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Abstract. In this paper, we introduce three new fractional operators, MRL fractional integral,
MRL fractional derivative and MC fractional derivative operators, which including generalized
M-series in their kernels and give some of their fundamental properties. Then we apply Laplace,
Mellin and beta integral transformations to the new fractional operators and obtain conclusions
involving classical gamma and beta and modified gamma and beta functions. As examples, we
also obtain similar conclusions by applying new fractional operators to the functions zλ and
(1−az)−λ. Furthermore, we present the relationships of the new fractional operators with other
fractional operators in the literature. Finally, we compare the behavior of the function z2 in clas-
sical Riemann-Liouville and Caputo fractional operators and MRL and MC fractional operators
for orders ε = 0.2,0.4,0.6,0.8.

2010 Mathematics Subject Classification: 33B15; 26A33; 44A10

Keywords: gamma function, beta function, generalized M-series, fractional operators, integral
transforms

1. INTRODUCTION

It is known how to take the integer integral and derivative of a function such as the
first, second, third, fourth. Is it possible to take the fractional integral and derivative
of the same function from orders 0.2, 0.4, 0.6, 0.8 etc? First, in the correspondence
between Leibniz and L’Hospital in 1695, “Can integer derivatives be extended to
fractional derivatives?” [11, 13] the question arose and caught the attention of many
famous mathematicians (Riemann, Grünwald, Letnikov, Liouville, Caputo, Euler,
Abel, Fourier, Kobel, Erdelyi, Hadamard, Riesz and Laplace).

The fractional integral and derivative has been one of the interesting topics in
mathematics for a long time, and this interest is increasing day by day. In the liter-
ature, there are many studies by researchers on fractional operators (see for example
[1–4, 7–10, 12, 14–19, 22, 23] and reference therein).

In this paper, we define three new fractional operators with generalized M-series
in their kernels. Then we apply Laplace, Mellin and beta integral transformations
to the new fractional operators and give some examples. Furthermore, we present
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the relationships of the new fractional operators with other fractional operators in the
literature. Finally, we examine the behavior of the function z2 in classical and new
fractional operators, see Figure 1 and Figure 2.

2. PRELIMINARIES

In this section, we give relevant material which will be used throughout the paper.
The gamma function [5] for ℜ(x)> 0 is defined by

Γ(x) =
∫

∞

0
∆

x−1 exp(−∆)d∆.

The beta function [5] for ℜ(x)> 0 and ℜ(y)> 0 is given by

B(x,y) =
∫ 1

0
∆

x−1(1−∆)y−1d∆.

The Pochhammer symbol [5] for ℜ(λ)>−n, n∈N0 and λ 6= 0,−1,−2, . . . is defined
by

(λ)n =
Γ(λ+n)

Γ(λ)
, (λ)0 ≡ 1.

The generalized M-series [20] for ℜ(α) > 0, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is
given by

α
pM

β
q (ξ1, . . . ,ξp;µ1, . . . ,µq;z) =

∞

∑
n=0

(ξ1)n . . .(ξp)n

(µ1)n . . .(µq)n

zn

Γ(αn+β)
.

The modified gamma function [6] for ℜ(α) > 0, ℜ(ρ) > 0, ℜ(x) > 0, ξ1, . . . ,ξp,
µ1, . . . ,µq 6= 0,−1,−2, . . . is given by

M
Γ
(α,β)
p,q (x;ρ) = M

Γ
(α,β)
p,q (ξ1, . . . ,ξp;µ1, . . . ,µq;x;ρ)

=
∫

∞

0
∆

x−1 α
pM

β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;−∆− ρ

∆

)
d∆.

The modified beta function [6] for ℜ(α)> 0, ℜ(ρ)> 0, ℜ(x)> 0, ℜ(y)> 0, ξ1, . . . ,ξp,
µ1, . . . ,µq 6= 0,−1,−2, . . . is defined by

MB(α,β)
p,q (x,y;ρ) = MB(α,β)

p,q (ξ1, . . . ,ξp;µ1, . . . ,µq;x,y;ρ)

=
∫ 1

0
∆

x−1(1−∆)y−1 α
pM

β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−ρ

∆(1−∆)

)
d∆.

The Mellin transform [11] for ρ ∈ C is defined by

M{ f (w);ρ}=
∫

∞

0
wρ−1 f (w)dw.

The Laplace transform [11] for ℜ(s)> 0 is given by

L{ f (w);s}=
∫

∞

0
exp(−sw) f (w)dw.
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The beta transform [21] for ℜ(x)> 0 and ℜ(y)> 0 is defined by

B{ f (w);x,y}=
∫ 1

0
wx−1(1−w)y−1 f (w)dw.

