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Abstract. We establish the existence of positive radial entire solutions for nonlinear equations
and systems. Our main results obtained with the use of the Schauder-Tychonov fixed point
theorem will complete the works of Kusano-Swanson and Holanda.
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1. INTRODUCTION

We consider the existence of entire radial solutions for the following nonlinear
equation

Sk, (A (D*u1)) — oSk, (A (D*ur)) =M f (Jx|,ur, [Vur|), xeRY, (L)

and the nonlinear system

Sk, (A (D?ur)) — oSk, (A (D*ur)) =M fi (x| ,ur,ua, [Vur |, |[Vua|), x€RY,
Sk, (A (D*u2)) — oSy, (A (D*u2)) = Mafa (x|, ur,uz, |Vur |, [Vua]),  x € RY,
(1.2)
where N >3, a; € (0,0), A; € R, k; € {1,2,....N} with k; > 2k, Dzui is the Hessian
matrix of a C? function u; defined over RV, A (D?u;) = (A%,...,A}) is the vector of
eigenvalues of D?u;, Sk; (A (Dzui)) is the k;- Hessian operator defined by
Sk (A (D*u;)) = Y A A =12,
1< /1< <y <N '

and the nonlinearities f, f| and f, satisfy some of the conditions that will be specified
later.

Historically, when a; € (0,0), k; = N and k, = 1, (1.1) is referred in differential
geometry as the equation for prescribed generalized Gaussian curvature, as pointed
in the paper written with a long time ago by Kusano and Swanson [5] (for further
details, see Pogorelov [0, Chap. 10-13]). In this situation, with k; = N and k» =1,
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from mathematical point of view the authors [5] carried out a systematic study of
(1.1) and gave sufficient conditions on f to admit solutions in RY.

Recently, in the case o = o, = 0, the question of existence of solutions for the
more general equations and systems of the form (1.1) and (1.2) was studied by
Holanda [2]. So, the case 0,0, € (0,00) is a whole new ball game. Observing
the results obtained until now and practical character of the problems of the type
(1.1)/(1.2), there are several reasons to restate the research of these more general
equations and systems.

In this work, we shall consider directly the equation (1.1), the system (1.2) and
we intend to obtain the same results as observed by Kusano and Swanson [5], in the
particular case mentioned. We also point that, our results can be adapted to a more
larger classes of problems that was studied by Holanda [2].

The outline of the paper is as follows. Section 2 present the hypotheses on the
nonlinearities and our main results. In Section 3 we give some auxiliary results. Our
main Theorems will be proved in Section 4.

2. THE MAIN RESULTS
2.1. The scalar equation (1.1)

We work with the following classes of functions f:

(C1) |f(t,x,z)| is monotone nondecreasing function with respect to x and z for
fixed values of other variables. Meaning, x — |f (¢,x,z)| and z — | f (£,x,2)|
are monotone nondecreasing, for fixed (z,z) and fixed (¢, x) respectively;

(C2) F(m) = sup,c(o.) | £ (£,m (1+1%) ,2mt)| < oo for all m > 0;

(C3) limy e 252 = 0;

(C4)

H(C) = sup }f (I,C+2(XN;k1’k2t2,4OCN;k] ,kzt)} <
t€[0,00)
for all ¢ € R, where oc}\,;klch is defined by

1/(ki—k2)

Ottt = (@O oGy ) L T = (N= 1) (ky — 1IN — k)

(C5) lim,_wH (c) =0.
The main results of the paper for the equation (1.1) are the following theorems.

Theorem 1. Suppose that f: [0,00) X (0,00) X [0,00) — R is a continuous function
that satisfies the assumptions (C1) and (C2). Then, there exists 7»(1) > 0 such that for all
Al € [—7»(1),7\,(1)] the equation (1.1) has an infinitude of positive radial entire solutions
uy (x) = uy (|x|) such that

0< lim inf 2! (|)ZC|) and lim sup@ < oo. (2.1)

e x] e x]
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Theorem 2. Assume that f: [0,00) x (0,00) x [0,00) — [0, 00) is a continuous func-
tion that satisfies the assumptions (C1), (C2) and (C3). Then, for all A € [0,0) the
equation (1.1) has an infinitude of positive radial entire solutions u; (x) = u; (|x]|)
satisfying (2.1).

Theorem 3. If f: [0,00) X R X [0,00) — R is a continuous function that satisfies
the assumptions (Cl), (C4) and (C5) then, for all A; € R the equation (1.1) has an
infinitude of radial entire solutions uy (x) = uy (|x|) which are positive in a neighbor-
hood of infinity and satisfy (2.1).

