;yl"”’“q;A(ZA)> dA
= MEDE{f(2); 0, Bsw} + M DE {g(2); 0, By w} - O

Theorem 3.4. Let f(z) =Y.y a"z" analytic function for |z| < r. Then, the MRL
fractional integral for R(a) >0, R(e) >0, E1,....&p,u1,... .1y #0,—1,-2,... is
provided as:

E{f(roBiw) = Y o B {50 Biw)
n=0

Proof. By using MRL fractional integral operator, we have

VBN T Sty NEINEI B(& E, .—WZ2>dA
Cf(2)o,Bw _n:or(e) A Z Mg |G, p,ul,...,yq,A(Z_A)
:ia"ff{z";oc,ﬁ;w}. .

Theorem 3.5. Let f(z) =Y.,y a"z" analytic function for |z| < r. Then, the MRL
fractional derivative for R(a) >0, R(e) >0, m—1<R(e) <m meN, E;,....§,
Ml tg 7 0,—1,=2,... is provided as:

DE{f(z); o, Bsw} =Y a" DE{"; 00, Biw}.
n=0

Proof. By using MRL fractional derivative operator, we have

n a d" m—e—1n
BE{f @ i) = X o 5 [ Ay
2
—WZ
XgME (‘tala--w‘tgp;lily---aﬂq;A(Z_A)) dA
— Za" ﬁﬁ{z";oc,ﬁ;w}. O
n=0

Theorem 3.6. Ler f(z) = Y, ya"Z" analytic function for |z| < r. Then, the MC
fractional derivative for R(a) >0, R(e) >0, m—1 <R(e) <m, meN,E;,....Ep,
M1, Mg #0,—1,=2,... is provided as:

‘DE{f(2);o,Biw} =Y a" “DE{"; 00, Bsw} .
n=0
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Proof. By using MC fractional derivative operator, we have
Db = ¥ O [y
z s Wy Moy n:OF(m—E) 0

2 m
an sB ) ) (4 d
Xqu <§1,...,E_,p,,ul,...,,l,lq,A(Z_A)> TA’"

=Y a" “DE{ 0, Biw} O
n=0

(A")dA

4. APPLICATION OF INTEGRAL TRANSFORMS

In this section, we apply Laplace, Mellin and beta transforms to the MRL frac-
tional integral, MRL fractional derivative and MC fractional derivative operators.

4.1. Application of Laplace transform

Theorem 4.1. The Laplace transform of MRL fractional integral for R(a) > 0,
R(s) >0, R(e)>0,8&1,....&p,u1,...,ug #0,—1,-2,... is obtained as:

S{E{f(Z);%B;W};S} 1p z{ f(2):&1,.. §p71;y1,---7/1q;06,5;1}.

N

Proof. By using MRL fractional integral operator and Laplace transform, we have

E{f{f(Z);%B;w};S}

_1 1 2 e—1 . ._(S—l)zz
_sr(e)/o(Z—A) F(8) My (éh ﬁp,l,ul,...,pq,m JA

: 1
:SE{f(Z)’§177§p71,,u1,”qu;(x’B’s} |:|

Corollary 4.1. The Laplace transform of the MRL fractional integral operator
yields the following result in relation to the modified beta function for f(z) = P

SIE 0 Biw s —EZM Er,.. & 1 At 1,e0
713 U, PswW s _SF(S) p+1q 1y- py Ll -« 5 Ugs A

Theorem 4.2. The Laplace transform of MRL fractional derivative for R(o) > 0
R(s) >0 R(e)>0m—1<R(e)<mmeN,&y,....6,,u,....uy #0,—1,-2,...

is obtained as:
e{DE{f ()00 Biwhis = De{f(z);&l,...,ép,l;m,...,uq;oc,ﬁ;l}.

