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Abstract. The main purpose of this paper is to study the feedback control systems governed
by Hilfer fractional evolution inclusions involving history-dependent operators. We first show
a priori estimates of the solutions to the fractional feedback control system. Then, by using
the well-known Bohnenblust-Karlin fixed point theorem, we prove an existence theorem for the
fractional feedback control system. Finally, we consider an optimal control problem driven by
the fractional feedback control system, and establish its solvability.
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1. INTRODUCTION

In recent years, with the development of computer technology and scientific com-
puting methods, the theory and application of fractional differential evolution equa-
tions have developed rapidly. The fractional differential evolution equations in infin-
ite dimensional spaces have been applied in many fields such as economy, mechan-
ics, physics and so on. The fractional differential evolution equations with Caputo
type and Riemann-Liouville type have also been widely studied by a large number
of scholars(see [9, 11, 17, 19]). Hilfer type fractional derivatives include both Cap-
uto type and Riemann-Liouville type fractional derivatives, which have been widely
studied by a large number of scholars (cf. [2]). For example, Gu-Trujillo [2] stud-
ied the existence of mild solutions of Hilfer fractional differential equations and the
references therein.

Feedback control is a very important concept in control theory. Feedback con-
trol refers to the process of sending the output information of the system back to
the input end, comparing with the input information, and using the deviation of the
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two to control. Its characteristic is that the control function affects the state func-
tion, and the state function will affect the control function in turn, so as to achieve
the effect of feedback. In recent years, feedback control systems have been widely
used in many fields, such as spacecraft, robot operation and greenhouse regulation
(cf. [5,10,20-22]. In [20], Wang et al. considered optimal feedback control prob-
lems of fractional evolution equations with Caputo fractional derivatives. In [21,22],
the authors studied the feedback control problems of impulsive fractional evolution
equations with Riemann-Liouville type. However, there are few studies on optimal
feedback control problems of fractional evolution equations with Hilfer type frac-
tional derivatives. This is one of the motivations of this paper. Based on the above
considerations, we first study the existence of feasible pairs of Hilfer fractional evol-
ution inclusion with feedback control of the following form:

D}#x(t) € Ax(t) + (Rox) (1) + F (1,(0) + Bt x(0)u), 1€ (0,8,

u(t) € U(t,t'7%(1)), ae.r€(0,b), (1.1)
IV x(1) i2o= xo,

where D}* denotes the Hilfer fractional derivative, v € [0,1], u € (0, 1).

Letao=v+u—vy, then l —oo=(1—-v)(1—pu) >0. A: D(A) CX — X is the
infinitesimal generator of a uniformly bounded Cy-semigroup {7(¢)};>o on a re-
flexive Banach space X. R is a history-dependent operator, F: [0,b] x X — P(X),
B: [0,b] x X — L(V,X), where L(V,X) represents the space of all bounded linear
operators from V to X with the standard norm || - || ;v,x), U : [0,6] x X = V is a
feedback multifunction.

An outline of this paper is organized as follows. In Section 2, we will present some
basic definitions and preliminary facts which will be used throughout the following
sections. In Section 3, we present a priori estimates of the solutions to the fractional
feedback control system and by using the well-known Bohnenblust-Karlin fixed point
theorem, we prove an existence result of feasible pairs of the system (1.1). In Section
4, we will study an optimal control problem driven by the feedback control system
and establish its solvability.

2. PRELIMINARIES

In order to study the feedback control systems of Hilfer fractional evolution inclu-
sions involving history-dependent operators, we introduce the following basic defin-
itions and preparatory knowledge. The norm of a Banach space X will be denoted by
|| -x. In the sequel, we assume that V is a separable reflexive Banach space. For a
uniformly bounded Cy-semigroup 7'(t)(t > 0), we set M:= sup,cjg ) [IT(#)[| £(x x)-
Cr-a([0,6],X) = {x: y(t) = '%x(t), y € C((0,6],X)} with the norm [x]lc, , =
sup{t'~*||x(¢)||x: t € [0,b]}, where 0 < a0 < 1.