The Riemann-Liouville fractional integral [13] for ℜ(ε)> 0 is given by

Iε
z { f (z)}= 1

Γ(ε)

∫ z

0
(z−∆)ε−1 f (∆)d∆. (2.1)

The Riemann-Liouville fractional derivative [13] for ℜ(ε) > 0, m− 1 < ℜ(ε) < m,
m ∈ N is defined by

Dε
z { f (z)}= 1

Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1 f (∆)d∆. (2.2)

The Caputo fractional derivative [13] for ℜ(ε)> 0, m−1<ℜ(ε)<m, m∈N is given
by

cDε
z { f (z)}= 1

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆)d∆. (2.3)

3. NEW FRACTIONAL OPERATORS

In this section, we introduce three new fractional operators in the classical
Riemann-Liouville fractional integral, Riemann-Liouville fractional derivative and
Caputo fractional derivative operators sensitivity and give some of their basic prop-
erties. Also, we call new Riemann-Liouville fractional integral, Riemann-Liouville
fractional derivative and Caputo fractional derivative operators as MRL fractional
integral, MRL fractional derivative and MC fractional derivative operators, respect-
ively.

Definition 3.1. New Riemann-Liouville fractional integral operator for ℜ(α)> 0,
ℜ(ε)> 0, ξ1, . . . ,ξp, µ1, . . . ,µq 6= 0,−1,−2, . . . is defined as:

Îε
z { f (z);α,β;w}= Îε

z
{

f (z);ξ1, . . . ,ξp;µ1, . . . ,µq;α,β;w
}

:=
1

Γ(ε)

∫ z

0
(z−∆)ε−1 f (∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆.

Definition 3.2. New Riemann-Liouville fractional derivative operator for
ℜ(α)> 0, ℜ(ε)> 0, m−1 < ℜ(ε)< m, m ∈N, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . .
is defined as:

D̂ε
z { f (z);α,β;w}= D̂ε

z
{

f (z);ξ1, . . . ,ξp;µ1, . . . ,µq;α,β;w
}

:=
1

Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1 f (∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆.
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Definition 3.3. New Caputo fractional derivative operator for ℜ(α)> 0, ℜ(ε)> 0,
m−1 < ℜ(ε)< m, m ∈ N, ξ1, . . . ,ξp, µ1, . . . ,µq 6= 0,−1,−2, . . . is defined as:

cD̂ε
z { f (z);α,β;w}= cD̂ε

z
{

f (z);ξ1, . . . ,ξp;µ1, . . . ,µq;α,β;w
}

:=
1

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆.

Remark 3.1. If we put w = 0 and β = 1 to the new fractional operators, we get the
classical fractional operators (2.1), (2.2) and (2.3).

Theorem 3.1. The MRL fractional integral for λ1,λ2 ∈ R, ℜ(α) > 0, ℜ(ε) > 0,
ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is linear:

Îε
z {λ1 f (z)+λ2g(z);α,β;w}= λ1Îε

z { f (z);α,β;w}+λ2Îε
z {g(z);α,β;w} .

Proof. By using MRL fractional integral operator, we have

Îε
z {λ1 f (z)+λ2g(z);α,β;w}

=
λ1

Γ(ε)

∫ z

0
(z−∆)ε−1 f (∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

+
λ2

Γ(ε)

∫ z

0
(z−∆)ε−1g(∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

= λ1Îε
z { f (z);α,β;w}+λ2Îε

z {g(z);α,β;w} . �

Theorem 3.2. The MRL fractional derivative for λ1,λ2 ∈R, ℜ(α)> 0, ℜ(ε)> 0,
m−1 < ℜ(ε)< m, m ∈ N, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is linear:

D̂ε
z {λ1 f (z)+λ2g(z);α,β;w}= λ1D̂ε

z { f (z);α,β;w}+λ2D̂ε
z {g(z);α,β;w} .

Proof. By using MRL fractional derivative operator, we have

D̂ε
z {λ1 f (z)+λ2g(z);α,β;w}

=
λ1

Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1 f (∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

+
λ2

Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1g(∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

= λ1D̂ε
z { f (z);α,β;w}+λ2D̂ε

z {g(z);α,β;w} . �

Theorem 3.3. The MC fractional derivative for λ1,λ2 ∈ R, ℜ(α)> 0, ℜ(ε)> 0,
m−1 < ℜ(ε)< m, m ∈ N, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is linear:

cD̂ε
z {λ1 f (z)+λ2g(z);α,β;w}= λ1

cD̂ε
z { f (z);α,β;w}+λ2

cD̂ε
z {g(z);α,β;w} .

Proof. By using MC fractional derivative operator, we have
cD̂ε

z {λ1 f (z)+λ2g(z);α,β;w}
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=
λ1

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

+
λ2

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1g(m)(∆) α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

= λ1
cD̂ε

z { f (z);α,β;w}+λ2
cD̂ε

z {g(z);α,β;w} . �

Theorem 3.4. Let f (z) = ∑
∞
n=0 anzn analytic function for |z| < r. Then, the MRL

fractional integral for ℜ(α) > 0, ℜ(ε) > 0, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is
provided as:

Îε
z { f (z);α,β;w}=

∞

∑
n=0

an Îε
z {zn;α,β;w} .