Proof. By using the MRL fractional derivative operator and the Laplace transform,
the desired result can be easily achieved with similar calculations. O
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Corollary 4.2. The Laplace transform of the MRL fractional derivative operator
yields the following result in relation to the modified beta function for f(z) = ok

oD {aponish = LA IO

1
MBp(j-?q(gl) &p,l;ﬂl,...,ﬂq;k+l7m—8;).

N

Theorem 4.3. The Laplace transform of MC fractional derivative for R(o) > 0,
R(s) >0 R(e)>0m—1<R(e)<mmeN,&y,....6,,u,...,uy #0,—1,-2,...
is obtained as:

PN 1
S{‘Dg{f( ;oL Bsw}s } - cDS {f(z);ﬁl,...,ﬁp, l;yl,...,yq;a,B;s} .
Proof. By using the MC fractional derivative operator and the Laplace transform,
the desired result can be easily achieved with similar calculations. U

Corollary 4.3. The Laplace transform of the MC fractional derivative operator
yields the following result in relation to the modified beta function for f(z) = ok

. A—¢e
€ {CDg {Zk;a’ B;W} ;s} - ir(mli%;(lk)i 1 —m)

1

MBpi?q(&l? %pal;:ulw"nuq;k—’_l_m)m_e;s>-

4.2. Application of Mellin transform

Theorem 4.4. The Mellin transform of MRL fractional integral for R(o) > 0
R(p) >0, R(e) >0, Re+p) >0, &,....Ep,u1,.... 1y #0,—1,—2,... is obtained
as:

T(e+p) T4 (p;0)

sm{z}{ f(z);oc,B;w};p} = IEP (P f(2)}.

() 22
Proof. By using MRL fractional integral operator and Mellin transform, we have
1 Z
im{fé oL, Bs ;}27/ M) f(A
U Bwdip ) = p [ A

WZ2

© -1 oy P . LW A
X/ w qu (éla"'7&177.“17--'7,11(],A<Z_A>>de .

L(e+p)
I'(e+p)’

_2 z
R R ] A

x/o LB (&, E i, s — k) dkdA

By putting k = ( ) and multiplied by we have
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_ T(e+p) "I (p;0)

LI

Corollary 4.4. The Mellin transform of the MRL fractional integral operator

yields the following result in relation to the modified gamma function for f(z) = b

. R F(s+p)f‘(k—i—p—i—l)zMS r(ep)
m{g{zx’“’ﬁ’w}’p}_ e (htet2pt1) 174 (p:0).

Theorem 4.5. The Mellin transform of MRL fractional derivative for R(o) > 0
R(p) >0, R(e) >0, m—1<R(e)<m Rim—¢€) >0, Rm—e+p) >0 meN,
SEp 1y g #0,—1,=2,.. . is obtained as:

N M OCB " — m
(D @i wip = — LBV EER) (e o2 ).

Proof. By using MRL fractional derivative operator and Mellin transform, we have

m{ﬁﬁ{f(z);a,ﬁ;vv};p} = F(ml—ﬁ)(;l;;‘/oz(z_A)melf(A)

W2

> . _
XA wP gMg (gla"w&[”:ula -y Mgs A(Z)) dwdA.

['(m—e+p)

T(m—exp)> W€ have

By putting k = ( ) and multiplied by

{2 {f(2)sBrw)sp |
_F(m_£+p) a Z72p ¢ m—g+p—
- TI(m—e¢) clz’”F(m—8+P)/o(Z_A) PIAPF(A)
x/ KPP (&, €, gy —k) dkdA
M OLB) m— m
_ I, (lfi((;i (8) 8+p)jzm<;p m S LPf(2 )}) 0

Corollary 4.5. The Mellin transform of the MRL fractional derivative operator

yields the following result in relation to the modified gamma function for f(z) = 2

sef a1\ Lmtp—el(m+rt+1—el(A+p+1)z*
fm{DZ{Z ’“’BW}"’}_ T(m—e)l(A+1—e(m+A+2p+1—¢)

x M) (0;0).

Theorem 4.6. The Mellin transform of MC fractional derivative for R(a) > 0
R(p)>0, Re) >0, m—1<R(Ee)<m Rm—¢€)>0, Rm—e+p)>0, meN,
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Ei,..,&p i1,y #0,—1,-2,... is obtained as:

(0B) (y.
B (1o p) = - EEELR) g (i}

['(m—¢g)z?P

Proof. By using MC fractional derivative operator and Mellin transform, we have

fm{cﬁi{f(z);(x,ﬁ;w};p} _ r‘(n,ll_i_:)/()z(Z_A)mSlf(m)(A)
2

ol : —wz
XA Wp (;Mg <§1,...,€p,ﬂl, ,‘qu,A(Z)> dwdA.