2.2. The system of equations (1.2)

Let i = 1,2 and consider the following classes of functions f; and f>:
(CS1) |fi(t,s,1,q,w)| is monotone nondecreasing function with respect to z, s, /, g
and w for fixed values of other variables;
(CS2) F;(my,mp) = SUP; £[0,00) {fi (t,ml (1 +t2) My (1 +t2) ,2m1t,2m2t)| < oo for
all my,mp > 0;

(CS3)
F
tim FLO) ooty > 0
my)—roo (ml 1
and F
tim P20 G g > 0
me (mp)
(CS4)
Hi (CI,CZ) = Ssup ’_fl (t,CI +2a}v;k17k2t2,62 —|—Zalzv;kl7k2t2,4(x}vgkhk2t,4()612\,;,(17,{21‘)‘ < o

t€[0,00)
for all c1,c» € R, where ocjv; k1 i, 15 defined by

. _ N\ 1/ (k1 —k2) _
Oy 1, = (ki G laCl ) OV = (N =D (ke = 1)UN — k)
(CSS) lime,s—oHj (c1,¢2) = 0 for all ¢; € R and limg,—,_o H> (¢1,¢2) = 0 for all
c1 €R.
Regarding the system (1.2), Our main results are the following theorems.
Theorem 4. Let
D = [0,00) X (0,00) x (0,00) X [0,00) x [0, e0).

Suppose that f1, fo»: D — R are continuous functions that satisfy the assumptions
(CS1) and (CS2). Then, there exists My > O such that for all A; € [—7\,6,7\.6] the
system (1.2) has an infinitude of positive radial entire solutions (u; (x),uz (x)) =
(uq (|x]) ,uz (|x])) such that

i (|x])

0< lim inf——>= and lim supL
|x[—eo |x| x| =0 |x|

<o, i=1,2. (2.2)
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Theorem S. Let
D = [0,00) X (0,00) x (0,00) X [0,00) x [0, 0).
Assume that fi, fo: D — [0,00) are continuous functions that satisfy the assumptions

(CS1), (CS2) and (CS3). Then, for all \; € [0,00) the system (1.2) has an infinitude of
positive radial entire solutions (u; (x),uz (x)) = (w1 (|x]) ,u2 (|x|)) satisfying (2.2).

Theorem 6. Let
D =[0,00) x R xR X [0,00) X [0,00).
Suppose that f1, f»: D — R are continuous functions that satisfy the assumptions
(CS1), (CS4) and (CS5). Then, for all A; € R the system (1.2) has an infinitude

of radial entire solutions (uy (x),us (x)) = (u1 (|x]),uz (Jx|)) which are positive in a
neighborhood of infinity and satisfy (2.2).

Comparing the results in the paper of [5] with our Theorems 1-3, we consider that
our work is a consistent generalization of [5] from the mathematical point view and
on the other hand Theorems 4-6 are excellent sources of inspiration for the futures
works in treating a more general classes of equations and systems that was considered
by Holanda [2].

3. PRELIMINARY CONSIDERATIONS
To prove our theorems, we make to introduce the following useful result.

Lemma 1. Serting
(P(l):[kl_tkz fOV‘lER, tO:(kz/kl)l/(kl—kz)’

the following hold:
L o(1) = 25 (’%)kz”’” Yo ¢ (1) =0and @(e) == lim/ e, ¢ (1) = oo,
2. @: [tg,o0) = [@(to) ,o0) is strictly increasing for all t > ty and in fact has a
uniquely defined inverse function ¢: [ (ty),0) — [fo, ) with ¢ (0) = 1;
3. 0: [@(t9),0) — [to, o) is analytic and concave. In particular, ¢ (t) > 1 for
allt >0, ¢ () :=1im; 0 ¢ (1) = o0 and fort > @ (ty) we have that § is strictly
increasing and it hold

Y= RO o

and

o () = K= DM ke (k=D (@)

k@@ k@]
4. O (s&) <EVR ¢ (s) foralls>0and &> 1.

