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Abstract. In this work, strongly & — g—radical supplemented modules are defined and some
properties of these modules are investigated. Every ring has unity and every module is unital left
module in this work. It is proved that every direct summand of a strongly & — g—radical sup-
plemented module is strongly & — g—radical supplemented. Let f: M — N be an R—module
epimorphism and Ker (f) be a direct summand of M. If M is strongly ® — g—radical supplemen-
ted, then N is also strongly ¢ — g—radical supplemented. Let M be a strongly & — g— radical
supplemented R—module and K < M. If V is a g-radical supplement submodule in M for every
g-radical supplement submodule V /K in M /K, then M /K is strongly & — g—radical supplemen-
ted.
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1. INTRODUCTION

Throughout this paper all rings will be associative with identity and all modules
will be unital left modules.

Let R be a ring and M be an R—module. We will denote a submodule N of M
by N <M. Let M be an R—module and N < M. If L = M for every submodule L
of M such that M = N + L, then N is called a small submodule of M and denoted
by N < M. Let M be an R—module and N < M. If there exists a submodule K of
M such that M = N+ K and NN K = 0, then N is called a direct summand of M
and it is denoted by M = N & K. For any R—module M, we have M = M & 0. The
intersection of all maximal submodules of M is called the radical of M and denoted
by RadM. If M have no maximal submodules, then it is defined RadM = M. M is
said to be semilocal if M /RadM is semisimple. A submodule N of an R—module M
is called an essential submodule of M and denoted by N < M in case KN N # 0 for
every submodule K # 0, or equivalently, K = 0 for every K < M with NNK = 0. Let
M be an R—module and K be a submodule of M. K is called a generalized small (or
briefly, g—small) submodule of M if for every essential submodule T of M with the
property M = K + T implies that T = M, then we write K <, M (in [15], it is called
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an e-small submodule of M and denoted by K <, M). It is clear that every small
submodule is a generalized small submodule but the converse is not true in general.
Let M be an R -module. M is called a hollow module if every proper submodule of
M is small in M. M is called a local module if M has the largest submodule, i.e.
a proper submodule which contains all other proper submodules. Let U and V be
submodules of M. If M = U 4V and V is minimal with respect to this property,
or equivalently, M =U +V and UNV <KV, then V is called a supplement of U
in M. M is said to be supplemented if every submodule of M has a supplement in
M. If every submodule of M has a supplement that is a direct summand in M, then
M is called a d—supplemented module. Let M be a supplemented R—module. If
every supplement submodule of M is a direct summand of M, then M is called a
strongly ®&—supplemented module. Let M be an R —module and U,V < M. If M =
U+VandM =U+T with T <V implies that T =V, or equivalently, M =U +V
and UNV <V, then V is called a g-supplement of U in M. M is said to be g-
supplemented if every submodule of M has a g-supplement in M. M is said to be
¢ — g—supplemented if every submodule of M has a g-supplement that is a direct
summand in M (see [8]). Let M be an R-module and U,V < M. If M =U +V and
UNV < RadV, then V is called a generalized (radical) supplement (briefly, Rad-
supplement) of U in M. M is said to be generalized (radical) supplemented (briefly,
Rad-supplemented) if every submodule of M has a Rad-supplement in M. M is said
to be generalized (radical) ©—supplemented (briefly, Rad— & —supplemented) if
every submodule of M has a Rad-supplement that is a direct summand in M. M
said to be strongly Rad—®-supplemented if M is Rad-supplemented and every Rad-
supplement submodule in M is a direct summand of M (see [12]). The intersection
of all essential maximal submodules of an R—module M is called the generalized
radical of M and denoted by Rad M (in [15], it is denoted by Rad.M). If M have no
essential maximal submodules, then we denote Rad,M = M. An R—module M is said
to be g-semilocal if M /Rad,M is semisimple (see [9]). Let M be an R—module and
UV<MITM=U+VandUNV < Rad,V, then 'V is called a generalized radical
supplement (or briefly, g-radical supplement) of U in M. M is said to be generalized
radical supplemented (briefly, g-radical supplemented) if every submodule of M has
a g-radical supplement in M. M is said to be & — g — Rad—supplemented if every
submodule of M has a g-radical supplement that is a direct summand in M (see [10]).

More informations about supplemented modules are in [2, 14]. More results about
@ —supplemented modules are in [4]. More details about strongly &—supplemented
modules are in [7]. More details about generalized (radical) supplemented modules
are in [13]. More details about generalized (radical) &—supplemented modules are
in [, 3]. More informations about g-supplemented modules are in [5]. More in-
formations about g-radical supplemented modules are in [6]. Now we will give some
important properties of the generalized radical of any module.