By putting k = ;7= ) and multiplied by rgm zigg

we have

o { D {F(2); . Piw) i}

_ MF(XB (p;0)T(m—e+p) 1 )/Z(Z_A)m—s-l-p—lApf(m)(A)dA
0

[(m—¢g)z?P I(m—e+p
M OCB m—
_ I, IE[()mO) 8() - e+p) m et+p {pr(m)&)}. 0

Corollary 4.6. The Mellin transform of the MC fractional derivative operator

yields the following result in relation to the modified gamma function for f(z) = bl

ere fa a1\ DO+ D)T(m+p—e)T(A+p+1—m)*
m{ Dz {Z}”7(X,B>W}’p} - ( g)F(X+1_m)r(x+2p+l_8)

M1—~ a, 5)( 0).
4.3. Application of beta transform

Theorem 4.7. The beta transform of MRL fractional integral for R(o) > 0,
R(x) >0, R(y) >0, R(e) >0, &,....E8p,x,u1,..., g, x+y #0,—1,-2,... is ob-

tained as:

%{ff{f(z);oc,ﬁ;w};x,y} = B(x,y) I?{f(z);&l,...,Z:.p,x;yl,...,,uq,x+y;oc,B;1}.

Proof. By using MRL fractional integral operator and beta transform, we have

iB{ff{f(z);Ot,B;W};XJ}

X z )
= Bl_(‘(,ei))/(Z—A)glf(A) p+1 q+1 <§17 ap’X;yl"”’“q’x—'_y;A(ZiA))dA

0
X y) E{f(Z);&],...,&p,x;‘U],...,,llq,x+y;a,B;1}. D
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Corollary 4.7. The beta transform of the MRL fractional integral operator yields

the following result in relation to the modified beta function for f(z) = o
B(x,y)
7] A . . _ ) A
%{IZ {z ,OL,B,W},x,y} - 6 £

MB (iﬁlstH»l (éla &[)7}6;:“17"'7“(]7)6_'—));}""1'178;1)-

Theorem 4.8. The beta transform of MRL fractional derivative for R(o) > 0
R(x) >0, R(y) >0, R(e) >0, m—1<R(e)<m, meN, &,....E,,x wi,...,uy,
x+y#0,—1,-2,... is obtained as:

B {5§ {f(z);a,B;W};x,y} = B(x,y) DE{ f(2):&1,- - Ep s pit, oo i X+ y5 04 B3 1}

Proof. By using the MRL fractional derivative operator and the beta transform,
the desired result can be easily achieved with similar calculations. U

Corollary 4.8. The beta transform of the MRL fractional derivative operator
yields the following result in relation to the modified beta function for f(z) = 2

{1 {2 s} - B A 02

MBp(i? g1 Gl Eppn, g x YA+ Lm—g 1)

Theorem 4.9. The beta transform of MC fractional derivative for R(a) > 0,
R(x) >0, R(y) >0, R(e) >0, m—1<R(e)<m, meN, &,....6,,x wi,...,uy,
x+y#0,—1,-2,... is obtained as:

B {Cﬁﬁ {f(z): 0, Biw} ;xay}z B(x,y) DE{f(2):&1,- -, Epa st o ig X430, Bs 1}

Proof. By using the MC fractional derivative operator and the beta transform, the
desired result can be easily achieved with similar calculations. U

Corollary 4.9. The beta transform of the MC fractional derivative operator yields
the following result in relation to the modified beta function for f(z) = 2

B {"’IA)? {z"; a, B;w} ;x,y} = F?::;yil;(?k+;izi ;)

1V[Bp(itl-[13 g+1 (Fvlv &p»x;.uly- . a‘uqax+y;7\'+ l—m,m—g 1)

5. EXAMPLES

In this section, we compute the MRL fractional integrals, MRL fractional derivat-
ives and MC fractional derivatives of functions z* and (1 —az) ™ and obtain results
that generate the classical gamma and beta and modified gamma and beta functions.
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Example 5.1. The MRL fractional integral of f(z) = z* for R(a) > 0, R(w) > 0,
RA+1)>0,R(e) >0,&,....Ep,u1,...,.4g #0,—1,—2,... is found as:
LA M e
E{Zopw} = r "B Ot L),

By using MRL fractional integral operator, we have

E{Z)‘;(X,B;w} - r(lg)/OZ(Z_A)E_lM el <§1,---,§p;m,---,uq;A(jV_ZA)> dA

ZSH ! A e—1 oy B —w

- 1 —u)e B g
e Jy 00 8 (81 B
Ze+k 7

= e MBLB) (L 1,e;w).