<0;
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Proof of Lemma 1.
1. By adirect calculation

k1 ky k| —ky+ko ky

k2 ky—ky k2 ky—ky k2 ky—ky k2 ki—ky
t p— — —_— —_— P— — _ —_—
o (00) <k1) (’ﬂ) (’ﬂ) (’ﬂ)
[k \EE [ [k N2 ke—ki (k)™
K ki ok ki ’

and from k; > k, we obtain @(fp) < 0. Clearly ¢(1) =0 and @ (o) :=
llmt*)oo(p(t) — o0,
2. Since ¢ is differentiable, we have

¢ (1) = ky "1 — kel = gl (kltk‘_k2—k2)20 for 1> 1

and so ¢ is strictly increasing on (#p,0) with the range [@ (#p) ,c°). Whereas
@ is bijective with the inverse function satisfying ¢ (0) = 1.

3. It is important to note that the last part of the result follow from standard
inversion theorem, from where

1
/
= .
Y= o0y
On the other hand
ko ko (kz—l)
ey e\ 7
o o and ¢(t) >0, fort> (1),

implies ¢ (1) < 0 for all t > @ (to).
4. By the basic fact 6k > o for all 6 > 1, we have that foreacht > 1 and 6 > 1

ki ko

9 (10) = (t6)" — (t0) = h1 6k —i*oc

=o" (tk' —t"2cs"2*k‘) > ot (tk‘ —tk2> =che(r)
where, we have used 6©22=%1 < 1. It follows that
16=0(¢(19)) = 0 ("9 (1))

Let s =@ () and E = 6", ie., r = ®(s) and £/M = G, one can see that 4.
holds.

O

To end the section, for the readers’ convenience, we recall the radial form of the
k-Hessian operator, see for example [1,3,4].
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Lemma 2. Assume u € C*[0,R) is radially symmetric with u' (0) = 0. Then, the
function u defined by u(x) = u(r) where r = |x| < R is C* (Bg), and

A(Du(r) = {(uﬂ(r)’@"“’u/gr)) forre (0.R),
(u” (0),u”(0),...,u" (0)) forr=0;
k

) e () precon,

k—1 1 u'(r)
Se (A (D)) — { V10 (5 R
orr=20;

Cy (u" (0))

where the prime denotes differentiation with respect to r.

4. PROOFS OF THE MAIN RESULTS

Proofs of Theorems 1-3. Setting r = |x| we prove the existence of a radial solution
uy (r) € C? to the problem (1.1). Observe that we can rewrite (1.1) as follows:

[Nk ]’ [N, ]’
At S (100)" |~k [ S (40) ] =
?ulrjv_]f(r,ul(r),’u'l(r)‘). 4.1)

Then, the radial solution of (4.1) is a solution u, of the ordinary differential equa-
tion (4.1) with the initial conditions

u (0)=co and u,(0)=0. 4.2)

For r > 0 it follows that

chlyN=k . (x oclN-k (&
P () = () =
ki ko

/OrklsN*If(s,ul (s), |} (s)‘)ds,

or, equivalently

( uy (1) )kl _< ty (1) )kzz/ererSle(s’ul (), e (S)Dds, r>0.
0

T 1 k
Oy r Oy, r ki—1 1 1
N3k ,k Nk k 1
172 172 Cy—1 (O(‘N;kl,lQ)

From the definition of ¢ in Lemma 1, we see that (4.3) is equivalent to

(4.3)

u,1 (r) AMr N

=0 & ‘/OrSNilf(S’Ml (S)7

1
Oy r ki1—1 1
Niky k ck
12 N—1 (O‘N;k..,kz)

wyp(s)|)ds |, r>0. (44
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Since lim, o+ ) (r) = 0 = u}(0) = 0 via L’Hopital’s rule and (4.2), the equation
(4.4) can be extended by continuity

/ Mk rN

1
U (r) = Oy, 4,70 T
ST Y
N—1 \ Ok, oo

for any C !_function u. Then, (4.1) with the initial conditions (4.2) can be equivalently
written as an integral equation

= /0 sVl (s,u1 (s),

U (S)Dds , r>0,

u (r) =co+ allv;kl,kz

4 7\,1](1171\] 4 N—1 )
/tq) kl/s f(s;ur(s),|uj(s)|)ds | dt, r>0
0 ki—1 (1 0
CN*I (aN;kl ,kz)

u; (0) = co and  (0) = 0.

4.5)

To establish the existence of a solution to this problem (4.5), we use the Schauder-
Tychonov fixed point theorem and hence u; (x) := u (r) is a radial entire solution of
(1.1). O

Next, we are ready to prove our main results.
Proof of the Theorem 1. Our conditions permit to choose 7»(1) > 0 such that
1
Mk F (20‘N;k1 ,kz) 1
k-1 ki < kTZ
NC 1
N-1 (O‘N;k..,kz) 1

Denote by C! the Fréchet space of all C'- functions in [0,c0), with the topology of
uniform convergence of functions and their first derivatives on compact subintervals

of [0,00). Let ¢ € (0, 206]1\,; kl,k2> arbitrarily fixed and we consider the closed convex
set

K={u e c! lco <uy (r) < co+2(x}\,;k]_’k2r2, 0<u(r)< 4oc]1\,;k1’k2r, r>0}.