Proof. By using MRL fractional integral operator, we have

Îε
z { f (z);α,β;w}=

∞

∑
n=0

an

Γ(ε)

∫ z

0
(z−∆)ε−1

∆
n α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

=
∞

∑
n=0

an Îε
z {zn;α,β;w} . �

Theorem 3.5. Let f (z) = ∑
∞
n=0 anzn analytic function for |z| < r. Then, the MRL

fractional derivative for ℜ(α)> 0, ℜ(ε)> 0, m−1 < ℜ(ε)< m, m ∈ N, ξ1, . . . ,ξp,
µ1, . . . ,µq 6= 0,−1,−2, . . . is provided as:

D̂ε
z { f (z);α,β;w}=

∞

∑
n=0

an D̂ε
z {zn;α,β;w} .

Proof. By using MRL fractional derivative operator, we have

D̂ε
z { f (z);α,β;w}=

∞

∑
n=0

an

Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1

∆
n

×α
pM

β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

=
∞

∑
n=0

an D̂ε
z {zn;α,β;w} . �

Theorem 3.6. Let f (z) = ∑
∞
n=0 anzn analytic function for |z| < r. Then, the MC

fractional derivative for ℜ(α)> 0, ℜ(ε)> 0, m−1 < ℜ(ε)< m, m ∈ N, ξ1, . . . ,ξp,
µ1, . . . ,µq 6= 0,−1,−2, . . . is provided as:

cD̂ε
z { f (z);α,β;w}=

∞

∑
n=0

an cD̂ε
z {zn;α,β;w} .
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Proof. By using MC fractional derivative operator, we have

cD̂ε
z { f (z);α,β;w}=

∞

∑
n=0

an

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1

×α
pM

β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
dm

d∆m (∆n)d∆

=
∞

∑
n=0

an cD̂ε
z {zn;α,β;w} . �

4. APPLICATION OF INTEGRAL TRANSFORMS

In this section, we apply Laplace, Mellin and beta transforms to the MRL frac-
tional integral, MRL fractional derivative and MC fractional derivative operators.

4.1. Application of Laplace transform

Theorem 4.1. The Laplace transform of MRL fractional integral for ℜ(α) > 0,
ℜ(s)> 0, ℜ(ε)> 0, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is obtained as:

L
{

Îε
z { f (z);α,β;w} ;s

}
=

1
s

Îε
z

{
f (z);ξ1, . . . ,ξp,1;µ1, . . . ,µq;α,β;

1
s

}
.

Proof. By using MRL fractional integral operator and Laplace transform, we have

L
{

Îε
z { f (z);α,β;w} ;s

}
=

1
s

1
Γ(ε)

∫ z

0
(z−∆)ε−1 f (∆) α

p+1M
β
q

(
ξ1, . . . ,ξp,1;µ1, . . . ,µq;

−
(
s−1
)

z2

∆(z−∆)

)
d∆

=
1
s

Îε
z

{
f (z);ξ1, . . . ,ξp,1;µ1, . . . ,µq;α,β;

1
s

}
. �

Corollary 4.1. The Laplace transform of the MRL fractional integral operator
yields the following result in relation to the modified beta function for f (z) = zλ :

L
{

Îε
z

{
zλ;α,β;w

}
;s
}
=

1
s

zε+λ

Γ(ε)
MB(α,β)

p+1,q

(
ξ1, . . . ,ξp,1;µ1, . . . ,µq;λ+1,ε;

1
s

)
.

Theorem 4.2. The Laplace transform of MRL fractional derivative for ℜ(α)> 0,
ℜ(s)> 0, ℜ(ε)> 0, m−1 < ℜ(ε)< m, m ∈N, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . .
is obtained as:

L
{

D̂ε
z { f (z);α,β;w} ;s

}
=

1
s

D̂ε
z

{
f (z);ξ1, . . . ,ξp,1;µ1, . . . ,µq;α,β;

1
s

}
.

Proof. By using the MRL fractional derivative operator and the Laplace transform,
the desired result can be easily achieved with similar calculations. �
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Corollary 4.2. The Laplace transform of the MRL fractional derivative operator
yields the following result in relation to the modified beta function for f (z) = zλ :

L
{

D̂ε
z

{
zλ;α,β;w

}
;s
}
=

1
s

Γ(m+λ+1− ε)zλ−ε

Γ(m− ε)Γ(λ+1− ε)

×MB(α,β)
p+1,q

(
ξ1, . . . ,ξp,1;µ1, . . . ,µq;λ+1,m− ε;

1
s

)
.

