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CONVERGENCE RELATION BETWEEN SOLUTIONS OF A
P(X)-LANDAU-LIFSCHITZ TYPE AND P(X)-HARMONIC MAPS
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Abstract. The author studies the asymptotic behavior of solutions ug of a p(x)-Landau-Lifschitz
equation as € tends to zero. Several kinds of convergence to the p(x)-harmonic map are presented
in different senses.
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1. INTRODUCTION

Let G C R? be a bounded and simply connected domain with smooth boundary
dG, and B; = {x € R2 +x2 < 1}. Denote S! = {x € R*x} +x3 = 1,x3 = 0}
and §? = {x € R%x? +x2 +x3 = 1}. The vector value function can be denoted as
u= (ur,uz,u3) = (u',u3). Let g = (g’,0) be a smooth map from G into S'. The
p-Landau-Lifschitz-type energy functional is

EM(u /|Vu\pdx+2—/u§dx

with a small parameter € > 0. When p = 2, it was introduced in the study of some
simplified model of high-energy physics, which controls the statics of planner fer-
romagnets and antiferromagnets (see [11] and [17]). The asymptotic behavior of
minimizers of EXL(u) had been studied by Hang and Lin in [9]. When p > 1, the cor-
responding asymptotic properties were studied in [12] and [21]. These works show
that the minimizers of Eg(u ) converge to the p-harmonic maps with S!-value.

When p =2, if the term o replaced by (=l ‘ ‘ i and S? replaced by R?, the prob-
lem becomes the simplified model of the Glnzburg Landau theory for superconduct-
ors and was well studied in [3] and [4]. The energy functional is

EGL(u 2/ \Vu\zdx+—/(1—yu\2>2dx.
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It is also showed that the properties of the harmonic maps can be studied via research-
ing the minimizers of the functional with Ginzburg-Landau-type penalization term.
Indeed, Chen and Struwe used the penalty method to establish the global existence of
partial regular weak solutions of the harmonic map flow (see [5] and [7]). They also
generalized the results to the case of p > 1 (cf. [60]). Afterwards, many papers proved
that the limit of minimizers of p-Ginzburg-Landau functional is p-harmonic maps (cf.
[1,2,13,14,18,19,22] and references therein). Misawa studied the p-harmonic maps
by using the same idea of the penalty method in [16]. In 2009, Lei generalized the
results to the case that p is a bounded function (cf. [13]). Now, the functional with
penalization term is

E%(u,G) :/

{I\Vu|”(x)dx+ LIV u]z)z] dx.
G

p(x) 4ert)

The main result is the convergence relation between the minimizers and p(x)-har-

monic maps. Other results of p(x)-harmonic maps can be found in [8, 15] and [20].
In this paper, we are concerned with the p(x)-Landau-Lifschitz functional

Ee(u,G) = /

1 1
[[Vu|p(x)dx+ u%} dx.
G

p(x) 2ep(x)
Here
2 < px =minp(x) <max p(x) = p* < eo.
G G
From the direct method in the calculus of variations, it is easy to see that the func-
tional achieves its minimum in the function class
W, (G, 8%) = {u e WP (G,$?)iu— g € Wy " (G, RY)}.

Without loss of generality, we assume u3 > 0, otherwise we may consider |u3| in
view of the expression of the functional. We call ue a minimizer of E¢(u,G) in

WP (G,s?), if
Ee(ug, G) = min{Ee(u, G):u € W "™ (G,S)1.

We will research the asymptotic properties of minimizers in ng P (x)(G, S?) when
€ — 0, and shall prove the limit is the p(x)-harmonic map.

Theorem 1. Let ue be a minimizer of E¢(u,G) in ng’p(x) (G,S?). Assume
deg(g’,0G) = 0.
Then
limue = (u,,0), in WHN(G,S?),
e—0
where u,, is the minimizer of [;|Vu|P™dx in Wng(x) (G,0By).