In the sequel, we denote by P(Y) [P(Y), Pre(Y), Proc(Y),Piw)ep(Y )] the collec-
tions of all nonempty [respectively, nonempty closed, nonempty closed and convex,
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nonempty closed,bounded and convex, nonempty (weakly) compact] subsets of a
Banach space Y.

Now, let us recall the following basic definitions and properties related to fractional
calculus that will be used in the sequel.

Definition 1 ([0, 19]). For a function x(¢) given in the interval [0, ), the integral

1 t

— [ (t—5)%x(s)ds, o >0,

is called the Riemann-Liouville fractional integral of order o, where I is the Gamma
function.

I'x(t) =

Definition 2 ([0, 19]). For a function x(¢) given in the interval [0, ), the integral

1od
MMA(I—S) o IX(S)dS, (X4>07

where n = [a] + 1, [t denotes the integer part of number «, is called the Riemann-
Liouville fractional derivative of order o.

Dix(r) =

Definition 3 ([6, 19]). The Caputo fractional derivative of order & > 0 is defined
as
n—1 tk
CD%x(r) =* D*x(1) — Y Ex(k) 0)], n—-l<a<n.
k=0""
If x € C"[0,+o0), then

1 t
D%x(r) = ) /0 (t—s)" X" (s)ds, n—1<a<n.

I'n—a

Definition 4 ([17]). The Hilfer fractional derivative D;*x(¢) of order v € [0, 1] and
u € (0,1) is defined as

o d 1-w-
DY*x(t) = I[V(l ) EIt(l v)(1 #)x(ﬂ7
provided the right side is point-wise defined on [0,0).
Remark 1 ([17]). The properties of Hilfer fractional derivatives are as follows.
(i) Forv=0,u € (0,1), we have

d _
EIII ‘ux(t)a

which means the Hilfer fractional derivative D?’” x(t) is the Riemann-Liouville
fractional derivative.
(i) Forv=1,u€ (0,1), we have

DYx(1) =

DI = 175 x(0) = D),
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which means the Hilfer fractional derivative D,1 *#x(t) is the Caputo fractional
derivative.
Lemma 1 ([2]). Letv € [0,1] and p € (0,1), 0=V +u—vu h€ LP(J,X)(p > ).
Ifx € Ci1_(J,X) and x is a solution of the following problem

{ DY¥x(1) = Ax(t) +h(r),  t€(0,b],

(1= 2.1
10 0 | o= xo € X, 1)

then, x satisfies the following equation:

x(t) = Sy u(t)xo+ /Ot(t — )" 1P, (t — s)h(s)ds, t € (0,b],

Suult) =1 ITL(e), Tu() =Py / 0M,,(6)T (6)d,
where M,,(0) = i % (0 < u < 1) is the Wright function and satisfies
n=1 ’
1+9)
6°M,,(6 TU+9) 5o,
/ F(H— ud)’

According to Lemma 1, we give the following definition.

Definition 5. A function x € C;_([0,5],X) is called a mild solution of system
(1.1), if there exists u(¢) € U(t,t'~%x(¢)) and &(¢) € F(t,x(t)) a.e. t € [0,b] such that
x satisfies the following fractional integral equation

K1) = Sualto+ [ (=57 Pt =9) [(RO(5) +8(5) + Bls.x(5)uts) ds, 1 € 0,8],
2.2)
Obviously, from [2, 18], we have

Lemma 2. Assume that T (t) is strongly continuous and there exists M > 1 such
that sup, (o ) [|T (t)|| < M, we have the following properties.

(i) Pu(t), T,(t) and Sy 4(t) are linear and bounded operators, i.e. for all t > 0,
x € X we can obtain:

M| x|
[Pu(t)x]] < , HT()H_i,
g (u) : T(u)
and 1
Mt* | |x]]
<7 — — .
[[Sv.(#)x]| < (o) O=V+u—vu

(ii) Operators P,(t), T,(t) and Sy ,(t) are strongly continuous.

(iii) Foreacht > 0,8y ,(t) and P,(t) are compact operators if T (t) is compact.
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At the end of this section, we state the following Bohnenblust-Karlin fixed point
theorem, which will play an important role to obtain the existence of solutions of
feedback control system (1.1).