Theorem 4.3. The Laplace transform of MC fractional derivative for ℜ(α) > 0,
ℜ(s)> 0, ℜ(ε)> 0, m−1 < ℜ(ε)< m, m ∈N, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . .
is obtained as:

L
{

cD̂ε
z { f (z);α,β;w} ;s

}
=

1
s

cD̂ε
z

{
f (z);ξ1, . . . ,ξp,1;µ1, . . . ,µq;α,β;

1
s

}
.

Proof. By using the MC fractional derivative operator and the Laplace transform,
the desired result can be easily achieved with similar calculations. �

Corollary 4.3. The Laplace transform of the MC fractional derivative operator
yields the following result in relation to the modified beta function for f (z) = zλ :

L
{

cD̂ε
z

{
zλ;α,β;w

}
;s
}
=

1
s

Γ(λ+1)zλ−ε

Γ(m− ε)Γ(λ+1−m)

×MB(α,β)
p+1,q

(
ξ1, . . . ,ξp,1;µ1, . . . ,µq;λ+1−m,m− ε;

1
s

)
.

4.2. Application of Mellin transform

Theorem 4.4. The Mellin transform of MRL fractional integral for ℜ(α) > 0,
ℜ(ρ) > 0, ℜ(ε) > 0, ℜ(ε+ρ) > 0, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is obtained
as:

M
{

Îε
z { f (z);α,β;w} ;ρ

}
=

Γ(ε+ρ)

Γ(ε)

MΓ
(α,β)
p,q (ρ;0)

z2ρ
Iε+ρ
z {zρ f (z)} .

Proof. By using MRL fractional integral operator and Mellin transform, we have

M
{

Îε
z { f (z);α,β;w} ;ρ

}
=

1
Γ(ε)

∫ z

0
(z−∆)ε−1 f (∆)

×
∫

∞

0
wρ−1 α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
dwd∆.

By putting k = wz2

∆(z−∆) and multiplied by Γ(ε+ρ)
Γ(ε+ρ) , we have

M
{

Îε
z { f (z);α,β;w} ;ρ

}
=

Γ(ε+ρ)

Γ(ε)

z−2ρ

Γ(ε+ρ)

∫ z

0
(z−∆)ε+ρ−1

∆
ρ f (∆)

×
∫

∞

0
kρ−1 α

pM
β
q (ξ1, . . . ,ξp;µ1, . . . ,µq;−k)dkd∆
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=
Γ(ε+ρ)

Γ(ε)

MΓ
(α,β)
p,q (ρ;0)

z2ρ
Iε+ρ
z {zρ f (z)} . �

Corollary 4.4. The Mellin transform of the MRL fractional integral operator
yields the following result in relation to the modified gamma function for f (z) = zλ :

M
{

Îε
z

{
zλ;α,β;w

}
;ρ

}
=

Γ(ε+ρ)Γ(λ+ρ+1)zλ+ε

Γ(ε)Γ(λ+ ε+2ρ+1)
M

Γ
(α,β)
p,q (ρ;0).

Theorem 4.5. The Mellin transform of MRL fractional derivative for ℜ(α) > 0,
ℜ(ρ) > 0, ℜ(ε) > 0, m− 1 < ℜ(ε) < m, ℜ(m− ε) > 0, ℜ(m− ε+ρ) > 0, m ∈ N,
ξ1, . . . ,ξp, µ1, . . . ,µq 6= 0,−1,−2, . . . is obtained as:

M
{

D̂ε
z { f (z);α,β;w} ;ρ

}
=

MΓ
(α,β)
p,q (ρ;0)Γ(m− ε+ρ)

Γ(m− ε)

dm

dzm

(
1

z2ρ
Im−ε+ρ
z {zρ f (z)}

)
.

Proof. By using MRL fractional derivative operator and Mellin transform, we have

M
{

D̂ε
z { f (z);α,β;w} ;ρ

}
=

1
Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1 f (∆)

×
∫

∞

0
wρ−1 α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
dwd∆.

By putting k = wz2

∆(z−∆) and multiplied by Γ(m−ε+ρ)
Γ(m−ε+ρ) , we have

M
{

D̂ε
z { f (z);α,β;w} ;ρ

}
=

Γ(m− ε+ρ)

Γ(m− ε)

dm

dzm
z−2ρ

Γ(m− ε+ρ)

∫ z

0
(z−∆)m−ε+ρ−1

∆
ρ f (∆)

×
∫

∞

0
kρ−1 α

pM
β
q (ξ1, . . . ,ξp;µ1, . . . ,µq;−k)dkd∆

=
MΓ

(α,β)
p,q (ρ;0)Γ(m− ε+ρ)

Γ(m− ε)

dm

dzm

(
1

z2ρ
Im−ε+ρ
z {zρ f (z)}

)
. �

Corollary 4.5. The Mellin transform of the MRL fractional derivative operator
yields the following result in relation to the modified gamma function for f (z) = zλ :

M
{

D̂ε
z

{
zλ;α,β;w

}
;ρ

}
=

Γ(m+ρ− ε)Γ(m+λ+1− ε)Γ(λ+ρ+1)zλ−ε

Γ(m− ε)Γ(λ+1− ε)Γ(m+λ+2ρ+1− ε)

×M
Γ
(α,β)
p,q (ρ;0).

