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Abstract. In this work, strongly ⊕− g−radical supplemented modules are defined and some
properties of these modules are investigated. Every ring has unity and every module is unital left
module in this work. It is proved that every direct summand of a strongly ⊕− g−radical sup-
plemented module is strongly ⊕− g−radical supplemented. Let f : M −→ N be an R−module
epimorphism and Ker ( f ) be a direct summand of M. If M is strongly⊕−g−radical supplemen-
ted, then N is also strongly ⊕− g−radical supplemented. Let M be a strongly ⊕− g− radical
supplemented R−module and K ≤M. If V is a g-radical supplement submodule in M for every
g-radical supplement submodule V/K in M/K, then M/K is strongly ⊕−g−radical supplemen-
ted.

2010 Mathematics Subject Classification: 16D10; 16D80

Keywords: small submodules, g-supplemented modules, ⊕-supplemented modules, g-radical
supplemented modules

1. INTRODUCTION

Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R−module. We will denote a submodule N of M
by N ≤ M. Let M be an R−module and N ≤ M. If L = M for every submodule L
of M such that M = N + L, then N is called a small submodule of M and denoted
by N � M. Let M be an R−module and N ≤ M. If there exists a submodule K of
M such that M = N +K and N ∩K = 0, then N is called a direct summand of M
and it is denoted by M = N⊕K. For any R−module M, we have M = M⊕ 0. The
intersection of all maximal submodules of M is called the radical of M and denoted
by RadM. If M have no maximal submodules, then it is defined RadM = M. M is
said to be semilocal if M/RadM is semisimple. A submodule N of an R−module M
is called an essential submodule of M and denoted by N EM in case K ∩N 6= 0 for
every submodule K 6= 0, or equivalently, K = 0 for every K ≤M with N∩K = 0. Let
M be an R−module and K be a submodule of M. K is called a generalized small (or
briefly, g−small) submodule of M if for every essential submodule T of M with the
property M = K +T implies that T = M, then we write K�g M (in [15], it is called
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982 H. B. ÖZDEMIR AND C. NEBIYEV

an e-small submodule of M and denoted by K �e M). It is clear that every small
submodule is a generalized small submodule but the converse is not true in general.
Let M be an R -module. M is called a hollow module if every proper submodule of
M is small in M. M is called a local module if M has the largest submodule, i.e.
a proper submodule which contains all other proper submodules. Let U and V be
submodules of M. If M = U +V and V is minimal with respect to this property,
or equivalently, M = U +V and U ∩V � V , then V is called a supplement of U
in M. M is said to be supplemented if every submodule of M has a supplement in
M. If every submodule of M has a supplement that is a direct summand in M, then
M is called a ⊕−supplemented module. Let M be a supplemented R−module. If
every supplement submodule of M is a direct summand of M, then M is called a
strongly ⊕−supplemented module. Let M be an R −module and U,V ≤M. If M =
U +V and M = U +T with T E V implies that T = V , or equivalently, M = U +V
and U ∩V �g V , then V is called a g-supplement of U in M. M is said to be g-
supplemented if every submodule of M has a g-supplement in M. M is said to be
⊕− g−supplemented if every submodule of M has a g-supplement that is a direct
summand in M (see [8]). Let M be an R-module and U,V ≤M. If M = U +V and
U ∩V ≤ RadV , then V is called a generalized (radical) supplement (briefly, Rad-
supplement) of U in M. M is said to be generalized (radical) supplemented (briefly,
Rad-supplemented) if every submodule of M has a Rad-supplement in M. M is said
to be generalized (radical) ⊕−supplemented (briefly, Rad−⊕−supplemented) if
every submodule of M has a Rad-supplement that is a direct summand in M. M
said to be strongly Rad−⊕-supplemented if M is Rad-supplemented and every Rad-
supplement submodule in M is a direct summand of M (see [12]). The intersection
of all essential maximal submodules of an R−module M is called the generalized
radical of M and denoted by RadgM (in [15], it is denoted by RadeM). If M have no
essential maximal submodules, then we denote RadgM =M. An R−module M is said
to be g-semilocal if M/RadgM is semisimple (see [9]). Let M be an R−module and
U,V ≤M. If M =U +V and U ∩V ≤ RadgV , then V is called a generalized radical
supplement (or briefly, g-radical supplement) of U in M. M is said to be generalized
radical supplemented (briefly, g-radical supplemented) if every submodule of M has
a g-radical supplement in M. M is said to be ⊕− g−Rad−supplemented if every
submodule of M has a g-radical supplement that is a direct summand in M (see [10]).