We define the mapping 7: K — C! by 0
(Tun) (1) = e+ O, | o(w(e)dr, r>0,ucKk, @.7)
where
w(t) = Mkt 3 /Otlef (s,ul (s), |u’1 (s)‘)ds, M E [—7\.(1),7»(1)] .

ki—1 1
Cy—1 (aN;kl ,kz)
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From the above settings, the assumptions (C1) and (C2), if u; € K, then for all
r>0and A € [—A),A)] we have

Ai| kgt
w(r)] <
Ck]—] a]
N-1 Nkq,ka
LS
= 1 T ]f (t72(xllv;k|,k2 (1 —I—ﬂ) 340{‘11\/;k17k2t)‘
NC]\;fl (aN;khkz)
1
7\.(1)]{1 F (ZGN;kl 7]Q) < i M k2 ko /(ki—kz2)
- NCy! ki
N (all\/;kl J<2)

<
k’l‘2 ky
showing that T is well-defined on K.
Next, we observe that ¢ (2) = 2k _oka — 2k (2"‘*"2 — 1) > 1, from where

2=0(9(2))=0(1).

Also, with the use of Lemma 1, if u € K we have

3
1702081, (1) Ak )] [

ki

I

1
Oty 1y @ (W (£)) < Qg 4,0 ( >

&
kl

1 1 ©
< vk, 4, @ <k1 + 1)
ky
1 1
S“Mmb¢<<h*4> >

1
< all\l;kl,kz (kl + 1> o (1)

1
< zall\f;kl,kz (kl + 1) < 4(x11\’;k1¢k2’ 120,

and hence
co < (Tup)(r) < c0+20c,1\,;k17k2r2, r>0.

Furthermore

0 < (Tuy)' (r) < Oy, 1,70 (W (r)) < Aoty 4o 720, (4.8)

implying that 7 maps K into itself.
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Next, we prove the continuity of 7' in C'- topology. To do this, let {u} (r)},>0 be
a sequence in K converging to #; € K in this topology, and define

Myt =N Y
W (1) = ! . / N (s (s), | () (5)]) ds, >0, g € <A, A8
klfl 1 0
Cv (“N;k] ,kz)
Using (4.8) we have

k
W (1) = w ()] <A (O 1,) 8

up |f (ruf(r),

0<r<t

@) (r)]) =1 (raer (7). |y (1))

and
|(Tu})' (£) = (Tu) (1)] = Oy, 1y 10 (Wi (£)) — 0 (w (1))

The continuity of ¢ implies that (Tu?})’ (t) — (Tu1)' (t) as n — o and the convergence
is uniformly on every compact subinterval of [0, ). Likewise, from (4.7) (Tu?) (1) —
(Tuy) (t) as n — o uniformly on such subintervals, implying the continuity of 7' in
cl.

To prove that 7 (K) has compact closure in C' via Arzela-Ascoli’s theorem, we
note that (Tu;) (r) € C?([0,e0)) for all u; € K and

(Tw)" (r) = (Twr)' ()" = Gty ey (10 (w (1))’
= Oty o @ (W (1)) + O 1,70 (w () W' ()
ky (azlv-k k )likl
= g o (0 (7)) Dt =0 (w () f (s (1),

N—-1
—Nr_N/OrsN_lf(s,ul (s), |u'1 (s)‘)ds]

for all » > 0. Then, Lemma 1 imply the uniform bound

1 1-k 1
|[(Tur)" ()] < oy, 4,0 (kkz> + 20kt (Ot i) O ( ) . r20.

&
1 kl

Thus
sup [(Tuy)" (r)| <o forany r € [a,b] C [0,e0).
By the Mean Value Theorem

|(Tur)' (r2) = (Tur)' (r)| < sup |(Tur)" ()] |r2 =],
rela,b]
with
r,r € [Cl,b] - [0’00)’
we obtain that (TK)' = {(Tu;) |u; € K} is locally equicontinuous on any compact
of [0,0). Similarly, 7K is locally equicontinuous on compact sets from [0, ), and
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the local uniform boundedness of TK and (TK)' is easily verified. Therefore, from
Ascoli’s Theorem, it follows that TK is relatively compact in the C!-topology.