Theorem 1. Let © be a nonempty subset of Banach space X, which is bounded,
closed and convex. Suppose G : D — P(X) is u.s.c. with closed, convex values, and
such that G(D) C D and G(D) is compact (i.e., G(D) is relatively compact). Then
G has a fixed point.

3. THE EXISTENCE OF FEASIBLE PAIRS

In this section, we first study the existence of feasible pairs for feedback control
system (1.1). At first, we need the following assumptions on the data of our prob-
lems.

H(T): T(t) is compact for every ¢ > 0.
H(R) R : LP([0,b],X) — LP([0,b],X) is a history-dependent operator, i.e., there ex-
ists a constant cg > 0 such that

t
[(Raxr) (1) — (Rox2) (1) [|x < CK/O [lx1(s) = x2(s)[|xds,
for a.e. t € [0,b], all x;,x, € LP([0,D],X).
Remark 2. Obviously, if we denote (R 0)(¢) by @(z), then, one has from H(R)

9(1) € L7([0,6]) and | (K3) (0] < 9(0) +ex. [ (5l G
fora.e. t € [0,b], all x € LP([0,b],X).
H(F): [0,b] x X — P¢.(X) is such that

(i) +— F(t,x) is measurable on [0, b] for all x € X;
(i) F(t,-) admits a strongly-weakly closed graph for a.e. 7 € [0,b];

1
(iii) there are a function @ € LP([0,b]) for some p > — and a constant ¢y > 0
U
such that

|F(t,%)|x = sup ||zllx < @r(t) +cpt'~%|x||x forallx€ X and ae. ¢ € [0,b].
ZE€F (t.x)

Remark 3. If we assume that J : [0,b] x X — R is such that

(i) > J(t,x) is measurable on [0,b] for all x € X;
(ii) x> J(t,x) is locally Lipschitz on X for a.e. t € [0,b];

1
(iii) there are a function ¢; € LP([0,b]) for some p > — and a constant ¢; > 0
u
such that

107 (t,x)||x+ < @s(t) +cst'~%|x||x forallx € X and ae. 1 € [0,5],
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where dJ(t,-) stands for the generalized Clarke subdifferential of the local Lipschitz
functional J(z,-) on X (cf.[1,15]). Then, dJ satisfies all the conditions of H(F). Thus,
if we replace F by the generalized Clarke subdifferential dJ, some recent problems
involving hemivariational inequalities are special cases of our problems studied here

[ 9 - ’ b — ]‘
H(B): B: [0,b] x X — L(V,X) is such that
(i) 1+~ B(t,x)u is measurable on [0, ] for any (x,u) € X x V;
(ii) x> B*(t,x)y is continuous for all y € X* and a.e. r € [0,b];
(iii) there exists a constant cg > 0 such that for any x € X and a.e. 7 € [0, D]
|B(t,%)|| Lvx) < cB-
H(U): the feedback multifunction U: [0,b] x X — P.(V') is such that
(i) the map t — U (t,x) is measurable for all x € X;
1
(i) there exist a function @y (-) € LP([0,b],R™) (p > —) and a constant ¢y > 0
u
such that

U@t = sup |zlly < @u(t) +cur'%|xllx, forall (z,x) € [0,b] x X.
z€U(1,x)

(iii) for a.e. r € [0,5], the function x — U(t,x) is upper semicontinuous.
Using the same ideas of the proof of Lemma 3.2 in [8, p.104], one easily obtain

Lemma 3. If H(T) holds, then the operator m: L”([0,b],X) — C([0,b],X) for
1

some p > —, given by
u

(wWh)() = | (=P "B~ s)h(s)ds, Vhe LX)
0
is compact.
Definition 6. A pair (x,u) € C,_q([0,5],X) x LP(]0,b],V) is said to be feasible if
(x,u) satisfies (1.1).

For the sake of conveniences, we denote by .S the collection of all the feasible pairs
of (1.1). Now we will start to prove an existence result of mild solutions for feedback
control system (1.1).

