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Abstract. In this paper, we derive a Mittag-Leffler function for real index and establish solutions
of special type of fractional order differential equations (FDEs). The same concept is exten-
ded to discrete case by replacing polynomials into factorial polynomials and differentiation into
{-difference operator. Moreover, numerical examples of our results are stated to validate our find-
ings. The acquired results here have the ability to generate a wide range of formulas in relation
to newer results.
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1. INTRODUCTION

Fractional calculus, like standard integer calculus, is one of the oldest branches
of mathematics. It is nowadays utilized in the vast areas of science, modelling, bio-
engineering, computational optimization, control analysis of systems. We have dif-
ferent structures of fractional differential equations (FDEs) containing various spe-
cial functions in their kernels which have main importance in analyzing mathematical
models. For instances, the application of these kernels can be seen in some works in-
cluding [1-3,5,10,18,21,22]. In addition to these papers, the Mittag-Leffler function
is used as the kernel of some new operators [6, 8, 1 1]. In fact, in last twenty years,
the use of Mittag-Leffler function has gained its momentum in the investigation and
solving different boundary problems and dynamical systems in life sciences [13].
The Mittag-Leffler function with two parameters is defined by [24] as

E (Z): N R(B)’R(Y)>075?Y7Z€C- (L.1)

b g T(y+BJ)
This function is applicable to solve the fractional Kinetic equations [13]. Regard-
ing Mittag-Leffler function and its properties, we can refer to Hilfer [14] and Saxena
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[23]. As exponential function naturally is appeared from solving ordinary differ-
ential equations, the Mittag-Leffler function plays a similar role in solving (FDEs)
fractional differential equations.

On the other hand, Diaz et al. [9] introduced the notion of the fractional difference
by the rather usual method which permits the index of difference, in the standard
representation of the n-th difference, to be each arbitrary real/complex number. After
that, by using Taylor’s series, Hirota [ 15] introduced the difference operator V¥ in the
fractional settings in which g € R. Nagai [20] indicated another kind of this defini-
tion for the mentioned difference operator in view of the modification of the Hirota’s
definition. Accordingly, Deekshitulu et al. [7] changed the definition presented by
Nagai in [20] for g € (0,1) so that the expression for V4 does not possess any dif-
ference operator. Recently, in the field of discrete fractional calculus, delta (A7) and
nabla (V?) operators (g € R) play a key role in the modelings [12, 19].

In this paper, we develop V" real order Mittag-Leffler function by replacing z by
(Ax)Y,y= 1, =v and > by rin (1.1). The motive of initiating this new type frac-
tional or real order Mittag-Leffler function is for solving the fractional or real order
differential and difference equations. The solution of fractional order differential
and difference equations helps us to obtain applications in the context of fractional
calculus. The applications related to this function clearly yield connection between
Binomial expansion and Mittag-Leffler Factorial Function.

2. MITTAG-LEFFLER FUNCTION IN THE FRACTIONAL SETTINGS

For this section, we go through some important definitions, concepts of factorial
polynomials, Extorial function, Mittag-Leffler function and also necessary theorems
can be exploit in the later sections. Here we use the domain set J; C R for which
teJogivest £l € Jyand N(a) ={a,a+1,a+2,---}.

Definition 1. [4, 17] The ¢-Delta operator and the inverse for a function u : J; — £
are respectively defined as

Apu() = u(sc+0) —u(s), s €[0,00), £ € (0,00), (2.1)
if Apv(3¢) = u(5¢), then v(s¢) = A, u(%)+c, (2.2)
where the constant c is obtained by substituting suitable value for s.

Definition 2. [17] Let £ > 0, v € (—o0,0) and I'(7 + 1) be the Gamma function.
Then, the ¢ - factorial polynomial in s¢ for real index v is defined by

o) pr _LOAEHD

L(c/l+1—-V)

where the Gamma function is defined by

L s/l4+1,(5/0+1—-v) & —N(0) = {0,—1,---}, (2.3)

I'(z) :/ s le™*ds, Re(z)>0.
0
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Special Cases:

n

(i) when ¢/ = —1, %(jll) =u(+1)c+2) - (x+n—1)=[l(e+r—1),n€

7+ r=1
(ii) when ¢ =1, %in) =xn(x—1)(x=2)(x—n+1) = ﬁ(%—r—l— 1) =
r=1
»M nezt.