More informations about supplemented modules are in [2,14]. More results about
⊕−supplemented modules are in [4]. More details about strongly ⊕−supplemented
modules are in [7]. More details about generalized (radical) supplemented modules
are in [13]. More details about generalized (radical) ⊕−supplemented modules are
in [1, 3]. More informations about g-supplemented modules are in [5]. More in-
formations about g-radical supplemented modules are in [6]. Now we will give some
important properties of the generalized radical of any module.

Lemma 1. Let M be an R−module. The following conditions hold.
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(1) RadgM = ∑
L�gM

L.

(2) Rm�g M for every m ∈ RadgM.
(3) If N ≤M, then RadgN ≤ RadgM.
(4) If K,L≤M, then RadgK +RadgL≤ Radg (K +L).
(5) Let N be an R−module and f : M −→ N be an R−module homomorphism.

Then f (RadgM)≤ RadgN.
(6) If K,L≤M, then RadgK+L

L ≤ Radg
K+L

L .
(7) If M = ⊕

i∈I
Mi, then RadgM = ⊕

i∈I
RadgMi.

Proof. See [6, Lemma 2, Lemma 3 and Lemma 4]. �

2. STRONGLY ⊕−g−RADICAL SUPPLEMENTED MODULES

Definition 1. Let M be a g-supplemented R−module. If every g-supplement sub-
module is a direct summand in M, then M is called a strongly ⊕−g− supplemented
module.

Definition 2. Let M be a g-radical supplemented R−module. If every g-radical
supplement submodule is a direct summand in M, then M is called a strongly ⊕−
generalized radical supplemented (briefly, strongly ⊕−g− radical supplemented)
module. (See also [11])

Clearly we can see that every strongly ⊕− g−radical supplemented module is
⊕−g−radical supplemented. But the converse of this statement is not true in general
(see Example 1, Example 2 and Example 3). Let M be a strongly ⊕− g−radical
supplemented R−module. Then M is g-radical supplemented and by [6, Theorem 1],
M is g-semilocal.

Proposition 1. Let M be a strongly ⊕− g−radical supplemented R−module. If
RadgM�g M, then M is strongly ⊕−g−supplemented.

Proof. Let U ≤M and V be any g-radical supplement of U in M. Here M =U +V
and U ∩V ≤ RadgV . Since M is strongly ⊕−g−radical supplemented, V is a direct
summand of M. By Lemma 1, RadgV ≤ RadgM�g M. Since V is a direct summand
of M, we can see that RadgV �g V . Hence U ∩V �g V and V is a g-supplement of
U in M. Therefore, M is stronlgy ⊕−g− supplemented. �

Proposition 2. Let M be a strongly ⊕− g−radical supplemented R−module. If
RadgM�M, then M is strongly ⊕−supplemented.

Proof. Let U ≤M and V be any g-radical supplement of U in M. Here M =U +V
and U ∩V ≤ RadgV . Since M is strongly ⊕−g−radical supplemented, V is a direct
summand of M. By Lemma 1, RadgV ≤ RadgM�M. Since V is a direct summand
of M, we can see that RadgV �V . Hence U ∩V �V and V is a supplement of U in
M. Therefore, M is stronlgy ⊕−supplemented. �
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Lemma 2. Let M = M1⊕M2 and X ,Y ≤M2. Then Y is a g-radical supplement of
X in M2 if and only if Y is a g-radical supplement of M1 +X in M.

Proof. (=⇒)Since Y is a g-radical supplement of X in M2, M2 = X +Y and X ∩
Y ≤ RadgY . Then M = M1+M2 = M1+X +Y and by Modular Law, (M1 +X)∩Y =
(M1 +X)∩M2∩Y = (M1∩M2 +X)∩Y = (0+X)∩Y = X ∩Y ≤ RadgY . Hence Y
is a g-radical supplement of M1 +X in M.