Comparing with the assumption of Theorem 1, we will consider the problem under
some weaker conditions.
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Theorem 2. Assume ug is a critical point of E¢(u,G) in ng’p ) (G,$?). If
Ee(ug,K) < C (1.1)

for some subdomain K C G. Then there exists a subsequence ug, of ug such that as
k — oo,

ug, = (up,0), weakly in WL”(X)(K,R3), (1.2)
where u, is a critical point of [, |VulPWdx in WHP®) (K 0By) (which is named p(x)-
harmonic map on K). Moreover, for any { € C5(K), when € — 0,

/K |Vitg, [P Cdx — /K [V, [P Cdx, (1.3)
1

/K @u&ﬁgd}cﬁo. (1.4)
k

2. PROOF OF THEOREM 1

A vector-valued function u € ng’p ® (G,0By) is named p(x)-harmonic map, if it is
the critical point of [;;|Vu|P¥dx. Namely, it is the weak solution of

— div(|Vul[PW 72V = u|Vu|PY) 2.1)

on G, or for any ¢ € C7(G,R?), it satisfies
/ IVulP9 -2V Vodx — / u|VulPD odx. 2.2)
G G

By the argument of the weak low semi-continuity of the functional, we can deduce
the strong convergence in WP sense for some subsequence of the minimizer ue.
To improve the conclusion of the convergence for all ue, we need the uniqueness of
p(x)-harmonic maps. Therefore, we always assume deg(g’,0G) = 0 in this section.

From deg(g’,0G) = 0 and the smoothness of dG and g, we see that there is a
smooth function ¢ : G — R such that

g = (cosdy,sindp), on IG. (2.3)

Consider the Dirichlet problem
—div(|[VP|PY2VP) =0, in G, (2.4)
o6 = do- (2.5)

According to Proposition 2.4 in [ 13], there exists the unique weak solution ® of (2.4)
and (2.5) in W™ (G, R). Set

up = (cos®,sin®), on G. (2.6)

Clearly, up, is a p(x)-harmonic map on G.
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Since ng’p ® (G,0B;) # @ when deg(g’,0G) = 0, we may consider the minimiza-
tion problem

Min { / \VulPDdx;u e W;”"”)(G,aBl)} . 2.7)
G

The solution is called the p(x)-energy minimizer. By the direct method, the solution
of (2.7) exists. Obviously, the p(x)-energy minimizer is a p(x)- harmonic map Ac-

cording to Proposition 2.5 in [ 1 3], the p(x)- harmomc map is unique in W’ Lol (G 0B).

So the p(x)-energy minimizer is also unique in W, Ll (G 0By).

In general, u, is the unique p(x)-harmonic map as well as the unique p(x)-energy
minimizer.
Proof of Theorem 1. Noticing that u, is the minimizer, we have

Eﬁ(uﬁvG) SEE((”]HO)’G) <C (28)
with C > 0 independent of €. This means

/ IVue [P dx < C, (2.9)
G

/ ubydx < CePr. (2.10)
G

Using (2.9), |ug| = 1 and the embedding theorem, we see that there exists a sub-
sequence ug, of ug and u, € wlp) (G,R?), such that as g, — 0,

ug, — Uy, weakly in Wl’p(x)(G,Sz), (2.11)
Ue, — Uy, in C*(G,S%), ae(0,1-2/p,). (2.12)
Obviously, (2.10) and (2.12) lead to u, € W, "™(G,S!).
Applying (2.11) and the weak low semi-continuity of [ |Vu|P®dx, we have
/G Vi, |PWdx < li;mgk_w/G Vg, [P dx.
On the other hand, (2.8) implies

/ IVitg, @ dx < / IV (14,0) [P dx.
G G
/|vu*\1’ dx</|Vup|p

This means that u/, is also a p(x)-energy minimizer. Noting the uniqueness, we see
u, = up. Thus

/G|V”p|p(x)dxSh‘msk—m/G‘Vusk‘p(x)dxSmsk%0/6|vu€k|p(x)dx§/leup‘p(X)

When g, — 0,
/ Wugk‘p(ﬂ N / |Vup’p(X)
G G

Thus,
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Combining this with (2.11) yields
lim Vi, = V(u,,0), in L’Y(G,S?).
In addition, (2.12) implies that as € — 0,
g, — (up,0), in LPY(G,S?).

Then
lim ue, = (u,,0), in WO (G S?).

k—bo0

Noticing the uniqueness of (u,,0), we see the convergence above also holds for all
Ug.

3. PROOF OF THEOREM 2

In this section, we always assume that u, is the critical point of the functional,
and E¢(ue,K) < C for some subdomain K C G, where C is independent of €. The
assumption is weaker than that of Theorem 1. So, all the results in this section will
be derived in the weak sense.