Definition 3. The n'" order Mittag-Leffler function e, (A, »), with n € Z*, » €
(—o0,00) is defined by
YL }LZn %Zn )\‘371 %371 o NI, N

wf e G T T e O

Note that e; (A, 5) = **. Since the function defined in (2.4) is a sub series of ¢**
for fixed A, which is finite.

en(Ayse) =1+

Definition 4. The v/ order Mittag-Leffler Function, for non integer real number
v, with the condition rv+ 1 ¢ —N(0) define by,

0 rv

Ma)=Y AWV
ev(h, ) ; T(rv+1)

Lemma 1. [25] We have the identities for any r € N(1) and { > 0:
() Az = resdY,

(i) A’y = rt(e+0) "7,

(i) Apse, " = —rt(se40), Y,

and

(v) A = —rt (e )Y,

2.5)

We use our 7' order Mittag-Leffler Function to solve certain type of linear differ-
ential equation.

Theorem 1. For A # 0, the function defined by e, (A, ») given in (2.4) is considered

as a solution of the (n — 1)"*-linear non homogeneous DE
1 dn—1 1 e 1 d 3

Proof. From the Definition 4, we have
W o 7\’2n %2’1 )\‘311 %3n
W eal TG T
Differentiating successively w.r.t sz, we obtain
1 d xnflznfl 7»2”71%2"71 }b?mfl %Snfl
— (A, ) =
Pk A oy TR P s TR e g oY

en(Myse) =1+
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1 d2 (}\’ ) 7\';1—2%11—2 N 7\(2n—2%2n—2 N 7\’311—2%311—2 N
_ e 2%) = ceidoo
A ds2 " (n—2)! (2n—2)! (3n—2)!
In general,
1 d W=y T xZn—rJ{Zn—r 7\’3n—r%3n—r
— % oA x) = oo, 2.6
K’d%’en( %) (n—r)! + (2n—r)! + (Bn—r)! + (26)

Adding (2.6) forr=10,1,2,3,--- n—1,d"=1, we get
n—1
1 d
de —en(A, 3) = e1 (A, %),

and hence we get the proof by taking u(») = e, (A, »). O

For the succeeding theorem, we use the notation lim A, 'u(t) = A, 'u(—oo).
t—oo g

Theorem 2. Let {,v>0and x € Randu:R —R. If ¥, (r+v—1) is convergent,
r=0
then we have

oo 71
(r+v—1)YY

A Nu(x) = Z

L TvE) u(se—(r+v—1)0). (2.7)

Proof. Since, A, 'u(>c) = v(3¢), we have u() = v(3c+£) —v(3).
Replacing s by s — ¢, it becomes
V() =u(sc—L0)+v(x—¥). (2.3)
Again replacing > by s —{,5c— 20, c—3(, ---, c— (n— 1) in (2.8), we arrive
v(se) =u(se— L) +u(se—20) +u(3c—30)+ - - +u(3c —nl) +v(3x —nl).

Taking 1i_r>n in the above equation along with v(—oo) = 0,u(—o0) = 0, we obtain
Nn—oo

Zu —(r+1)0). (2.9)

Taking A, ' on both sides of (2.9), we obtain
A 2u(e) = A Mu(e— ) + A Mu(3e—20) + A, Mu(3e— 30) + A, (s — 40) +

Expanding all the inverse function in above expression by the use of equation (2.9)
and then arranging the terms, we obtain

Ay %u(3¢) = u(3e — 20) +2u(3e — 30) + 3u(3c — 40) + du(3c — 50) + 5u(3c — 60) +

which is similar to

oo

Z r“ (3c— (r+2)0). (2.10)
r=0
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Proceeding like this, we get

—m - (r+m_1)§v_])
A, u(%):ZWM(%—(If—}-m—l)f),mEN,EGR. (2.11)
r=0 A
For any v > 0, we obtain the result by replacing m by v. O

Theorem 3. If A, 'u(—co) =0and Y. u(t+rt) is convergent, then
’ r=0

oo oo

AZju(t)] =Y u(t+re). (2.12)
! r=1

Proof. Replacing s by ¢, £ by —£ in (2.9), we get the proof. O

Corollary 1. Keeping s as a constant, t as a variable, taking A:i with respect to
t, then

(7\,%)'"’ (;\’%)0 (}\’%)m.l (;\’%)m.z

+
T_(';ﬂ) =0 T_(?) T_(Vln-l) T_(T-Z)

(k%)mt
()7

foe for T £0. (2.13)

gives the proof, where

T,("f't) =T(T+1)---(TH+(mt—1))= mil(T+r),
r=0

in (2.12). 0

3. APPLICATION OF FRACTIONAL ORDER MITTAG-LEFFLER FUNCTION IN
NUMERICAL METHODS

This section describes about the relation among Fractional order Mittag-Leffler
Function, inverse of A_; and raising factorial polynomials and some identities in
numerical methods.

