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Abstract. In this paper, our main focus is to establish complete monotonicity properties, convex-
ity properties and some interesting inequalities for the Barnes Mittag-Leffler function. Further-
more, monotonicity properties of ratios of Barnes Mittag-Leffler functions are derived. Moreover,
Turén type inequalities and several new inequalities are obtained for this function as application.
Results obtained in this work are new and their importance is illustrated by several attractive
consequences and corollaries.
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1. INTRODUCTION

Mittag-Leffler function is one of the important special functions, which plays vital
role in mathematical physics, fractional calculus, approximation theory and various
fields of science and engineering. It appears in the differential equations of fractional
order and study of complex system. Mittag-Leffler function was introduced by Gosta
Mittag-Leffler in 1903 [15], defined as

o n

z
En=Y -~ C, k>0, 1.1
x(2) ,;)F(Kzu—l) Z€ (1.1)
where I is the well-known Euler’s gamma function. From (1.1), it can be observed
that Ei(z) interpolates between exp(z) and 1/(1 —z) for 0 < x < 1. In 1905, Wiman
[24] studied a generalization of Ex(z), defined as

oo Z”
E =)y ——, k,veC, R(x)>0,R(v)>0. 1.2

KN(Z) YEE)F(Kn—i—V)’ ) € ) ( ) ) ( ) ( )

The generalized Mittag-Leffler function Ey y(z) is also known as Wiman’s function.
There are several generalizations of Mittag-Leffler function available in the literature.

One of the most important generalizations of Mittag-Leffler function is the Barnes
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Mittag-Leffler function E,gg(s;z), which is defined [0] as

a 7

Ev(s:2):= r;)F(Kn—l—v)(n—l—a)S’

a,veC\Zy,R(x) >0,5,z€C. (1.3)

It can be noted that E](ca\z(O,z) = Exv(2), Ex1(z) = Ex(z) and E;(z) = exp(z). For
further information on Mittag-Leffler function, we refer to [7] and references cited
therein.

In terms of the extended Hurwitz-Lerch zeta function <I>i£:f (z,8,a), defined by

[19, p. 503, Eq. (6.2)]

(Aj.pj5p) 2 (P1,esPpiO1 e Og)
(,u;p/,-;q) <Z’S7a) - q)7\4 ,..4.,7\,,;];,111 ,...u,:uqq
I T(y) & T Ty+kpy) 2 (1.4)

I T() S T Dy + ko) k! (k+a)s”

(z,5,a)

we see that
a), . I
EK,V(SvZ) = W(I)(V,K;l)(zﬂg)a)'
From [19, Theorem 8], we deduce that the Barnes Mittag-Leffler function E,(fv)(sz)
possesses the following integral representation
1 . .
Egv(siz) = o) / e Eqy(ze")dt, (min(R(a),R(s),x) >0). (1.5)
§)Jo
Monotonicity properties and functional inequalities play vital role in the theory of
various inequalities and equilibrium problems [2, 3, 5, 23, 25]. Nowadays most of
the researchers use Turan-type inequalities to find monotonicity properties of special
functions. Turdn’s inequality was first introduced by the Hungarian mathematician
Paul Turan [21] in 1950 as follows:

P,(x)P,
Mgl, x€[-1,1], neNuU{0}, (1.6)
Pn+1 (x)
where P,(x) are Legendre polynomials. Several Turdn-type inequalities for various
special functions can be found in [3, 4, 11, 12] and references cited therein. It will

be interesting to see from (1.6) that stronger results on monotonicity of ratios of
functions of the form (1.6) with upper or lower constants as unity can be obtained
using these types of inequalities. These inequalities have applications in the theory
of transmutation operators for estimating transmulation kernels and norms [ 18] and
also in the problems of function expansions by system of integer shifts of Gaussians
[10].

This paper is organized as follows. In the next Section, we present some useful
lemmas which are required to complete the proofs of the main results. Using the
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integral representation (1.5) of the Barnes Mittag-Leffler function, complete mono-
tonicity property and several interesting inequalities and their consequences are es-

tablished in Section 3. Turan type inequalities for E](qav)(s,z) are obtained in Section

4. Moreover, monotonicity, convexity and log-convexity properties for the ratios of
Barnes Mittag-Leffler function are also studied in this section. Section 5 is devoted

to derive further interesting inequalities for Effv) (s32).