Example 5.2. The MRL fractional derivative of £(z) = z* for R(a) > 0, R(w) > 0,
RA+1)>0,R(e) >0,m—1 <R(e) <m, R(m—¢) >0, R(A+1—-¢€)>0,meN,
€1, ,8po i1y g #0,—1,—2,... is found as:

B {2 pow) = 2o LD By (Mt-1,m —e:w)
SR O I'A+1—¢) B(A+1,m—¢g)

By using MRL fractional derivative operator, we have
5§ {zk;oc, B;w}
1 dm —wz

Z 2
= — AY"ET AN 0B ey Cpi Ly e Uy ———— | dA
F(m—e) dZm‘/() (Z ) qu &17 7§P M1, yHMg A(Z—A)

A—€

_ 2 TmAA+1-8)T(A+1) ypap) :

~Tm—e) TOtl—g TGt1) Cra AHlLm—ew)
e LOAD) B (it 1m—ew)
T(A+1-€) BA+1l,m—eg)

Example 5.3. The MC fractional derivative of f(z) = 7% for R(a) > 0,
Rw) >0, RA+1) >0, R(e) >0, m—1 < R(e) <m, Rm—¢) >0
RA+1—€) >0, RA+1-—m)>0,meN,&,....E,, u1,...,uy #0,—1,-2,...
is found as:

’

-~ e T+ 1) YBEP (At 1 —mm—esw)
cNE A. . - ba :
DZ{Z ,OC,B,W}—Z FA+1—¢e) BA+1l-mm—g)

By using MC fractional derivative operator, we have
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el |
s )/(Z Am—e—lgMg <§1""’§P;“1""’”‘1;A(_ZW_ZA)>£(Ax)dA

A—¢ F( ) F()&—FI—E) Mp(0,B) B L
FTA+1-—mI(m—¢)T(A+1—¢) Bpg ' (A+1—m,m—gw)

T(A+1) MBEP (41— m,m—ew)
Th+1-€) BA+l-mm—g)

A—€

Example 5.4. The MRL fractional integral of f ( ) (1 —az)~* for R(a) >0

R(w) >0, R(e) >0,&1,...,E,u1,...,4g,A#0,—1,-2,...1is found as:
_ 2 & M)ulaz _
B{(1-a) }“?O"B;W}_r@),;)( i r By (e Lew)

By using MRL fractional integral operator, we have
I {(1 *aZ)‘k;oc,B;W}
2

1 ¢ e—1 —A oy B —wz
= — — — ce s Gy e gy ———— | dA
/0 (Z A) (1 GA) q &17 7&]7’/117 nuq’A(Z_A)

I'(e)
E & (A)p(az)" ! n e—l -
:FZS)’;)( )n(‘ Z) /0 u (171/‘) 1PM5 <§1,..',E‘,p;,ulv"'wuq;u(1_u)>du

n!

z ) i (M)n(az)" MB(B) (14 1 esw).

Example 5.5. The MRL fractional derivative of f(z) = (1 —az)~* for R(a) > 0,
R(w) >0, R(e) >0,m—1<R(e) <m, Rim—€) >0, R(n+1—€) >0, meN,
neNy,&,....8p ui,... . ug, A #0,—1,-2,... is found as:

. _ oS W@ T+1) MBEP (4 1,m—ew)
DS{ 1_ 7\.’ : } — € ( P4 )
(I —aa) TPy =2 n;) n! TI'(n+1-¢) Bn+1l,m—¢g)