Theorem 4. For mt € N, by denoting (s + 1)(7”;’) =(s+1)(s+2)--(s+mt), we
have the identity

(x%)mt
)

m—1 Asc)’
1)~ enlho) = ¥ P2V a1
s=1 :

Proof. From the Definition 3 and taking n = 1, we have

o) — 1 Aae A2 A3 A4
er(h o) = L+ S0+ o b Tk bt
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Arranging the terms into m disjoint groups, since the series is absolutely convergent,

we obtain
W 5 M me %2m xSm %3m

er(hz) =1+— Tt T G T

A }\’m+l %erl 7\’2m+1%2m+1

T e T ey T

252 mH2,mt2 ) 2mt2, 2m2

2 T2 T T amr ) e

4.

A=l m=1 p2m=1,2m—1  33m—1,3m—1
Tt T T am=nr T Gmen

which is the same as, by taking n = m in (2.4),
A

(x%)mAI N (x%)m.z

(m.2)

e1(A, ) =ep(N, ) + —
2tm o olm

e

L (e [1 P ]

+
2! 30 302)

(Ax)? [1 n (Ase)™1 (Ase)™?

3! (m2)

+
4 40

.}

Hence to obtain (3.1), apply (2.13) in (3.2), and this ends the proof.

Theorem 5. Suppose that vin = 1, where m € N. Then

m—1 7\’% Vs (7\‘%)\/1
ev(A, ) — e (A, ») Z Al
S T(1+vs) (l—l—Vs)(_vi)

Proof. By rearranging into four disjoint groups in Theorem 4, we get (3.3).

The following example is for the demonstration of Theorem 5.

Example 1. From (2.4), by taking v = 0.25, m = 4 we have,
2025,025 205,05 075,075 91,1

60425(?\,,%):14- + + + + -

(125 ' TI(15 ' T(1.75) ' TQ)
}\‘0.25 %0'25 }\.] .25%1.25 }\’2.25 %2425

e02s(A, ) r'1.25 + I2.25 + I'3.25 L

+oo.

(3.2)

(3.3)

O
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}LO.S%O.S }\‘1.5%1.5 >\,3'5%3'5

"5 s TTmes T

7\'0.75 %0.75 }\'1.75%1.75 }\’2.75 %2.75

T T T Tmas Tt
W00 Al A252
T TR T T
which is the same as
}\10‘25 0.25 7\‘% }\‘2%2
- 7 14
€025(h %) = 33 {jL(l.zs)jL(l.zs)(z.zs)jL }
)\‘0.5 %045 e )\‘2%2
1
s {+(1.5)+(1.5)(2.5)+ }
x0.75 %0.75 Ao 7\,2%2
T [JF(1.75)+(1.75)(2.75)Jr ]

2050 q A A2 23583
*rl[ +<1>+<1><2>+<1><2><3>+'”]

From the special cases of Definition 2 and taking A:} with respect to ¢, we get

7»0'25 %0.25 (x%) }\’O.S%O.S (K%)t
eo.as(A, ) = o li—0 + - li=o
r2s —'aos@ T TS 50 "
;\’0.75 %0.75 B (;\’%)t 7\‘0 0 (l%)t
T3 o 7 =0 TA Iy e
- (1.75)% (D

which can be expressed as

3 () (029)s st
eo. 25(7\, % —€1 7n % Z %) A:% ( %) 0)
=t T1+s(025) 7 (1 40.256)%)

A (Ax)® ()
13 s

+ -+, we get the following identities

Theorem 6. By defining si(A, ) =

ci(M2) =1+ (x;) (xﬁ)

(i) er(A, ) =c1(A, 3¢) +51(A, 52).

d
(ii) Eéez(k, ) = Asi (A, »).
..o d
(iii) ﬁez(l, %) = A (A, x).

and

Proof. Keeping A as a constant and taking differentiation with respect to 's¢ term-
wise,

d A (Ax)®  (Ax)d
ea(h) = A [T I L B2 ] (4, 0)
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Again taking derivative with respect to s, we get,

d? A2 Mt

+ ] — W21 (M, ).