Finally, we can then apply the Schauder-Tychonov fixed point theorem to conclude
that there exists an element u; € K such that Tu; = u;. We have proved that u
satisfies (4.5), yielding a positive entire solution u; (x) = u; (|x|) of equation (1.1) in
RN,

To finish the proof of Theorem 1, the fact that u; (r) satisfies (2.1) follows from
the inequalities

2
e T
€o +0‘11\7;k1,k2 (kz//q)l/(k1 k2) 3 <ui(r) <co +2(x}v;khk2r2, r>0, (4.9)

where the left inequality in (4.9) is a consequence of the fact

_ ka/(ki—k2)
0 (t) > (ka/kp) /%) fors > kzk i (f) ,
1 1

and the right inequality in (4.9) is obvious from (4.6). On the other hand since any

co € (0,20(11\,;k17k2> will serve as an initial value u; (0) = ¢¢ in (4.5), there exists an

infinitude of positive radial entire solutions of equation (1.1). g

Proof of Theorems 2 and 3. The proofs of Theorems 2 and 3 are virtually the same
as that for Theorem 1, and the details will be omitted. For any further comments
regarding the details, see the paper of Kusano and Swanson [5]. O

Proofs of Theorems 4-6. Setting r = |x| we prove the existence of a radial solution
(uy,u) € C* x C? to the problem (1.2). Denote

G (|x],u1,u2) = fi (|x|,u1,u2,|Vur |, |Vuz|)

and
G (|x|,ur,u2) = fo (|x],u1,u2,|Vui|,|Vuz|).

We observe that we can rewrite (1.2) as follows:
/

o [kk (v (r))kl] —acl) [kk (v (r))kz] _
MV IGy (ru (r),uz(il’)), /
A 25 ()] —oucid [ 262 (i) ] =
MV 1Gy (ruy (1) up (1))

Then, the radial solution of (4.10) is a solution u of the ordinary differential system
(4.10) with the initial conditions

(11 (0),u3(0)) = (c1,c2) and (u’l (0), 1) (0)) =(0,0). 4.11)

(4.10)




EXISTENCE THEOREMS FOR EQUATIONS AND SYSTEMS 1283

It follows that

/ r—N r _
u,(r)= oc}\,;k] 70 (Ck‘l;(:cl)“ S5V LGy (syup () un (s))ds) , r>0,
N—1 \ Nk ky

/ -N r
0y (r) = 0y, 4,70 #f NG (s,u (s) un (S))dS> , r>0.
N-1 ((XN;kl,Az)

for any C'-function (u1,u3). Then, for r > 0, (4.10) with the initial conditions (4.11)
can be equivalently written as an integral system of equations

u (r)=cy +(x11\l;k1,k2 Jo 10 (Chl}”k'tkl JosN LGy (s,u1 (s) ua (s))ds) dt,
<0°NA, kz)

up (r) = 2+ Oy, 4, o 10 ( RS [ESNTLGy (s, (5) 2 (5)) dS> dt,
Ckl <0‘2NA, kz)
(1 (0),u2(0)) = (c1,¢2) and () (0),u5(0)) = (0,0).
4.12)
To establish the existence of a solution to this problem (4.12), we use the Schauder-
Tychonov fixed point theorem and hence (u) (x),uz (x)) := (uy (r),uz (r)) is a radial
entire solution of (1.2). ]

Next, we are ready to prove our main results.
Proof of the Theorem 4. Leti = 1,2. We choose Al > 0, such that
Aok 1
N Czl:/l: ! (“5v;k1 ,k2> § At
For simplicity, denote by C' the Fréchet space of all C'- functions in [0, ), with the

topology of uniform convergence of functions and their first derivatives on compact
subintervals of [0,c0).