Theorem 4.6. The Mellin transform of MC fractional derivative for ℜ(α) > 0,
ℜ(ρ)> 0, ℜ(ε) > 0, m− 1 < ℜ(ε) < m, ℜ(m− ε)> 0, ℜ(m− ε+ ρ)> 0, m ∈ N,
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ξ1, . . . ,ξp, µ1, . . . ,µq 6= 0,−1,−2, . . . is obtained as:

M
{

cD̂ε
z { f (z);α,β;w} ;ρ

}
=

MΓ
(α,β)
p,q (ρ;0)Γ(m− ε+ρ)

Γ(m− ε)z2ρ
Im−ε+ρ
z

{
zρ f (m)(z)

}
.

Proof. By using MC fractional derivative operator and Mellin transform, we have

M
{

cD̂ε
z { f (z);α,β;w} ;ρ

}
=

1
Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆)

×
∫

∞

0
wρ−1 α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
dwd∆.

By putting k = wz2

∆(z−∆) and multiplied by Γ(m−ε+ρ)
Γ(m−ε+ρ) , we have

M
{

cD̂ε
z { f (z);α,β;w} ;ρ

}
=

MΓ
(α,β)
p,q (ρ;0)Γ(m− ε+ρ)

Γ(m− ε)z2ρ

1
Γ(m− ε+ρ)

∫ z

0
(z−∆)m−ε+ρ−1

∆
ρ f (m)(∆)d∆

=
MΓ

(α,β)
p,q (ρ;0)Γ(m− ε+ρ)

Γ(m− ε)z2ρ
Im−ε+ρ
z

{
zρ f (m)(z)

}
. �

Corollary 4.6. The Mellin transform of the MC fractional derivative operator
yields the following result in relation to the modified gamma function for f (z) = zλ :

M
{

cD̂ε
z

{
zλ;α,β;w

}
;ρ

}
=

Γ(λ+1)Γ(m+ρ− ε)Γ(λ+ρ+1−m)zλ−ε

Γ(m− ε)Γ(λ+1−m)Γ(λ+2ρ+1− ε)

×M
Γ
(α,β)
p,q (ρ;0).

4.3. Application of beta transform

Theorem 4.7. The beta transform of MRL fractional integral for ℜ(α) > 0,
ℜ(x)> 0, ℜ(y) > 0, ℜ(ε) > 0, ξ1, . . . ,ξp,x,µ1, . . . ,µq,x+ y 6= 0,−1,−2, . . . is ob-
tained as:

B
{

Îε
z { f (z);α,β;w} ;x,y

}
= B(x,y) Îε

z
{

f (z);ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;α,β;1
}
.

Proof. By using MRL fractional integral operator and beta transform, we have

B
{

Îε
z { f (z);α,β;w} ;x,y

}
=

B(x,y)
Γ(ε)

∫ z

0
(z−∆)ε−1 f (∆) α

p+1M
β

q+1

(
ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;

−z2

∆(z−∆)

)
d∆

= B(x,y) Îε
z
{

f (z);ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;α,β;1
}
. �



1136 E. ATA

Corollary 4.7. The beta transform of the MRL fractional integral operator yields
the following result in relation to the modified beta function for f (z) = zλ :

B
{

Îε
z

{
zλ;α,β;w

}
;x,y

}
=

B(x,y)
Γ(ε)

zε+λ

×MB(α,β)
p+1,q+1 (ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;λ+1,ε;1) .

Theorem 4.8. The beta transform of MRL fractional derivative for ℜ(α) > 0,
ℜ(x)> 0, ℜ(y)> 0, ℜ(ε)> 0, m− 1<ℜ(ε)<m, m ∈ N, ξ1, . . . ,ξp,x, µ1, . . . ,µq,
x+ y 6= 0,−1,−2, . . . is obtained as:

B
{

D̂ε
z { f (z);α,β;w} ;x,y

}
= B(x,y) D̂ε

z
{

f (z);ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;α,β;1
}
.

Proof. By using the MRL fractional derivative operator and the beta transform,
the desired result can be easily achieved with similar calculations. �

Corollary 4.8. The beta transform of the MRL fractional derivative operator
yields the following result in relation to the modified beta function for f (z) = zλ :

B
{

D̂ε
z

{
zλ;α,β;w

}
;x,y

}
=

B(x,y)Γ(m+λ+1− ε)zλ−ε

Γ(m− ε)Γ(λ+1− ε)

×MB(α,β)
p+1,q+1 (ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;λ+1,m− ε;1) .