(⇐=) Since Y is a g-radical supplement of M1 +X in M, M = M1 +X +Y and
(M1 +X)∩Y ≤RadgY . Then by Modular Law, M2 =M2∩M =M2∩(M1 +X +Y )=
M1∩M2 +X +Y = 0+X +Y = X +Y and X ∩Y ≤ (M1 +X)∩Y ≤ RadgY . Hence
Y is a g-radical supplement of X in M2. �

Lemma 3. Let M be a strongly ⊕−g−radical supplemented module. Then every
direct summand of M is strongly ⊕−g−radical supplemented.

Proof. Let N be a direct summand of M and M = N⊕K with K ≤ M. Since M
is g-radical supplemented, by [6, Lemma 9], M/K is g-radical supplemented. By
M
K = N⊕K

K
∼= N

N∩K = N
0
∼= N, N is also g-radical supplemented. Let X ≤ N and Y be

any g-radical supplement of X in N. Since M = N⊕K, by Lemma 2, Y is a g-radical
supplement of K +X in M. Since M is strongly ⊕−g−radical supplemented, every
g-radical supplement submodule in M is a direct summand of M and hence Y is a
direct summand of M. By Y ≤ N, Y is also a direct summand of N. Hence N is
strongly ⊕−g−radical supplemented. �

Corollary 1. Let M be a strongly ⊕− g−radical supplemented module. Then
M/K is strongly ⊕−g−radical supplemented for every direct summand K of M.

Proof. Let K be any direct summand of M and M = K ⊕ X with X ≤ M. By
Lemma 3, X is strongly⊕−g−radical supplemented. Then by M/K = (K +X)/K ∼=
X/(K∩X) = X/0∼= X , M/K is strongly ⊕−g−radical supplemented. �

Corollary 2. Let f : M −→ N be an R−module epimorphism and Ker ( f ) be a
direct summand of M. If M is strongly ⊕− g−radical supplemented, then N is also
strongly ⊕−g−radical supplemented.

Proof. By Corollary 1, M/Ker ( f ) is strongly⊕−g−radical supplemented. Since
M/Ker ( f )∼= f (M) = N, N is also strongly ⊕−g−radical supplemented. �

Proposition 3. Let M be a strongly ⊕−g−radical supplemented R−module and
K ≤M. If V is a g-radical supplement submodule in M for every g-radical supple-
ment submodule V/K in M/K, then M/K is strongly ⊕−g− radical supplemented.

Proof. By [6, Lemma 9], M/K is g-radical supplemented. Let V/K be any g-
radical supplement submodule in M/K. By hypothesis, V is a g-radical supplement
submodule in M. Since M is strongly ⊕− g−radical supplemented, V is a direct
summand of M. Then there exists X ≤ M with M = V ⊕ X . Since M = V ⊕ X ,
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M/K =V/K+(X +K)/K and V/K∩(X +K)/K = (X ∩V +K)/K = (0+K)/K =
0. Hence M/K = V/K⊕ (X +K)/K. Thus M/K is strongly ⊕−g−radical supple-
mented. �

Lemma 4. Let M be a strongly ⊕−g−radical supplemented R−module, K ≤M
and K = (K∩M1)⊕ (K∩M2) for every M1,M2 ≤M with M = M1⊕M2. Then M/K
is ⊕−g−radical supplemented.

Proof. Let U/K ≤M/K. Since M is strongly⊕−g−radical supplemented, U has
a g-radical supplement V that is a direct summand in M. Here there exists X ≤ M
such that M =V ⊕X . By hypothesis, K = (K∩V )⊕ (K∩X). Since V is a g-radical
supplement of U in M and K ≤U , by [6, Lemma 8], V+K

K is a g-radical supplement of
U/K in M/K. Since M =V⊕X , M

K = V+K
K + X+K

K . Here V+K
K ∩

X+K
K = (V+K)∩(X+K)

K =
(V+K)∩X+K

K = (V+K∩V+K∩X)∩X+K
K = (V+K∩X)∩X+K

K = V∩X+K∩X+K
K = 0+K

K = K
K = 0.