2. USEFUL LEMMAS

Before proving the main results in this paper, we need the following preliminary
lemmas.

Lemma 1 ([12]). Let (ay)n>0 and (by)n>0 be two sequences of real numbers. If
b, > 0 for n > 0 and if the sequence (a,/b,) is increasing (decreasing), then

ar+--+au
bi+-+by

> is increasing (decreasing).
n>0

Lemma 2 ([17]). Let (ay)u>0 and (by)n>0 be two sequences of real numbers and
let the power series f(x) = Y, >0anX" and g(x) = ¥,50bnx" be convergent for all
|x| < r. If by > 0 for n > 0 and if the sequence (a,/by) is increasing (decreasing),
then the function x — f(x)/g(x) is increasing (decreasing) on (0,r).

Lemma 3 ([1]). Suppose that f,g : [a,b] — R are continuous functions, which
are differentiable on (a,b). Moreover, assume that g'(x) # 0 on (a,b). If f'/g is
increasing (or decreasing) on (a,b), then the following ratios

f(x) = f(a) f(x) = f(b)

S IS d I\

s@—gl@ " ) —g)
are also increasing (or decreasing) on (a,b).

3. COMPLETE MONOTONICITY PROPERTY AND RELATED INEQUALITIES

In the next theorem, we will study complete monotonicity property of the function
E (“\2 (s3—z). A C* function f(x) is said to be completely monotonic on an interval /

if
(_l)n_lfn_l(x) > 07
foranyne Nandx € 1.

Theorem 1. Assume that min(R(a),R(s)) > 0,x > 0. Under the following con-
ditions
(k,ve (0,1) v>x) or (ke (0,1]and v > ),

the function z — E,(fv) (83 —2z) is completely monotonic on (0,00). Moreover, the follow-

ing inequalities

a

E&?v)(s;—m)E](c?v(S;—Zz) < Egy(s;—21 —22), (min(z1,22) > 0), 3.1
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ES) (s —(21 +22)/2) < EQ(s:—20) B (s:—22), (min(z1,) > 0)  (3.2)

1 a’Tv) (@
aT(v) "\ < Exy(s:— 0 33
aSF(V) exp ( (a+ I)SF(V+K) Z> = K,V(S’ Z), z>0, (3.3)

hold true under the given hypothesis.

Proof. By using (1.5) with [20, Corollary 3] and [8, Theorem 2.1], we establish
that El(qa\} (s;—z) is completely monotonic on (0, e0), under the given hypothesis. How-
ever, we see that the function z — aSF(V)E,(f\z (s;—z) is completely monotonic on
(0,00) and maps (0,c0) to (0,1). According to [9, Theorem 3], we get the result
(3.1). Let us now focus on the inequality (3.2). By using the fact that every com-
pletely monotonic function is log-convex [22, p. 167], we deduce that the function
E](ca\a (s;—z) is log-convex and consequently the inequality (3.2) holds true. It remains
to prove the inequality (3.3). Let

F(z) =log (aSF(V)E,((fIV)(s; —z)) =:log ~](<a3 (s;z) and G(z) = z.

Observe that the function z +— ( ~](<?V (s32))'/Exy(s;2) is increasing on (0,0) and con-
sequently the function

F(z)—F(0
©)=FO) _ 0
G(2) = G(0)
is also increasing on (0,e0) by Lemma 3. Furthermore,
i (a) !
E ; ST
limA() = lim Lex(52) _ a ; M __
20 20 E}gav) (5:2) (a+1)T(v+x)
which completes the proof of Theorem 1. O

Theorem 2. Under the assumptions of Theorem I, the following inequality holds
true:

(a+1)=T(s) [(s)
(a+1)T(x+v) (a+1)s
Proof. We recall the Jensen’s integral inequality [14, Chap. I, Eq. (7.15)],

o[ s0ast)/ [(as)) < [“otrnaots)/ [(aots) 63

where, ¢ is convex and f is integrable with respect to a probability measure G. Let