By using MRL fractional derivative operator, we have

52{(1—az)_}‘;0c,[3;w}

e Mn(az)® T(m+n+1—¢) T(n+1) ((xﬁ)
_ € _ o

¢ W Titl—eTm—g Tyl Crd (1HLm=—gw)
Ma(az)" T(n+1) MBEEP (n+1,m—eiw)

ey (
¢ n;) n! I'(n+1—€¢) Bn+1,m—eg)

n=0
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Example 5.6. The MC fractional derivative of f(z) = (1 —az)~* for R(at) > 0,
R(w)>0,R(e)>0,m—1<R(e)<m, R(m—€)>0,R(n+1-€)>0,n+1-—m>0,
meN,neNy,&r,....&,, u,...,ug,A#0,—1,-2,... is found as:

Cﬁ?{(l—az)#‘;a,ﬁ;w}
= (@) Tt 1) YBEP (01— mm—eow)

R
—° ngb n! TI'(n+1—¢) Bn+1—mm—eg)

By using MC fractional derivative operator, we have
‘Dt {(1 —az) Mo, B;w}
ey (Mnlaz)” [(n+1) C(n+1-8) ypyap)
= B 1— —€;
¢ Z n Tn+l-mUT(m—e)Tn+l—-g) 7 (ot 1—m,m—ew)
(Mn(az)" T(n+1) MBIEP (n+1—m,m—eiw)
nl T(n+1-¢) Bn+l-mm—g)

6. CONCLUSIONS

In this paper, MRL fractional integral, MRL fractional derivative and MC frac-
tional derivative operators, which including generalized M-series at their kernels, are
defined. Since the generalized M-series has a more general form then most of the spe-
cial functions, many fractional operators becomes the special cases of the fractional
operators (MRL and MC fractional operators) introduced here.

The definitions of some popular fractional operators that have been defined re-
cently and their relationships with the new fractional operators (MRL and MC frac-
tional operators) are given below.

Ozarslan and Ozergin [17]:

Z
it Ja— 8 @)oo (725 ) a

D" {f(2))

DY {f(x)} =

and relationships
~ dam
DiAf@i il Law} = 22D ™ {f(2)}
Srivastava et al. [22]:

e _ e S5 = ) (D)0 ({Kiien, 575 ) A
) VEE=1 e pem ) {f()}

<, {KI}IEN
( 0 dz7m Z,({KI}IENO
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and relationships

N d" e—m,w
DEGHGw 1 i} = G50t 0 @)

Parmar [18]:

2k

DEWk {(f2)} = 1"(1*8) Of(Z —A) 7871f(A) exp (W) dA,

m — ;k
dn D" f (@)}

and relationships

m

~ d .
DEf@): 151, Lawh = 22D ™ H{f ()}
Agarwal et al. [3]:

Z
1 —e—1 Ly _—wzE
Z—A AVF (&= dA,
D?W;K’n {f(z)} — F(—S) Of( ) f( )1 1 (é Iu Al (Z_A)Tl)

4 DS f(2))

and relationships
A a ;1,1
DiAf )& Lwp = 2D {f(2)}
Kiymaz et al. [15]:

4 -w ’

and relationships

DE{f(2):1:1;1,1;w} = D" {f(2)}.
Agarwal et al. [2]:

D {f(0)} =

and relationships

1

¢ m—e—1 ¢(m _WZZk
R Jy “A’exp(w)“

‘DE{f(2); 151, 1w} = D {f(2)} .

Baleanu et al. [8]:

Di{f(Z);p,q}{ r(l_s)of(z_A)slf(A)exp(_Apz_zqu)dA’

DS {f(@):p.q}

and relationships

~ dm
Di{f(z);1;1;1, 5w} = ﬁDﬁf’" {F(2):w,w}.
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Kiymaz et al. [14]:
1 z e —pz qz
DE{f(2):p, :7/ — A" (Ayexp [ —— — L) dA
Af(@)ip.q} Tm—2) Jo (z—A) 7" (A)exp

and relationships

‘DE{f(z):1;1:1,1;w} = DE{f(2); w,w} .
Cetinkaya et al. [10]:

D& EKNP.q) {f2)}= 1"(178) Of(z —A) 7871f(A)1F1 <<t=;l~l; 4 (

=L O
DEGuEMPa) £ (7)) = pem(Easkn:p.g) { £ (Z)}
and relationships
D (@&ias 1, 1w} = D) {12}
DE{f(2);Gsps 1, 1w} = DEGHLEA {1 (2))

Finally, we present the behavior of the function z? in both the classical fractional
operators and the new fractional operators, see Figure 1 and Figure 2.