Lemma 1. Let M be an R—module. The following conditions hold.
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(1) RadM = 'Y, L.
LM
(2) Rm <4 M for every m € Rad,M.
(3) If N <M, then Rad,N < Rad,M.
4) If K,L <M, then Rad,K + Rad,L < Rad, (K +L).
(5) Let N be an R—module and f : M — N be an R—module homomorphism.

Then f (Rad,M) < Rad,N.
(6) IfK,L <M, then "X < Raq KHL.
(7) If M = ©M,, then Rad,M = @ Rad,M,;.
iel iel

Proof. See [6, Lemma 2, Lemma 3 and Lemma 4]. O

2. STRONGLY & — g—RADICAL SUPPLEMENTED MODULES

Definition 1. Let M be a g-supplemented R—module. If every g-supplement sub-
module is a direct summand in M, then M is called a strongly & — g— supplemented
module.

Definition 2. Let M be a g-radical supplemented R—module. If every g-radical
supplement submodule is a direct summand in M, then M is called a strongly &—
generalized radical supplemented (briefly, strongly & —g — radical supplemented)
module. (See also [11])

Clearly we can see that every strongly ¢ — g—radical supplemented module is
@ — g—radical supplemented. But the converse of this statement is not true in general
(see Example 1, Example 2 and Example 3). Let M be a strongly ¢ — g—radical
supplemented R—module. Then M is g-radical supplemented and by [6, Theorem 1],
M is g-semilocal.

Proposition 1. Let M be a strongly & — g—radical supplemented R—module. If
Rad,M <4, M, then M is strongly & — g—supplemented.

Proof. Let U <M and V be any g-radical supplement of U in M. Here M =U +V
and UNYV < RadgV. Since M is strongly & — g—radical supplemented, V' is a direct
summand of M. By Lemma 1, Rad,V < Rad,M < ¢ M. Since V is a direct summand
of M, we can see that Rad,V <, V. Hence UNV <,V and V is a g-supplement of
U in M. Therefore, M is stronlgy ¢ — g— supplemented. O

Proposition 2. Let M be a strongly & — g—radical supplemented R—module. If
Rad,M < M, then M is strongly &©—supplemented.

Proof. Let U <M and V be any g-radical supplement of U in M. Here M =U +V
and UNV < Rad,V. Since M is strongly @& — g—radical supplemented, V is a direct
summand of M. By Lemma 1, Rad,V < Rad,M < M. Since V is a direct summand
of M, we can see that Rad,V < V. Hence UNV <V and V is a supplement of U in
M. Therefore, M is stronlgy é&—supplemented. O
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Lemma 2. Let M =M, &M, and X,Y < M,. ThenY is a g-radical supplement of
X in M, if and only if Y is a g-radical supplement of My + X in M.

Proof. (= )Since Y is a g-radical supplement of X in My, M, =X +Y and X N
Y <RadgY. Then M = M| +M> = M; +X +Y and by Modular Law, (M; +X)NY =
(M, +X)NM,NY = (M NMy+X)NY = (0+X)NY =XNY < Rad,Y. Hence Y
is a g-radical supplement of M| + X in M.

(«<=) Since Y is a g-radical supplement of M} +X in M, M = M; +X +7Y and
(M1 +X)NY < Rad,Y . Then by Modular Law, Mo = MoNM =M>N (M +X +Y) =
MiNMy+X+Y =0+X+Y =X+Y and XNY < (M; +X)NY < Rad,Y. Hence
Y is a g-radical supplement of X in M>. U

Lemma 3. Let M be a strongly & — g—radical supplemented module. Then every
direct summand of M is strongly ® — g—radical supplemented.

Proof. Let N be a direct summand of M and M = N & K with K < M. Since M
is g-radical supplemented, by [0, Lemma 9], M /K is g-radical supplemented. By
% = % = NLQK = % = N, N is also g-radical supplemented. Let X < N and Y be
any g-radical supplement of X in N. Since M = N ® K, by Lemma 2, Y is a g-radical
supplement of K + X in M. Since M is strongly & — g—radical supplemented, every
g-radical supplement submodule in M is a direct summand of M and hence Y is a
direct summand of M. By ¥ <N, Y is also a direct summand of N. Hence N is

strongly @ — g—radical supplemented. t

Corollary 1. Let M be a strongly & — g—radical supplemented module. Then
M /K is strongly & — g—radical supplemented for every direct summand K of M.

Proof. Let K be any direct summand of M and M = K ® X with X < M. By
Lemma 3, X is strongly @& — g—radical supplemented. Thenby M /K = (K +X) /K =
X/(KNX)=X/0=X, M/K is strongly & — g—radical supplemented. O

Corollary 2. Let f: M — N be an R—module epimorphism and Ker (f) be a
direct summand of M. If M is strongly & — g—radical supplemented, then N is also
strongly ® — g—radical supplemented.