(2 'N:ky kz’zaNkl kz) <

For a fixed choice of ¢; in (0,2065\,.,(1.,{2) and A; a small positive parameter, the

solutions of (1.2) are fixed point of the compact operator (71,73) : K; x K — Clxc!
defined by

(Tt (r) = ¢+ Ol 4, / 10 (wi(t))dt, r>0, uck, (4.13)
: 0

7\4/( =N - .
Wi (1) = L /0 NGy (s, (s)ua (5))ds, A€ [—A), 2],

k] -1 i
Cyn—1 (“N;k] ,k2>
on the closed convex set

Ki={ueC"c; <ui(r) < ci+20yy, 1, 0 <uf(r) < 4oy, 1, r>0}. (4.14)
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Similar to the proof of Theorem 1, if (u;,us) € K; X Ky, for all » > 0 and A; €
[—%,7»6] we have
i (1)] < <<
Ncu! : . S
N-1 (a;\’;kh’Q) !
From the above analysis, (77,73 ) is well-defined on K| x K;. Also, if u; € K; we have

aﬁ\l;kl,qu) (Wi (Z)) S 4“5\7;](].,/{27 t 2 07

. | 2
Aok Fi (2aN;k1,kz’2aN;k1,kz) 1 _ki—h (kz )kZ/ k)
ki '

and hence
¢i < (Tiw;) (r) < ¢ +20‘5\/;k1,k2r2’ r>0.

Therefore

0 < (Tiui) (r) < Oy, 4,70 (Wi (1)) <40y, 172 720, (4.15)

implying that (77, 7>) maps K; x K; into itself.

Next, we prove the continuity of (7;,7») in C' x C'- topology. To do this, let
{(u (r) ,u5 (r)) }n>0 be a sequence in K| x K, converging to (u,uz) € K x K, in this
topology, and define

n xl’klt_N " -1 n n

W () = . / NGy (50l (s) 12 (5)) s, >0, M € [—Noy Ao
chi-l (oci ) tJo
N-1 \ %Nk ko

Using (4.15) we have

Wi (£) = wi (£)] < Mooy, 1, Sup |G (r,uf (r) ,u5 (r)) — Gi (run (r) ,uz (r))]
<r<t
and

|(Tiu?)' (1) = (Twg)' (1)] = Oy, gyt [0 (W7 (1)) = 0 (wi (1))
Due to the continuity of ¢ we get the convergences (T;u?)' (t) — (Tiu;)' (t) as n — oo
uniformly on every compact subinterval of [0, o). Likewise, from (4.13) (T;u!) (1) —
(Tiu;) (t) as n — oo uniformly on such subintervals. So (7}, 73) is continuous in C! x
C2?-topology.
We prove that 7;K; has compact closure in C'. We note that (Tju;) (r) € C?([0,0))

for all u; € K; and
l, 1—k;
ki (O‘N;kl ,kz)
ki—1
Cyva

—NrfN/OrstlG,- (s,u (s),uz(s))ds],

(Toui)" (r) = Oy, 1, (Wi (1)) + 0" (wi (1) [Gi (r,ur (r) ,uz (r))
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for all » > 0. Lemma | imply the uniform bound

: 1 : - 1
(T ()] < Ol 1,0 (k> 20k (G, ) O (}) e
1 1
and so (TiKi)’ = {(Tiui)/ |u; € K; } is locally equicontinuous in [0,e0). Similarly T;K;
is locally equicontinuous, and the local uniform boundedness of T;K; and (T,K,-)' is
easily verified. Therefore, from Ascoli’s Theorem, it follows that T;K; and (T}K;)' are
relatively compact in any compact interval of [0,e0). Consequently, by a diagonal
sequential process, we conclude that T;K; is relatively compact in the C'-topology.
Finally, we apply the Schauder-Tychonov fixed point theorem to conclude that there
exists an element (u,u) € K; X Ky such that (Tyuy, Tauz) = (ur,uz).
Then (u;,uy) satisfies (4.12), yielding a positive entire solution

(ur (x),u2 (x)) == (ur (|x]) w2 (|x[)) ,
to the original system (1.2).
The fact that u; (r) satisfies (2.2) follows from the inequalities

2
. _ T .
it Ol g, (ko /kn) O 2 < () S ik 2ty o7 P20, (416)
where the left inequality in (4.16) is a consequence of the fact

ko —ky (k)2
> 2 1 ( 2> ’

0(t) > (ko /ky)/ 7% for =2
ki \k

and the right inequality in (4.16) is obvious from (4.14). On the other hand since any

(c1,¢2) € (0,200, 4,) X (0,2084, 4, ) »

will serve as an initial value (u; (0),u2 (0)) = (c1,¢2) in (4.12), there exists an in-
finitude of positive radial entire solutions of system (1.2) and, thus, Theorem 4 is
proved. ([l

Proof of Theorems 5 and 6. Details of the proofs of Theorems 5 and 6 are omitted,
since are virtually the same as that for Theorem 4, see also the paper of Kusano and
Swanson [5] for any further comments, resulting a fixed point (u;,u) of the mapping
(T1,T>) defined by (4.13) in the set (4.14). O
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