4op =08
06
2 =04

(A) Behavior of the function z> in the classical Riemann-Liouville
fractional integral operator.

500

D>
N
|
(S
—
~
=
N—
QU
B

400
300
200 £=04

£02
100 /

0

(B) Behavior of the function z> in MRL fractional integral operator
for values p=qg=& =u; =1, a = =1, w=2 and generalized
M-series index n =0, 1.

FIGURE 1. Comparison of classical Riemann-Liouville fractional
integral operator with MRL fractional integral operator.
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e=0.2

£=0.4

£=0.6

£=0.8

0 1 2 3 4 5

(A) Behavior of the function z? in the classical Riemann-Liouville and
Caputo fractional derivative operators.

350 £=0.2
300
250

200 =04
150

100 £=06

50 =08
0

0 1 2 3 4 5

(B) Behavior of the function z2 in MRL fractional derivative operator
forvalues p=g=& =u; =1,a0=B=m=1, w=2 and generalized
M-series index n =0, 1.

200

[ £02
150
100 e=04
50 £06
e =08
of
0 1 2 3 4 5

(C) Behavior of the function z> in MC fractional derivative operator
forvalues p=g=& =u; =1,00=B=m=1, w=2 and generalized
M-series index n =0, 1.

FIGURE 2. Comparison of classical Riemann-Liouville and Caputo
fractional derivative operators with MRL and MC fractional derivat-
ive operators.

REFERENCES

[1] M. I. Abbas and M. A. Ragusa, “On the hybrid fractional differential equations with fractional
proportional derivatives of a function with respect to a certain function,” Symmetry, vol. 13, no. 2,
p. 264, 2021, doi: 10.3390/sym13020264.

[2] P. Agarwal, S. Jain, and T. Mansour, “Further extended Caputo fractional derivative operator and
its applications,” Russian Journal of Mathematical Physics, vol. 24, no. 4, pp. 415-425, 2017, doi:
10.1134/S106192081704001X.

[3] P. Agarwal, J. Choi, and R. B. Paris, “Extended Riemann-Liouville fractional derivative operator
and its applications,” Journal of Nonlinear Science and Applications (JNSA), vol. 8, no. 5, pp.
451-466, 2015, doi: 10.22436/jnsa.008.05.01.


http://dx.doi.org/10.3390/sym13020264
http://dx.doi.org/10.1134/S106192081704001X
http://dx.doi.org/10.22436/jnsa.008.05.01

(4]

(5]
(6]
(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

(21]
[22]

ON THE NEW FRACTIONAL OPERATORS GENERATING MODIFIED GAMMA AND BETA ... 1143

A. O. Akdemir, S. I. Butt, M. Nadeem, and M. A. Ragusa, “New general variants of Chebyshev
type inequalities via generalized fractional integral operators,” Mathematics, vol. 9, no. 2, p. 122,
2021, doi: 10.3390/math9020122.

G. E. Andrews, R. Askey, and R. Roy, Special functions. ~Cambridge University Press, 1999,
no. 71, doi: 10.1017/CB0O9781107325937.

E. Ata, “Modified special functions defined by generalized M-series and their properties,” arXiv
preprint arXiv:2201.00867, 2022.

A. Atangana and D. Baleanu, “New fractional derivatives with nonlocal and non-singular kernel:
theory and application to heat transfer model,” Thermal Science, vol. 20, no. 2, pp. 763-769, 2016,
doi: 10.2298/TSCI160111018A.

D. Baleanu, R. P. Agarwal, R. K. Parmar, M. Alqurashi, and S. Salahshour, “Extension of the
fractional derivative operator of the Riemann-Liouville,” J. Nonlinear Sci. Appl, vol. 10, pp. 2914—
2924, 2017, doi: 10.22436/jnsa.010.06.06.

M. Caputo and M. Fabrizio, “A new definition of fractional derivative without singular kernel,”
Progr. Fract. Differ. Appl, vol. 1, no. 2, pp. 73-85, 2015.

A. Cetinkaya, I. O. Kiymaz, P. Agarwal, and R. Agarwal, “A comparative study on generating
function relations for generalized hypergeometric functions via generalized fractional operators,”
Advances in Difference Equations, vol. 2018, no. 1, pp. 1-11, 2018, doi: 10.1186/s13662-018-
1612-0.