Theorem 4.9. The beta transform of MC fractional derivative for ℜ(α) > 0,
ℜ(x)> 0, ℜ(y)> 0, ℜ(ε)> 0, m− 1<ℜ(ε)<m, m ∈ N, ξ1, . . . ,ξp,x, µ1, . . . ,µq,
x+ y 6= 0,−1,−2, . . . is obtained as:

B
{

cD̂ε
z { f (z);α,β;w} ;x,y

}
= B(x,y)cD̂ε

z
{

f (z);ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;α,β;1
}
.

Proof. By using the MC fractional derivative operator and the beta transform, the
desired result can be easily achieved with similar calculations. �

Corollary 4.9. The beta transform of the MC fractional derivative operator yields
the following result in relation to the modified beta function for f (z) = zλ :

B
{

cD̂ε
z

{
zλ;α,β;w

}
;x,y

}
=

B(x,y)Γ(λ+1)zλ−ε

Γ(m− ε)Γ(λ+1−m)

×MB(α,β)
p+1,q+1 (ξ1, . . . ,ξp,x;µ1, . . . ,µq,x+ y;λ+1−m,m− ε;1) .

5. EXAMPLES

In this section, we compute the MRL fractional integrals, MRL fractional derivat-
ives and MC fractional derivatives of functions zλ and (1− az)−λ and obtain results
that generate the classical gamma and beta and modified gamma and beta functions.
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Example 5.1. The MRL fractional integral of f (z) = zλ for ℜ(α)> 0, ℜ(w)> 0,
ℜ(λ+1)> 0, ℜ(ε)> 0, ξ1, . . . ,ξp,µ1, . . . ,µq 6= 0,−1,−2, . . . is found as:

Îε
z

{
zλ;α,β;w

}
=

zε+λ

Γ(ε)
MB(α,β)

p,q (λ+1,ε;w).

By using MRL fractional integral operator, we have

Îε
z

{
zλ;α,β;w

}
=

1
Γ(ε)

∫ z

0
(z−∆)ε−1

∆
λ α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

=
zε+λ

Γ(ε)

∫ 1

0
uλ(1−u)ε−1 α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−w
u(1−u)

)
du

=
zε+λ

Γ(ε)
MB(α,β)

p,q (λ+1,ε;w).

Example 5.2. The MRL fractional derivative of f (z) = zλ for ℜ(α)> 0, ℜ(w)> 0,
ℜ(λ+1)> 0, ℜ(ε)> 0, m−1 < ℜ(ε)< m, ℜ(m−ε)> 0, ℜ(λ+1−ε)> 0, m ∈N,
ξ1, . . . ,ξp, µ1, . . . ,µq 6= 0,−1,−2, . . . is found as:

D̂ε
z

{
zλ;α,β;w

}
= zλ−ε Γ(λ+1)

Γ(λ+1− ε)

MB(α,β)
p,q (λ+1,m− ε;w)
B(λ+1,m− ε)

.

By using MRL fractional derivative operator, we have

D̂ε
z

{
zλ;α,β;w

}
=

1
Γ(m− ε)

dm

dzm

∫ z

0
(z−∆)m−ε−1

∆
λ α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

=
zλ−ε

Γ(m− ε)

Γ(m+λ+1− ε)

Γ(λ+1− ε)

Γ(λ+1)
Γ(λ+1)

MB(α,β)
p,q (λ+1,m− ε;w)

= zλ−ε Γ(λ+1)
Γ(λ+1− ε)

MB(α,β)
p,q (λ+1,m− ε;w)
B(λ+1,m− ε)

.

Example 5.3. The MC fractional derivative of f (z) = zλ for ℜ(α) > 0,
ℜ(w) > 0, ℜ(λ + 1) > 0, ℜ(ε) > 0, m − 1 < ℜ(ε) < m, ℜ(m − ε) > 0,
ℜ(λ+ 1− ε) > 0, ℜ(λ+ 1−m) > 0, m ∈ N, ξ1, . . . ,ξp, µ1, . . . ,µq 6= 0,−1,−2, . . .
is found as:

cD̂ε
z

{
zλ;α,β;w

}
= zλ−ε Γ(λ+1)

Γ(λ+1− ε)

MB(α,β)
p,q (λ+1−m,m− ε;w)
B(λ+1−m,m− ε)

.

By using MC fractional derivative operator, we have



1138 E. ATA

cD̂ε
z

{
zλ;α,β;w

}
=

1
Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
dm

d∆m

(
∆

λ

)
d∆

= zλ−ε Γ(λ+1)
Γ(λ+1−m)Γ(m− ε)

Γ(λ+1− ε)

Γ(λ+1− ε)
MB(α,β)

p,q (λ+1−m,m− ε;w)

= zλ−ε Γ(λ+1)
Γ(λ+1− ε)

MB(α,β)
p,q (λ+1−m,m− ε;w)
B(λ+1−m,m− ε)

.