Proposition 1. If H(T), H(R), H(F), H(B) and H(U) hold and (x,u) € S, then
there exist two constants Ry,R, > 0 such that the following inequalities hold

[xlle, q(o.01.x) < R1 ullzeqos)y) < Ra (3.2)

Proof. For the sake of convenience, in the sequel, we introduce an equivalent

weighted norm on the Banach space C_([0,b],X) as follows

x|l = sup ' #||x(t)||lxe™", (3.3)
t€[0,b]
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where r will be specified later. Let (x,u) € S. Then there exists f(s) € F(¢,x(¢)) such
that

{ x(t) = Sy u(t)xo + Jo (t = s}~ Pu(r — 5) [(Rx) (5) + £ (5) + B(s,x(s))u(s))] ds,
u(t) €U (t,t'""%(t)), ae.te€]0,b].
(3.4)
Notice that
/t(t—s)ale”ds =r %" /n 2 le iz < r %" T(a), Yr>0,0<a<l1. (3.5)
0 0

From the assumption H(R), H(F'), H(B), the formula (3.4) and the Holder inequality,
we have

7w (@) x < o Sv ()0 llx

[ = 9P Bl =) [(RaS)+ 5) + Bls.x(5)uls))] dlx

M Mbb'~ 1
< = |I%o x+7/ t—s)* @(s) +@r(s) + caou(s)] ds
g ol 2 [ =57 [006) + 05 )+ o (1)
M=% t
ler Tepey] JRED g FOIS
I'(u) 0
Mt'—¢ t s
769{/ (t_s)ll—l/ Tl—OLTOL—ler’re—r‘cHx(T)HXdT] ds
() Jo 0
< 2ol
< oy Pollx
Mb' = p 1 e
+ () (up—l) 7 [loller + lor|[llr + cslloulller]
Mtc
+ [Mt'"%(cr +cpey) + (XR]r_“e”HxHr
Mbc
<w+ [Mb'"*(cp +cpey) + R]r"“e””xH,, (3.6)
where
M M " p 1 e
w = ——|lxox + ( ) 7 [l + llorllller + cllou Il ).

IN()

Let us choose

L) “up—1

MbCR

r> [2(Mb'*(cr +cpey) + )] 3 (3.7)

Then from the above inequality, one has

lxll, = sup £ 7%|lx(r) [xe™ < Ri(:=2w).
1€(0,b]
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By H(U), there exists a constant R, > 0 such that
el r(o0,,v) < R2(:= [|Qu | 2o (0,6, R ) + cUPRY),
which completes the proof. O
From Proposition 1, if (x,u) € S, then we have from H(B), H(F) and H(U)
1F (1.x(0)) 1x + |1 B(r,x(0))u(t)|x < @r (1) +cpu () + (cr +cpev)t' ™ () |1x,
a.e. t € [0,b], and set
G :={g e L([0,b]. X)[|Ifllx < @r (1) +ca0u(r) +(cr +cpeu)Ry, ae. 1 €10,b]}.

(3.8)
We now consider the following Cauchy problem:
D;*x(r) € Ax(r) + (Rx)(1) + (1), € (0,0,
(1=v)(1—=p) (3.9)
10+ X(l‘) |t:0: X0-

Next we begin to prove the existence and uniqueness of mild solutions for (3.9).

Theorem 2. If H(T) and H(R) hold, then for any g € G, the system (3.9) has a
unique mild solution on C1_q([0,b],X). Furthermore, the map S: G — C1_4(]0,b],X)
defined by

S(g) =x(g) VgeK,
where x(g) is the unique solution of problem (3.9) corresponding to g € G, is con-
tinuous from w — LP([0,b],X) into C,_4([0,b],X).

Proof. For any g € G, define the operator G: C_q(J,X) — Ci1_([0,0],X) by

(Gx)(t) = Sy u(t)x0 + /ot(f =) Bt = 9)[(Rx)(s) +8(s)lds, 1€10,0].