L. Debnath and D. Bhatta, Integral transforms and their applications. CRC press, 2014.  doi:
10.1201/b17670.

J. F. Gémez-Aguilar and A. Atangana, “New insight in fractional differentiation: power, exponen-
tial decay and Mittag-Leffler laws and applications,” The European Physical Journal Plus, vol.
132, no. 1, pp. 1-21, 2017, doi: 10.1140/epjp/i2017-11293-3.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and applications of fractional differential
equations. Elsevier, 2006, vol. 204.

I. O. Kiymaz, P. Agarwal, S. Jain, and A. Cetinkaya, “On a new extension of Caputo fractional
derivative operator,” in Advances in Real and Complex Analysis with Applications.  Springer,
2017, pp. 261-275.

I. O. Kiymaz, A. Cetinkaya, and P. Agarwal, “An extension of Caputo fractional derivat-
ive operator and its applications,” J. Nonlinear Sci. Appl, vol. 9, pp. 3611-3621, 2016, doi:
10.22436/jnsa.009.06.14.

J. Losada and J. J. Nieto, “Properties of a new fractional derivative without singular kernel,” Progr.
Fract. Differ. Appl, vol. 1, no. 2, pp. 87-92, 2015.

M. A. Ozarslan and E. Ozergin, “Some generating relations for extended hypergeometric functions
via generalized fractional derivative operator,” Mathematical and Computer Modelling, vol. 52,
no. 9-10, pp. 1825-1833, 2010, doi: 10.1016/j.mcm.2010.07.011.

R. K. Parmar, “Some generating relations for generalized extended hypergeometric functions in-
volving generalized fractional derivative operator,” J. Concr. Appl. Math, vol. 12, pp. 217-228,
2014.

S. Rashid, A. O. Akdemir, M. A. Noor, and K. I. Noor, “Integral inequalities for exponentially
harmonically convex functions via fractional integral operators,” Miskolc Mathematical Notes,
vol. 22, no. 2, pp. 875-888, 2021, doi: 10.18514/MMN.2021.3078.

M. Sharma and R. Jain, “A note on a generalized M-series as a special function of fractional
calculus,” Fract. Calc. Appl. Anal, vol. 12, no. 4, pp. 449—452, 2009.

I. N. Sneddon, The use of integral transforms. McGraw-Hill Companies, 1972.

H. M. Srivastava, R. K. Parmar, and P. Chopra, “A class of extended fractional derivative operators
and associated generating relations involving hypergeometric functions,” Axioms, vol. 1, no. 3, pp.
238-258, 2012, doi: 10.3390/axioms1030238.


http://dx.doi.org/10.3390/math9020122
http://dx.doi.org/10.1017/CBO9781107325937
http://dx.doi.org/10.2298/TSCI160111018A
http://dx.doi.org/10.22436/jnsa.010.06.06
http://dx.doi.org/10.1186/s13662-018-1612-0
http://dx.doi.org/10.1186/s13662-018-1612-0
http://dx.doi.org/10.1201/b17670
http://dx.doi.org/10.1140/epjp/i2017-11293-3
http://dx.doi.org/10.22436/jnsa.009.06.14
http://dx.doi.org/10.1016/j.mcm.2010.07.011
http://dx.doi.org/10.18514/MMN.2021.3078
http://dx.doi.org/10.3390/axioms1030238

1144 E. ATA

[23] X.J. Yang, H. M. Srivastava, and A. T. Macchado, “A new fractional derivative without singular
kernel,” Thermal Science, vol. 20, no. 2, pp. 753-756, 2016, doi: 10.2298/TSCI151224222Y.

Author’s address

Enes Ata

Kirgehir Ahi Evran University, Department of Mathematics, Faculty of Arts Science, 40100 Kirsehir,
Turkey

E-mail address: enesata.tr@gmail.com


http://dx.doi.org/10.2298/TSCI151224222Y

	1. Introduction
	2. Preliminaries
	3. New fractional operators
	4. Application of integral transforms
	4.1. Application of Laplace transform
	4.2. Application of Mellin transform
	4.3. Application of beta transform

	5. Examples
	6. Conclusions
	References