The method in the calculus of variations shows that the minimizer ue of E¢(u,G)

in ng P (x)(G,SZ) is a weak solution of

1
— div(|VuPW72Vy) = u|VulPW) + W(W% —uze3), on G, 3.1

where e3 = (0,0, 1). Namely, for any y € WO1 ? (x)(G,]R3), ug satisfies

/G’V”‘p(x)ZVMVde:/G“W|V“|p(X)dx+SpI(x)/GW(Wg_l“%)dx' (3.2)

Proof of (1.2). E¢(ue,K) < C means

/ Vue|Wdx < C, (3.3)
K

/ uydx < CePr, (3.4)
K

where C is independent of €. Combining the fact |ug| = 1 a.e. on G with (3.3) we
know that there exist u, € W'~ (x) (K,0B;) and a subsequence ug, of ug, such that as
g —0,

ug, — (u,,0), weakly in W'PW(K), (3.5)

U, — (1,0), in C*(K), (3.6)

for some o € (0,1 — 1%) In the following we will prove that u,, is a weak solution of
(2.1).
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Let B = B(x,3R) C K. ¢ € Cj(B(x,3R);[0,1]), ¢ =1 on B(x,R), ¢ =0 on

B\ B(x,2R) and |V¢| < C, where C is independent of €. Denote u = ug, in (3.2)
and take y = (0,0,¢). Thus

/ V| P 2V143V(1)dx+/ |u 2Ouzdx = / 30| V|
Applying (3.3) we can derive that

/ 1
B Si(x)

From (3.6) it follows |u/| > 1/2 when g is sufficiently small. Noting ¢ = 1 on B(x,R),
we have

_/|VuyP<X>¢dx+/quyl’(x)*ledng. (3.7)
B B

1
/ ——|uz|dx < C. (3.8)
B(x,R) gllz(")

Taking =& Fi= 55 (usk Ug,3 —ug,3e3) in Lemma 3.11 of [10] (the proof is similar
1\

to Theorem 2.1 in [6]), noting |Fy| = —=|us|*|/| and applying (3.5) and (3.8), we
€
obtain that ‘
lim Vuek Vu,, in LY(B(x,R)), Vg € (1, p(x)).

g—0

Since B(x,R) is an arbitrary disc in K, we can see that, for any & € C;’(B,R?) there
holds

lim / |Vitg, |?9) 2V tg, VEdlx = / Vit P2V, VE dix. (3.9)

g—0

Now, denote ' = uy, = (u1,uz). Taking y = (u2,0,0)C and y = (0,u,0)¢ in (3.2)
respectively, where { € C5’(B,R), we have

1
/ e )u3u1u2C_,dx+/u1u2C]Vu\p dx—/\Vu\p Vu1Vu2Cdx
ng

+ / | VulP 2V, VEdx.  (3.10)
B
and

1
/B e )uguzu@dx%—/uzulcwu\p dx—/\VuV’ “2Vup Vi Cdx
&

+/ulquV’(")*2Vu2V§dx. (3.11)
B
Equation (3.10) subtracts (3.11), then

0= /|vu|l’ 2(u A Vu)Vidx, 3.12)
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/ | VP2V, VEdx — / o | Vit P2V
B B
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:/B(|Vu\p(x)_2Vu1 f|Vup|p(x>_2Vu,,1)ul,2VCdx+/B|Vu|p(x)_2Vu1VC(u2fupz)dx,

using (3.3), (3.6) and (3.9), we obtain that

lim u2|Vu|p(x)_2Vu1VCdx—>/u,,z]Vup]p(x)_zVuprCdx.
B B

g—0

Similarly, we may also get that

lim [ | VulPY "2V, Vidx = /B p1 | Vity [P 72V u,nVEdax.

g—0JB

Clearly, (3.14) subtracting (3.13) yields

g —0

Combining this with (3.12), we have
/B |Vup|p(x)_2(up AVu,)VEdx = 0.
Let u, = up1 +iupy : B— C, where C is the complex plane. Thus
Va2 = [V, .
It is easy to see that
Vi, = V(|us|?) + (e AV, )i = 04 (e A Vi, )i

since [us|?> = |up1|* + |up2|? = 1. Substituting this into (3.15) yields

i / Vit [P 200V, Vdx = 0
B

lim / IVuPO =2 (A Vi) VEdx — / Vit P92 () A Vi) V.
B B

(3.13)

(3.14)

(3.15)