Here we also use the same equivalent weighted norm

Ixll; = sup ¢ %|lx(t)[|xe "
t€(0,T]
defined by (3.3) in the Banach space C_¢([0,5],X) and r also satisfies the inequality
(3.7).
We show that the operator G is a contraction operator on Cj_([0,b],X).
For any x,y € Ci_q(J,X), if t € [0,b], we have

(69(0) = Svult)o + [ (6=5) Bl =) (R)(s) + 8(5)ds,

(69)0) = Suatpo+ [ (1=1" Byt =5)[(K3)5) + (5.
So, we obtain from H(R)

B Mcgb ,, _
' 1(Gx) (t) = (Gy) (1) [[x < Of( erHx =yl
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which implies that from (3.7)

- _y _Mcgh 1
1(Gx) = (Gy)l- = sup '~*|[(Gx)(r) = (Gy)(t)||xe tﬁif,gﬂx—y\lrﬁgllx—yllw
r€[0,1] ar

Therefore, G is a contraction operator on Cj_q([0,5],X). According to the Banach’s
fixed theorem, G has a unique fixed point on C;_¢([0,5],X) and this fixed point is the
mild solution of system (3.9).

In the sequel, we show that the map S: G — C1_4([0,5],X) is continuous from
w—LP([0,b],X) into C;_([0,0],X).

Let {g,} C G and {x,} C Ci1_([0,b],X) be such that x,, = S(g,) and g, — g in
LP([0,b],X).

For each n € N, one has

X (1) = Sv,u(t)xo + /Ot(t — s)“_le(t —$)[(Rxn)(s) +gu(s)]ds, t€][0,b], (3.10)

x(t) = Sy u(t)xo+ /Ot (t — sy 1Py(t —5)[(Rx)(s) +g(s)lds, t€[0,b], (3.11)

for any n € N, which implies that

Mcgb !
1) = xO)llx < ey =l [ (=5 Bl —5) () — ()] s,
=l <2 sup [ (6= 5V Bultr — 5)[gns) — g(s)]ds. (3.12)
1€[0,b] /0

Notice that by Lemma 3, the following holds

/ (=) Py —5)[gn(s) —g(s)]ds — 0 inC([0,b],X) asn—oco. (3.13)
0
Thus, we obtain
xn — xin C1_o([0,b],X) asn— co.
The proof is complete. U

Theorem 3. IfH(T), H(R), H(F), H(B) and H(U) hold, then the solution set S
of feedback control system 1.1 is nonempty.

Proof. We first consider the multifunction Sy : C1_([0,5],X) — P(LP([0,b],V))
defined by

Su(x): ={ueLP(]0,b],V) | u(t) € U(t,x(t)) forae.te]0,b]}.

From the Yankov-von Neumann-Aumann selection theorem (see Hu-Papageorgiou
[3, p-158]) and hypotheses H(U ), we easily see that Sy (x) € Pr.(LP([0,b],V)) for
any x € C1_¢([0,b],X).
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We show that Sy is strongly-weakly u.s.c.,i.e., Sy is u.s.c. from Cj_¢([0,5],X) to
w—LP([0,b],V). To this end, we need to prove that for any weakly closed set C in
LP([0,b],V) the set S;;(C) is closed in Ci_([0,5],X). Let {x,} C S, (C) be such that

xp — x in C1_«([0,5],X) for some x € C1_4([0,0],X). (3.14)
So, there exists a sequence {u,} C LP([0,b],V) with u, € Sy(x,) N C foreachn € N
such that
un(t) € U(t,x,(t)) fora.e. t € [0,b].
Condition H (U )(ii) implies that the sequence {u, } is bounded in L” (][0, b], V). Passing
to a subsequence if necessary, we may assume that
u, — u weakly in L?([0,b],V) for some u € LP([0,b],V). (3.15)
Applying Mazur Theorem, see e.g. [8, Chapter 2, Corollary 2.8], we have that there
is a sequence a;; > 0 with } ;> a; = 1 such that
()= Zailui+l(-) — u strongly in LP([0,5],V).
i>1
Hence, we may assume that
u(t) — u(t) inV fora.e. t € [0,b]. (3.16)
Notice that x, — x in C;_([0,5],X), we have
1'%, (1) = 11 7%(¢) in X for all € [0,5]. (3.17)