Example 5.4. The MRL fractional integral of f (z) = (1− az)−λ for ℜ(α) > 0,
ℜ(w)> 0, ℜ(ε)> 0, ξ1, . . . ,ξp,µ1, . . . ,µq,λ 6= 0,−1,−2, . . . is found as:

Îε
z

{
(1−az)−λ;α,β;w

}
=

zε

Γ(ε)

∞

∑
n=0

(λ)n(az)n

n!
MB(α,β)

p,q (n+1,ε;w).

By using MRL fractional integral operator, we have

Îε
z

{
(1−az)−λ;α,β;w

}
=

1
Γ(ε)

∫ z

0
(z−∆)ε−1(1−a∆)−λ α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−wz2

∆(z−∆)

)
d∆

=
zε

Γ(ε)

∞

∑
n=0

(λ)n(az)n

n!

∫ 1

0
un(1−u)ε−1 α

pM
β
q

(
ξ1, . . . ,ξp;µ1, . . . ,µq;

−w
u(1−u)

)
du

=
zε

Γ(ε)

∞

∑
n=0

(λ)n(az)n

n!
MB(α,β)

p,q (n+1,ε;w).

Example 5.5. The MRL fractional derivative of f (z) = (1− az)−λ for ℜ(α) > 0,
ℜ(w) > 0, ℜ(ε) > 0, m− 1 < ℜ(ε) < m, ℜ(m− ε) > 0, ℜ(n+ 1− ε) > 0, m ∈ N,
n ∈ N0, ξ1, . . . ,ξp, µ1, . . . ,µq,λ 6= 0,−1,−2, . . . is found as:

D̂ε
z

{
(1−az)−λ;α,β;w

}
= z−ε

∞

∑
n=0

(λ)n(az)n

n!
Γ(n+1)

Γ(n+1− ε)

MB(α,β)
p,q (n+1,m− ε;w)
B(n+1,m− ε)

.

By using MRL fractional derivative operator, we have

D̂ε
z

{
(1−az)−λ;α,β;w

}
= z−ε

∞

∑
n=0

(λ)n(az)n

n!
Γ(m+n+1− ε)

Γ(n+1− ε)Γ(m− ε)

Γ(n+1)
Γ(n+1)

MB(α,β)
p,q (n+1,m− ε;w)

= z−ε
∞

∑
n=0

(λ)n(az)n

n!
Γ(n+1)

Γ(n+1− ε)

MB(α,β)
p,q (n+1,m− ε;w)
B(n+1,m− ε)

.
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Example 5.6. The MC fractional derivative of f (z) = (1− az)−λ for ℜ(α) > 0,
ℜ(w)>0, ℜ(ε)>0, m−1<ℜ(ε)<m, ℜ(m−ε)>0, ℜ(n+1−ε)>0, n+1−m>0,
m ∈ N, n ∈ N0, ξ1, . . . ,ξp, µ1, . . . ,µq,λ 6= 0,−1,−2, . . . is found as:

cD̂ε
z

{
(1−az)−λ;α,β;w

}
= z−ε

∞

∑
n=0

(λ)n(az)n

n!
Γ(n+1)

Γ(n+1− ε)

MB(α,β)
p,q (n+1−m,m− ε;w)
B(n+1−m,m− ε)

.

By using MC fractional derivative operator, we have

cD̂ε
z

{
(1−az)−λ;α,β;w

}
= z−ε

∞

∑
n=0

(λ)n(az)n

n!
Γ(n+1)

Γ(n+1−m)Γ(m− ε)

Γ(n+1− ε)

Γ(n+1− ε)
MB(α,β)

p,q (n+1−m,m− ε;w)

= z−ε
∞

∑
n=0

(λ)n(az)n

n!
Γ(n+1)

Γ(n+1− ε)

MB(α,β)
p,q (n+1−m,m− ε;w)
B(n+1−m,m− ε)

.

6. CONCLUSIONS

In this paper, MRL fractional integral, MRL fractional derivative and MC frac-
tional derivative operators, which including generalized M-series at their kernels, are
defined. Since the generalized M-series has a more general form then most of the spe-
cial functions, many fractional operators becomes the special cases of the fractional
operators (MRL and MC fractional operators) introduced here.

The definitions of some popular fractional operators that have been defined re-
cently and their relationships with the new fractional operators (MRL and MC frac-
tional operators) are given below.

Özarslan and Özergin [17]:

Dε,w
z { f (z)}=


1

Γ(−ε)

z∫
0
(z−∆)−ε−1 f (∆)exp

(
−wz2

∆(z−∆)

)
d∆,

dm

dzm Dε−m,w
z { f (z)}

and relationships

D̂ε
z { f (z);1;1;1,1;w}= dm

dzm Dε−m,w
z { f (z)} .

Srivastava et al. [22]:

Dε,w

z,
(
{Kl}l∈N0

) { f (z)}=


1

Γ(−ε)

∫ z
0 (z−∆)−ε−1 f (∆)Θ

(
{Kl}l∈N0

; −wz2

∆(z−∆)

)
d∆,

dm

dzm Dε−m,w

z,
(
{Kl}l∈N0

) { f (z)}
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and relationships

D̂ε
z { f (z);ξ;µ;1,1;w}= dm

dzm Dε−m,w

z,
(
{Kl}l∈N0

) { f (z)} .