(3.16)

for any { € Ci’(B,R). Taking { = Re(u,0;) and { = Im(u,9;) (j = 1,2) respectively,

where ¢ = (01,02) € C7(B,R?), we can see that

/ Vit [P 200V 10, VR (10,0)dx + i / Vit PO 200V 0,V Im(u,0)dx
B B

Namely
0= / IV, [P =2V, V (10, 0) dix.
G

Noting u, Vu, = —u.Vu,, we obtain

0= / Vi, [P 2V, Vodx — / Vit [P 20, Vi, Vi, 0dx
B B

:/]Vu*\p(x)_ZVu*Vq)dx—/|Vu*\p(x)u*¢dx:: J.
B B

0.
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By using (3.16) and Re(J) = 0, Im(J) = 0, we have

/ IVity P2V, Vodx = / Vit PP i1 0dx (3.17)
B B
and
/ Vit PO -2V Vo = / Vit [P i 0.
B B
Combining this with (3.17) yields that for any ¢ € Cy’ (B,R%),

/B Vi, |PD 2V, Vodx = /B Vit [P, 0ddx.

This shows that u,, is a weak solution of (2.5). From (3.5), we know that (1.2) is
proved.

Proof of (1.3). For simplification, we drop € and &; from u and ug,. From (3.3) and
(3.6) it is deduced that as € — 0,

/ugqvuv’(x)dx gsup(l—yu’\z)-/ IVu|P¥dx — 0, (3.18)
K K K
’/M’MPC\VuV(X)dx—/ ¢|Vu|P¥dx| = ‘/(u’up—upup)CWu\p(x)dx (3.19)
K K K
<sup|u’ —u,|- ‘/ | VPP dx| — 0,
K K
and
/(u—(up,O))C|Vu|P(x)dx Ssup|u—(up,0)\-‘/ up|VulPWdx| 0. (3.20)
K K K

Similarly, (3.4) and (3.6) imply that as € — 0,

1 1
/K—Sp(x) u%Cdx—/K—gp(x) u3C(1 —ud)dx

1
/K ) u%a’x' —0,
(3.21)

< sup|1—[u'|?-
K

and

1 1
/[{781’()‘) u,,Cu’u%dx—/KM@%dx

Letting € — 0 in (3.2) we have

—0. (3.22)

1
<suplu’ —u,l|- /—u Widx
= Kp| »l ’  gp(n) P13

1
' VulP® 4 2_ = [ |Vu, P02y \Y,
lma [u\y u|P™ + e W (uuj u3e3)} dx / |Vu,| (up,0)Vydx

= / (14, 0)W| Vi, PP dx.  (3.23)
G
Take y = (0,0, u3() where { € C5(K) we have

1
: 2 p(x) 2 2 _
lll’r(l)/ [M3QVM| —i——gp(x) uzC(u5 1)] dx=0.
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Combining this with (3.18) we derive

lim =0.
81—>0 /K eplx u3 C( —1)dx
Substituting this into (3.21) yields

1
lim u3z;dx = (3.24)
e—~0JK 8

Hence, as € — 0,

1
WW% Cdx

1 2
S /I; @W,Cdx — 0.

Thus, for any y € WO1 ?(K,R3), there holds

. 1
lgl(l)/ P )uu;wdx =0. (3.25)
In addition, substituting (3.24) into (3.22) leads to
. 1 2
lLO/I(S ) upCu'uzdx = 0. (3.26)

Take y = (u,(,0) in (3.23) we have

1
hm/ [uu C|Vu|px)dx+ upgu } x:/ |Vup|p(x)Cdx,
K
which, together with (3.26), implies
lim/u’upC|Vu|p(x)dx:/ \Vup|p(x)gdx.
e—0JK K

Combining this with (3.19) we can see (1.3) at last.
Proof of (1.4). Obviously, (3.20) and (1.3) show that as € — 0,

[ alVulr Oy~ [ (4,,0)[Vi 7y
K K

<

— 0.

L= O]+ a1 019000 = 9y s

Substituting this and (3.25) into (3.23), we see that the left hand side of (3.23) be-
comes

1
i p¥) 4 2 _
éln% [uw|Vu| + 0 W (uus u3e3)] dx

—/ up,0 |Vup|p Dydx — hm/ qlugegdx

Comparing this with the right hand side of (3.23), we have

. 1
l&o/K ety Yseadx=0.
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This is (1.4). Theorem 2 is proved.
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