Since x — U(t,x) is u.s.c., then for any € > 0, there exists k > 0 large enough such
that
ur(t) € U(t,xx (1)) CU(t,x(t)) + Bg for ae. t € [0,5],

where Bg is an open ball with radius € > 0 centered at Oy. So, if / is large enough,
one also has

w(t) € U(t,x(t)) + Bg forae. 1 € 0,D],
due to the convexity of U(z,x(t)) + Be. This combined with the convergence (3.16)
deduces

u(t) € U(t,x(t)) + Bg fora.e. t € [0,b].
Letting € — 0, we have

u(t) e U(t,x(t)) fora.e. t € [0,b].

Since U has closed values, so, we have u(r) € U(t,x(t)) = U (t,x(¢)) for a.e. t € [0,5].
This means that u € Sy (x). But, the weak closedness of C infers that u € C, thus is,
x€8,(C). So, Sy is u.s.c. from Cy_4([0,5],X) to w —LP(]0,b],V).

Let us consider the multifunction A: Cy_«([0,5],X) — 261-«(021X) defined by

A(x) = S(Fp(x)) for all x € C1_4([0,5],X), (3.18)
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where S is the solution map defined in Theorem 2 and
.{]:B: Cl*d([ovb]ax) - 2L])([07b]7X)

is given by

Fp(x) :={F(-,x(-)) +B(-,x(:))u(-) | u € Sy(x)} forall x € Ci_o([0,0],X). (3.19)
It is easy to see that for each g € Fp(x), there exist f(¢) € F(t,x(t) and u € Sy(x)
such that

g(t) = f(t) + B(t,x(t))u(r) for a.e. t € [0,b]

and

18(0)l[x = [1LF () + B, x(t) Ju(t) llx < I[f(0)l]x + callu()llv
< Qp(t) +cpt' ™ *|x(2) Ix + calay (t) + cyt' *|x(t)||x) for ae. t € [0,b].

Obviously, for each x € C;_¢([0,5],X), Fp(x) is a bounded, closed and convex sub-
set of LP([0,b],X), due to the closedness and convexity of F(-,x(-)) and Sy(x) in
LP([0,b],X) and LP([0,b],V ), respectively. Besides, we also say that 7 is u.s.c. from
Ci—a(]0,b],X) to w— LP([0,b],X). For any weakly closed set D in L”([0,b],X), let
{xn} C F5 (D) be such that

xp — xin C1_¢([0,b],X) for some x € C;_q([0,D],X).
So, for each n € N, there exist f,(-) € F(-,x,(-)) and u,, € Sy (x,) such that
Ja() +B(Cxa(-))un(-) € DN Fp(xn).-

Conditions H(F)(iii) and H(U)(ii) point out that {F(-,x,(-))} and {u,(-)} are
bounded in L”([0,b],X) and L?([0,b],V), respectively. Thus we may assume that
fn— f and u, — w in LP([0,b],X) and LP(]0,b],V),respectively. By H(F)(ii), one
has f(-) € F(-,x(-)). Using the same arguments as the proof of the upper semicon-
tinuity of Sy, we obtain u € Sy (x). For any y € [LP([0,b],X)]*(= LY ([0,b],X*)), it

has
b

[ B ), ey = [ )3 1 xa))e).
0 0

The continuity of x — B*(,x) and Lebesgue dominated convergence theorem entail

lim b(B(t,xn(t))u,,(t),y(t)>dt:lim b<u,,(t),[B*(t,xn(t))—B*(t,x(t))]y(t))dt

n—oo [ n—eo J(
b
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s0, B(+,x,(+))un(-) = B(-,x(-))u(-) weakly in L”(]0,b],X). The fact u € Sy (x) turns
out f(-) 4+ B(-,x(-))u(:) € Fz(x). This combined with the weak closedness of D
implies
FO) +BCx())u() € Fplx) N D,

thatis, x € 5 (D). So, F is strongly-weakly u.s.c.