Parmar [18]:

Dε,w;k
z { f (z)}=


1

Γ(−ε)

z∫
0
(z−∆)−ε−1 f (∆)exp

(
−wz2k

∆k(z−∆)k

)
d∆,

dm

dzm Dε−m,w;k
z { f (z)}

and relationships

D̂ε
z { f (z);1;1;1,1;w}= dm

dzm Dε−m,w;1
z { f (z)} .

Agarwal et al. [3]:

Dε,w;κ,η
z { f (z)}=


1

Γ(−ε)

z∫
0
(z−∆)−ε−1 f (∆)1F1

(
ξ;µ; −wzκ+η

∆κ(z−∆)η

)
d∆,

dm

dzm Dε−m,w;κ,η
z { f (z)}

and relationships

D̂ε
z { f (z);ξ;µ;1,1;w}= dm

dzm Dε−m,w;1,1
z { f (z)} .

Kıymaz et al. [15]:

Dε,w
z { f (z)}= 1

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆)exp

(
−wz2

∆(z−∆)

)
d∆

and relationships
cD̂ε

z { f (z);1;1;1,1;w}= Dε,w
z { f (z)} .

Agarwal et al. [2]:

Dε,w;k
z { f (z)}= 1

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆)exp

(
−wz2k

∆k(z−∆)k

)
d∆

and relationships
cD̂ε

z { f (z);1;1;1,1;w}= Dε,w;1
z { f (z)} .

Baleanu et al. [8]:

Dε
z { f (z); p,q}=


1

Γ(−ε)

z∫
0
(z−∆)−ε−1 f (∆)exp

(−pz
∆
− qz

z−∆

)
d∆,

dm

dzm Dε−m
z { f (z); p,q}

and relationships

D̂ε
z { f (z);1;1;1,1;w}= dm

dzm Dε−m
z { f (z);w,w} .
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Kıymaz et al. [14]:

Dε
z { f (z); p,q}= 1

Γ(m− ε)

∫ z

0
(z−∆)m−ε−1 f (m)(∆)exp

(
−pz

∆
− qz

z−∆

)
d∆

and relationships
cD̂ε

z { f (z);1;1;1,1;w}= Dε
z { f (z);w,w} .

Çetinkaya et al. [10]:

Dε;(ξ,µ;κ,η;p,q) { f (z)}=


1

Γ(−ε)

z∫
0
(z−∆)−ε−1 f (∆)1F1

(
ξ;µ;−p

( z
∆

)κ−q
( z

z−∆

)η
)

d∆,

dm

dzm Dε−m;(ξ,µ;κ,η;p,q) { f (z)} ,

Dε;(ξ,µ;κ,η;p,q) { f (z)}= Dε−m;(ξ,µ;κ,η;p,q)
{

f (m)(z)
}

and relationships

D̂ε
z { f (z);ξ;µ;1,1;w}= dm

dzm Dε−m;(ξ,µ;1,1;w,w) { f (z)} ,

cD̂ε
z { f (z);ξ;µ;1,1;w}= Dε;(ξ,µ;1,1;w,w) { f (z)} .

Finally, we present the behavior of the function z2 in both the classical fractional
operators and the new fractional operators, see Figure 1 and Figure 2.
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(A) Behavior of the function z2 in the classical Riemann-Liouville
fractional integral operator.
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(B) Behavior of the function z2 in MRL fractional integral operator
for values p = q = ξ1 = µ1 = 1, α = β = 1, w = 2 and generalized
M-series index n = 0,1.

FIGURE 1. Comparison of classical Riemann-Liouville fractional
integral operator with MRL fractional integral operator.
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(A) Behavior of the function z2 in the classical Riemann-Liouville and
Caputo fractional derivative operators.
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(B) Behavior of the function z2 in MRL fractional derivative operator
for values p = q = ξ1 = µ1 = 1, α = β =m = 1, w = 2 and generalized
M-series index n = 0,1.
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(C) Behavior of the function z2 in MC fractional derivative operator
for values p = q = ξ1 = µ1 = 1, α = β =m = 1, w = 2 and generalized
M-series index n = 0,1.

FIGURE 2. Comparison of classical Riemann-Liouville and Caputo
fractional derivative operators with MRL and MC fractional derivat-
ive operators.
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[12] J. F. Gómez-Aguilar and A. Atangana, “New insight in fractional differentiation: power, exponen-
tial decay and Mittag-Leffler laws and applications,” The European Physical Journal Plus, vol.
132, no. 1, pp. 1–21, 2017, doi: 10.1140/epjp/i2017-11293-3.

[13] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and applications of fractional differential
equations. Elsevier, 2006, vol. 204.
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