Proof. By Corollary 1, M /Ker (f) is strongly & — g—radical supplemented. Since
M/Ker(f)= f(M)=N, N is also strongly & — g—radical supplemented. O

Proposition 3. Let M be a strongly & — g—radical supplemented R—module and
K <M. IfV is a g-radical supplement submodule in M for every g-radical supple-
ment submodule V /K in M /K, then M /K is strongly ® — g— radical supplemented.

Proof. By [0, Lemma 9], M/K is g-radical supplemented. Let V /K be any g-
radical supplement submodule in M /K. By hypothesis, V is a g-radical supplement
submodule in M. Since M is strongly & — g—radical supplemented, V is a direct
summand of M. Then there exists X <M with M =V & X. Since M =V dX,
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M/K=V/K+(X+K)/KandV/KN(X +K)/K=(XNV+K)/K=(0+K) /K =
0. Hence M/K =V /K ® (X +K) /K. Thus M /K is strongly & — g—radical supple-
mented. .

Lemma 4. Let M be a strongly & — g—radical supplemented R—module, K < M
and K = (KNM)) ® (KNM;) for every My,My < M with M = M, & M,. Then M /K
is & — g—radical supplemented.

Proof. LetU /K <M /K. Since M is strongly & — g—radical supplemented, U has
a g-radical supplement V that is a direct summand in M. Here there exists X < M
such that M =V @ X. By hypothesis, K = (KNV)® (KNX). Since V is a g-radical
supplement of U in M and K < U, by [0, Lemma 8], V4K isa g-radical supplement of

K
U/KinM/K. Since M =V @X, % = V2K X0K Here VEE A XK (V+K);(X+K) =
(VHK)NX+K _ (VEKNVHKNX)NX+K _ (VHKNX)NX+K  VNX4+KNX+K _ 0+K _ K __ 0
K - K - K = K - K “ K7
Hence % = % &) % Thus M /K is @ — g—radical supplemented. U

Corollary 3. Let M be a strongly & — g—radical supplemented R—module, f :
M — N be an R—module epimorphism with N be an R—module and Ker (f) =
(Ker (f)NM,) @ (Ker (f) M) for every My,My < M with M = M & M,. Then N
is ® — g—radical supplemented.

Proof. Clear from Lemma 4, since M /Ker (f) = Im(f) = N. O

Proposition 4. Let M be a strongly © — g—radical supplemented R—module and
K<M.If % is a direct summand of % for every direct summand X of M, then %
is @ — g—radical supplemented.

Proof. Let U/K be any submodule of M /K. Since M is strongly & — g— radical
supplemented, U has a g-radical supplement X in M and X is a direct summand of
M. Since X is a g-radical supplement of U in M and K < U, by [0, Lemma 8],
% is a g-radical supplement of U/K in M /K. Since X is a direct summand of
M, by hypothesis, X is a direct summand of M /K. Hence M /K is & — g—radical

K
supplemented. ([l

Remark 1. Let M be a Rad-supplemented module. If M is strongly ¢ — g—radical
supplemented, then M is strongly Rad — @—supplemented. But the converse of this
statement is not true in general (see Example 2 and Example 3).

Remark 2. Let M be a supplemented module. If M is strongly & — g—radical sup-
plemented, then M is strongly @—supplemented. But the converse of this statement
is not true in general (see Example 1, Example 2 and Example 3).

Example 1. Let M be a local module with Rad, (Rad,M) = Rad,M = RadM # 0.
Then M is supplemented and since the supplement submodules in M are only 0 and
M, M is strongly &— supplemented. Also M is & — g—radical supplemented. Here
Rad,M is the largest submodule of M. Since Rad,M is a g-radical supplement of
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M in M and Rad M is not a direct summand of M, M is not strongly & — g—radical
supplemented.

Example 2. Consider the Z—module Z4. Here Z4 is local and Rad, (Rady,Z4) =
Rad,Z4 = RadZ4 # 0. By Example 1, Z4 is strongly ©—supplemented and @& —
g—radical supplemented. But Z4 is not strongly ¢ — g—radical supplemented. Since
the Rad-supplement submodules in Z4 are only O and Z4, Z4 is strongly Rad —
@ —supplemented.

Example 3. Consider the Z—module Zg. Here Zg is local, Rad,Zg = RadZg =
{0,2,4,6} and Rad, (RadyZs) = {0,4}. Since the supplement submodules in Zg
are only 0 and Zg, Zg is strongly &—supplemented. Also Zg is ¢ — g—radical sup-
plemented. Since {0,4} is a g-radical supplement of Zg in Zg and {0,4} is not
a direct summand of Zg, Zg is not strongly ¢ — g—radical supplemented. Since
the Rad-supplement submodules in Zg are only 0 and Zg, Zg is strongly Rad —
@ —supplemented.
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