4. FRACTIONAL ORDER MITTAG-LEFFLER FACTORIAL FUNCTION

Here, we extend the Fractional order Mittag-Leffler Function into Fractional order
Mittag-Leffler Factorial Function by replacing the polynomials into factorial polyno-
mials in the Fractional order Mittag-Leffler Function.

Definition 5. [16] For |A[,|¢| < 1 and ¢ € [0, 1], if ¢ — (a+¢) +cjlv is defined for
Jv+1¢ N(0), > € R, then the extended Mittag-Leffler factorial (EMLF) function is
defined as .

A, xp,¢) = i o
ev( y 7, ]ZOF(]V+1)
ey(A, »_g, 1) is defined for |A| > 1, £ > 0 whenever s — (a+¢) + cjlv is positive and
a multiple of /.

(;:— (a+£)+cj£v)( K @.1)

J
4

Also, we have two special cases in the following form:
() e1(1,5¢0,c) =e*ift=0,A=v=1,a=—1.

L) e L) )
() ev(1,o0,0) =1+ b p L 7L Ty
’ C(lv+1)  T(v+1) TGv+1) T(nv+1)

(It is the extorial function).
(i) ey(A,30,1) is the same Mittag-Leffler factorial function.

Theorem 7. The extorial function illustrated by ey (1, 5,0) (special case of Mittag-
Leffler Factorial Function) is convergent if |¢| < 1.

Proof. In view of the definition of extorial function, we have

%21) %52) %23) %én)
(n) ) (e (n—
Consider the terman:}fg‘ :%(% ) (}'f (n Uz).Then
n! n!
|| (|2] + [£]) (|2¢] +2[€]) - - (¢ + (n = 1) €])

|an| < Y .

Since |¢| < 1, choose N such that |s|(|2| + |£])--- (]2¢| + (n—1)|¢]) < N! and hence
|5 (|2 +14]) -+~ (]| + (n = )[4])
N!
which is possible, since in between two real numbers, there exists another real num-

ber.

lan| < <pn <1,
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Since py > pyy1 > -+, limy e/ |an| < /Py < 1, thus, by root test, e(s) is
convergent. O

Theorem 8. For rational » > 0 and |M| < 1, we have (1+A)* = ey (A, (€¢),,0),
where e1 (A, (€5)¢,0) is the Mittag-Leffler Factorial Function (MLFF).

Proof. From the binomial expansion for rational index,

M) n (M) 5¢(3¢—1) n (M) 5e(3¢— 1) (32— 2) b
1! 2! 3!

which can be expressed as

(14207 =14

(b)) (bsc— 1) 3 (b2)(Use— L) (03c —20) b
2! 3!
and we get the identity from the definition of e; (A, (£¢),0). O

(14207 =142 192
1

Theorem 9. For positive integer m and for » > 0, we have the identity
A;Mer (A, (€52)0,0) = (M)™er (X, (£3¢)4,0),if (M)~ = 0. (4.2)

Proof. By Theorem 8, e (A, (¢2¢)¢,0) = (1 +AL)*. By taking A, on both sides, we
find

Aver (A, (€32)¢,0) = (1A — (14007 = (1 + M7 (1 +M— 1),
which yields
(147 = A E0)
By Definition 1 of inverse difference operator, we have
Ay (er(A, (£30)0,0)) = (M) ~"er (A, (£320)s,0),
A2 (e1(A, (£0)0,0)) = (M) %er (A, (€52)¢,0).

In general, by induction on m, A, "e (A, (€¢)7,0) = (M) e (A, (€52)¢,0).
Now (4.2) is followed by replacing m by —v and the proof is ended. O

Corollary 2. Forany v >0 and |(| <1, if we take » = '} in (4.2), we have

A Ver (N, (52),0) = (M) Ver (A, (52)¢,0). (4.3)
Proof. Replacing s by 7 in (4.2), then relabeling m as s, we get (4.3). U
To illustrate Corollary 2, we give the following example.