The continuity of S and 7z concludes that the multifunction A: C;_q([0,5],X) —
261-w([0:1:X) j5 u.s.c. as well (see e.g. [4, Theorem 1.2.8]). Besides, it is easy to prove
that A has closed and convex values. Set

?(Rl) = {x S le(x([o,b],X) | Hx(t)HCFa([O,b],X) <R forallt e [O,b]}. (3.20)

G :={g € LP([0,b],X) | llg(t)llx < @r(t)+cpay(t) + (cr +cpey)R
forae. .t €[0,b]}  (3.21)

It is easy to see that for each g € Fp(x), there exist f(z) € F(t,x(¢t) and u € Sy (x)
such that

g(t) = f(t) +B(t,x(t))u(z) for a.e. r € [0,b].
Now, we prove that A maps B(R)) into itself. For any x € B(R;) and y € A(x), there
exist f(+) € F(-,x(-)) and u(-) € Sy (x) such that y = S(f(-) + B(-,x(-))u(-)), i.e.,

) = Sua®o [ 1=/ Pt = )(R)(5) +£(5) + B.x(s)u(s)) .

Using the same arguments in the proof of Proposition 1, we can also show that
Iy)lle)_q(o.p),x) < Ri- So, A maps B(R,) into itself. Moreover, condition H (U)(ii)
can imply the inclusion F (-, B(R;)) + B(-, B(R1))Su(B(R1)) C G. But, Theorem 2
turns out that the set A(B(R1)) is relatively compact in C;_([0,5],X).

Since all the conditions of Theorem 1 are satisfied, we apply this theorem to con-
clude that A has a fixed point, i.e., there exists x € B(R;) such that x € A(x). Then,
we can find f(-) € F(-,x(+)),u € Sy(x) such that x = T'(f(-) + B(-,x(-))u(-)), namely,

D;*x(t) € Ax(r) + (Rax) (1) + F (t,x(r)) + B(t,x(1))u(r), 1€ (0,b],

u(t) € U(t,t'=%(¢)), ae.t€(0,b), (3.22)
LYY (1) |izo= o
Consequently, (x,u) € C;1_q([0,b],X) x LP(]0,b],V) is a solution of feedback control
system 1.1. ]

4. EXISTENCE OF OPTIMAL FEEDBACK CONTROL PAIRS

In this section, we study the existence of solutions for the following optimal feed-
back control problem: find (x*,u*) € § such that

I(x*,u*) = inf I(x,u), 4.1

(xu)es
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where § is the collection of all the feasible pairs of feedback control system (1.1) and
I is defined by

b
I(x,u) = / h(t,x(6), u(t)) dt for all (x,u) € C1_a(J,X) x LP(J, V).
0
In the sequel, we need the following hypotheses H(h): h: [0,b] x X x V — R is such
that
(i) forall (x,u) € X x V, the map ¢ — h(z,x,u) is measurable;
(i) there exist k1,ky € L'(]0,b],R) and ¢; > 0 such that
[t x,u)| < ka(t) +ka(e)e' = |xlx + callulv
for all (x,u) € X xV and a.e. 7 € [0,b];

(iii) for each bounded set D C L”([0,b],V), there exists a function
ap € LP(]0,b],R) such that
(e, x,u(6)) — (2, y,(0))| <ap(e)r'~x—lx
forallx,y€ X,u € Dandae.t € [0,b];

(iv) for a.e. t € [0,b] and x € X, the function u — h(t,x,u) is lower semicontinu-
ous and convex.

Theorem 4. [fH(T), H(R), H(F), H(B), H(U) and H(h) hold, then the optimal
feedback control problem (4.1) has at least one solution.