Hence M
K = V+K

K ⊕ X+K
K . Thus M/K is ⊕−g−radical supplemented. �

Corollary 3. Let M be a strongly ⊕− g−radical supplemented R−module, f :
M −→ N be an R−module epimorphism with N be an R−module and Ker ( f ) =
(Ker ( f )∩M1)⊕ (Ker ( f )∩M2) for every M1,M2 ≤M with M = M1⊕M2. Then N
is ⊕−g−radical supplemented.

Proof. Clear from Lemma 4, since M/Ker ( f )∼= Im( f ) = N. �

Proposition 4. Let M be a strongly ⊕−g−radical supplemented R−module and
K ≤M. If X+K

K is a direct summand of M
K for every direct summand X of M, then M

K
is ⊕−g−radical supplemented.

Proof. Let U/K be any submodule of M/K. Since M is strongly ⊕− g− radical
supplemented, U has a g-radical supplement X in M and X is a direct summand of
M. Since X is a g-radical supplement of U in M and K ≤ U , by [6, Lemma 8],
X+K

K is a g-radical supplement of U/K in M/K. Since X is a direct summand of
M, by hypothesis, X+K

K is a direct summand of M/K. Hence M/K is ⊕−g−radical
supplemented. �

Remark 1. Let M be a Rad-supplemented module. If M is strongly ⊕−g−radical
supplemented, then M is strongly Rad−⊕−supplemented. But the converse of this
statement is not true in general (see Example 2 and Example 3).

Remark 2. Let M be a supplemented module. If M is strongly ⊕−g−radical sup-
plemented, then M is strongly ⊕−supplemented. But the converse of this statement
is not true in general (see Example 1, Example 2 and Example 3).

Example 1. Let M be a local module with Radg (RadgM) = RadgM = RadM 6= 0.
Then M is supplemented and since the supplement submodules in M are only 0 and
M, M is strongly ⊕− supplemented. Also M is ⊕− g−radical supplemented. Here
RadgM is the largest submodule of M. Since RadgM is a g-radical supplement of
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M in M and RadgM is not a direct summand of M, M is not strongly ⊕−g−radical
supplemented.

Example 2. Consider the Z−module Z4. Here Z4 is local and Radg (RadgZ4) =
RadgZ4 = RadZ4 6= 0. By Example 1, Z4 is strongly ⊕−supplemented and ⊕−
g−radical supplemented. But Z4 is not strongly ⊕−g−radical supplemented. Since
the Rad-supplement submodules in Z4 are only 0 and Z4, Z4 is strongly Rad −
⊕−supplemented.

Example 3. Consider the Z−module Z8. Here Z8 is local, RadgZ8 = RadZ8 ={
0,2,4,6

}
and Radg (RadgZ8) =

{
0,4

}
. Since the supplement submodules in Z8

are only 0 and Z8, Z8 is strongly ⊕−supplemented. Also Z8 is ⊕− g−radical sup-
plemented. Since

{
0,4

}
is a g-radical supplement of Z8 in Z8 and

{
0,4

}
is not

a direct summand of Z8, Z8 is not strongly ⊕− g−radical supplemented. Since
the Rad-supplement submodules in Z8 are only 0 and Z8, Z8 is strongly Rad −
⊕−supplemented.
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[1] H. Çalışıcı and E. Türkmen, “Generalized ⊕-supplemented modules.” Algebra Discrete Math.,
vol. 10, no. 2, pp. 10–18, 2010.

[2] J. Clark, C. Lomp, N. Vanaja, and R. Wisbauer, Lifting modules. Supplements and projectivity in
module theory. Basel: Birkhäuser, 2006.
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[6] B. Koşar, C. Nebiyev, and A. Pekin, “A generalization of g-supplemented modules,” Miskolc
Math. Notes, vol. 20, no. 1, pp. 345–352, 2019, doi: 10.18514/MMN.2019.2586.

[7] C. Nebiyev and A. Pancar, “On strongly ⊕-supplemented modules.” Ukr. Math. J., vol. 63, no. 5,
pp. 768–775, 2011, doi: 10.1007/s11253-011-0541-9.
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