Example 2. Consider

A, Ver (A, (£30)1,0) = (M) ey (A, (£32),0). (4.4)
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Taking £ =0.2,v=0.5,a= —{,c =0, =20,AL=2,v=1and u(») = e(A, »,0) in
(4.4) and by using Theorem 2 for v =1, we get

i er(A, (L3¢ —10)),0) = (M) ey (N, (05¢),0),
r=0

where the generalized Mittag-Leffler factorial function ey (A, 5¢4,0) is given in (4.1)
and so

xw%zf wxwxz%@

Y e1(h (0 —1)),0) = ¥ 2+
r=0 Jj=0 J=0
7»(6% 36’ = N (£re— 45 Ul M (03— 55)5{%
5y Z Z
Jj=0 j=0 j=0
wve—&@
+Z (5 . )o2 +
j=0 J:

=597.61 +426.82+304.79+217.75+155.55+111.10
+79.33+56.62+40.48 +28.93 +20.06 + 14.73 + 10.55+7.52
+538+3.85+2.74+1.96+1.4+1+1+---=2089.16,

and

oo ()
-1 1 (0), B
(M) "er (A, (€5)¢,0) = 04[ E i } =1+8+4+30.40+72.96

+124.03 +158.76 + 158.76+ 127.01 4 82.56 4-44.03

1
+19.374+7.04+2.1140.524 .- = a(836.55) =2091.38.

Corollary 3. If |(] < 1, then A, (1+M0) 7 = (M) ™V (1+M) 7 = A, Ver (A, 52,0).

Proof. We know that

A NPoe(se— Z) AN se(5e—0) (3 —20)
er(hi2,0) = 1+ =7+ —— 3 +
Replacing k by m/, we obtain

Al Nml(ml—0) n Mmb(ml —0)(ml — 2¢0) n

e1(A,mly,0) =1+ T + o 3
Ml Mmm—1) 5 MPmm—1)(m—2) ,
=1+ ot o 2+ 3 B+

=(14+M)"=(1+M)7
The proof is concluded by taking A, on both sides and applying (4.3). O
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5. APPLICATION OF THE MITTAG-LEFFLER FACTORIAL FUNCTION

This section, revolves around the solution of a specific kind of higher—order linear
non-homogeneous difference equation.

Theorem 10. For a positive integer n, the Mittag-Leffler Factorial Function e,(\, 7,0)
satisfies the (n — 1)-linear non homogeneous difference equation

x
l

a4 2t D L — e e = (14007, (5.D)

gnl gnZ /¢

Proof. From the special case of Definition 5,

)\’n%IE”) N ;\’Zn%ézn) N 7\.3’1%[53") N N
n! 2n! 3n! '

en(Ay520,0) =14

Since Ag%ér) = rf%f] , we have
1 =y (nfl) A2n—1p,,2n=1) 4301y, (Bn=1)
—Ale, =1 L £ oo
Rpien(h,0) = 14 =y s e e e,
1 NV 2£ (n=2) }\’Zn 262 (2" 2) }\{3}1 252 (3” 2)
—AZe, =1 all
G tien Mo 0) =1+ —o—5 G T G2

and in general, we find

+o oo,

}\’nfrgr%é”—r) )\'anrer%ézn—”) 7\’3n7r€r%é3”—r)

ray e 0) = L e T T Gy T
(5.2)

1
(A6)"
Adding (5.2) forr =0,1,2,3,--- ,n—1,A% = 1, we get

Z A[en 7\' s MU, )* (7\’7%€70)7

and the proof follows u() = en(k, #,0). O
Example 3. For n =2, the equation (5.1) becomes the extorial function e, (A, 5¢¢,0)

1 s
which satisfies the difference equation — Aju() +u(sc) = (14+A0) 7, |(A] < 1.

Al
22,2 944 56,06
Proof. By taking A; on ey(A,5¢,0) = 1+ Z'Z + 4'” + 6'€ +... and
applying ' ' |
A (m) (n—1)
oy =nlx; 7,
we get

22204 Ataes)
+ _|_ SRR
1! 41

Aver (A, 7,0) =
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which is the same as

1 7»%!51) 7»3%[(3)
ﬁAgez(k,%g,O): T + 30

_i_...’

1 bl
and yields that e»(A, 5¢7,0) + —Agea (A, 724,0) = €1 (A, 50,0) = (1 +A0) 7. O

M

6. CONCLUSION

Through this research, we derived a special kind of Mittag-Leffler function and
Mittag-Leffler Factorial Functions. These functions are applied to find solution of
higher order linear differential and difference equations. These solutions will gener-
ate a large number of relations in the vast area of fractional calculus.
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