Proof. For any (x,u) € Ci_([0,b],X) x LP([0,b],V), using H(h)(ii) and Holder
inequality, one has

I(x,u) = /0 ’ h(t,x(0),u(e)) dr
> [ (0 ka0l +enlu()

1—-1L
= =kl + [xlle, o001 152l +enb™ 7 (lullro,.61.v))
which implies that the functional / is bounded from below on S, due to the bounded-
ness of S in C_q([0,5],X) x LP([0,b],V) (recall Proposition 1).
Let {(xy,u,)} C S be a minimizing sequence of optimal feedback control prob-
lem4.1,1e.,

inf = lim /(x,, uy). 4.2)

n—soo

For each n € N, there exist f,(-) € F(-,x4(-)), un(-) € Sy(x,) such that V¢ € [0,5]

Xn(t) = Svu(t)x0 + /Ot (1 =)~ Pult = 5)[(Raa) (5) + fu(5) +B(5,x(5) ) un(5)]ls.
(4.3)
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The boundedness of {u,}, H(F)(iii) and H(B)(iii) allow us to assume that
u, — u weakly in LP([0,b],V) for some u € LP([0,b],V) 4.4)
fn — f weakly in L”([0,b],X) for some f € L”([0,b],X) 4.5)
B(-,x,(+))un(-) — z weakly in LP([0,b],X) for some z € LP([0,b],X). (4.6)
However, the continuity of S (see Theorem 2) implies
Xn =S(fu(-) +B(-,x0(:))un) = S(f +2) :=x1in C1_¢([0,5],X).
Obviously, by H(F)(ii), we have
f(t) € F(t,x(r)) ae.t€]0,b]. 4.7)
We shall show that z = B(-,x(-))u(-). To this end, for any y € (L”([0,5],X))", we

have from H (B)(ii)
b

b
lim <B(t7xn(t))un(f),y(f)>xdtZ/O (u(t),B*(1,S(f +2)(1))y(t)) di

n—o 0
B /ob<B(”S(f“)(f))u(t),y(r))dr.

Hence, B(-,x,(-))un(:) = z = B(t,S(f + 2)(-))u(-) = B(t,x(-))u(-) weakly in
LP([0,b],X). From the definition of S and x = S(f + z), we can see that (x,u) €
Ci1-a([0,b],X) x LP([0,b],V) is a solution of feedback control system (1.1), namely,
(x,u) €S.

In what follows, we prove that (x,u) € S is also a solution of optimal feedback
control problem 4.1. Now, we show that u — I(x,u) is weakly lower semicontinuous.

Firstly, we claim that for any x € Cy_([0,5],X), u — I(x,u) is convex. In fact, for
any u,v € LP([0,b],V) and s € [0, 1], we have

I(x,su+(1—s)v /htx ysu(t) + (1 —s)v(z))dt

<s/ h(t ))dt+(1—s) /htx v(t))dt
—sI(x,u)+(l—s)I(x,v),

i.e., u— I(x,u) is convex.

Let {u,} — u in L?([0,5],V) for some u € L”(]0,b],V). Without any loss of gen-
erality, we may assume that u,(t) — u(¢) in V for a.e. ¢ € [0,b]. It follows from
H (h)(iv) and Fatou lemma that

b

liminfl(x,u,) = liminf | h(t,x(¢),u,(t))dt
n—yoo n—yo0 0
b

b
liminfh(r,x(t), un(t)) dt > /0 h(t,x(1), u(r)) di.

0 n—yoo
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So, u+— I(x,u) is Ls.c for any x € C;_4([0,b],X ). Moreover, it is weakly lower semi-
continuous by the convexity of u +— I(x,u).

Let {(xn,un)} C Ci—a([0,b],X) x LP([0,b],V) be such that x, — xin C;_([0,5],X)
for some x € C_([0,b],X) and u, — u in L?([0,b],V) for some u € LP([0,b],V). It
follows from H (h)(ii), (iii), (iv) and Fatou lemma that

liminf7(x,,u,) > Uminf[l (x,, u,) — I(x,u,)] 4+ liminf 7 (x, u,)
n—oo n—oo n—oo

b
> —limsup [ ap(t)t'™%||x,(r) — x(¢)||x dt + liminf I (x,u,) > I(x,u),
n—soo

n—eo  JO

where the weak lower semicontinuity of u +— I(x,u). The above estimates and (4.2)
conclude that inf < 7(x,u) <liminf,, . I(x,,u,) = inf, due to (x,u) € S. So, (x,u) €S
is also a solution of optimal feedback control problem 4.1. U
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