Ecy(e 2) <E&)(s:7) < Eev(2). (3.4)

Q.(t) =Exv(ze™"), f(t) =1t and do(t) = 1"(1s)ts_]€_”’dt,

Using an elementary property of Gamma-function:
I(s)

aS

— / T e, (R(a) > 0, R(a) > 0), (3.6)
0
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and the representation (1.5), we obtain

[ast=1 [ st =25 aa [ otriniot) =Es:)

Again, from (3.5), we have

Exy (e_iz) < Elgav) (s:2),

which proves the lower bound of (3.4). In order to demonstrate the upper bound, we
will apply the converse Jensen inequality, due to Lah and Ribarié, which reads as
follows. Set

an) = [ soyiots) | [ asts),

where © is a non-negative measure and f is a continuous function. If —eo < m <
M < o and @ is convex on [m,M], then according to [ 16, Theorem 3.37], we have

(M —m)A(0(f)) < (M —=A(f))o(m) + (A(f) —m)o(M). 3.7
Rewriting the representation (1.5) as follows:
a)ro N _ L ! s—1 a—1
B8 = 1y | o (1 Bz, (3.8)

and taking
log* ! (1/u)u®'du

[m,M] =[0,1],¢(u) = Exy(zu), f(u) = u and do(u) =

I(s) ’
in (3.7), in view of (3.6) and (3.8), we obtain
E(s:3) _ (ala+1) ~T(s) o oo
@ = (ala+1)T(k+v) " (ala+1)) """

0

Theorem 3. The following inequalities hold true:

(a) Let a,v,s,z be positive real numbers such that s < 1 and a > V. Then the
following inequality

Eiyi1(2) (a)
—— 7 _<E 39
(v ey =P e
holds true. Furthermore, the above inequality is reversed if s > 1 and v —1 <
a<v.
(b) Leta,v,s,z > 0 be such that a >V and 0 < s < 1. Then the inequality
225sT(s4-1/2) (2a—v)

El(a\z(s,z)El(a\z (s+2,7) < (5 12)

is valid.

E17V+l(Z)E17V (2S—|— I,Z) (3.10)
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Proof. (a) First of all, we recall the Chebyshev integral inequality [13, p. 40]. If
f,&: [a,b] — R are integrable functions, both increasing or both decreasing, and
p: |a,b] — R is a positive integrable function, then

[ ps@a [ pogar< [ pwar [ pososa

It can be noted that if one of the functions f or g is decreasing and the other is
increasing, then (3.11) is reversed. We will use (3.8) and (3.11) to prove (3.9). We

set
a—v

PO =1, 70 = Fylog’™ (1/1) and g(1) =1 Ery(a1).
From the differentiation formula [7, Eq. (4.3.1), p. 51]
d m
(dZ> [ Eey(29)] =" By m(25), (m>1),

we see that the function g is increasing on (0, 1]. Moreover, the function f is de-
creasing (increasing) if s> landv—1<a>v (0<s<1 anda >v) on (0,1].
Furthermore, we have

/Olp( /log (1/r)dt

:F(s)/o Pl laviligy =G VI _Vl+1)s, (by (3.6)).

Taking into account [7, Eq. (4.4.4), p. 61]

Z
/ VT Ey(M)dt = 2Ecy 11 (AZ5) (v > 0),
0

we obtain ]
| POl =By 2).

By applying (3.11), we obtain the desired bound (3.9).
(b) We set

a—vV a—vV

p(0) =" Ery(ar), S(e) = o8 (1) and g(0) = e tog™ (1),
Moreover, by (3.8) we obtain
/p 1)di = E\)(5:2), /P = E{9(s+2:2),

and

[ prs = o D g5 420,

($)T(s+2)
Observe that the function f and g are decreasing if 0 < s < 1andv—1 < a <v. Then,
using (3.11) and the Legendre duplication formula, we obtain (3.10). ]
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On setting v = 1 in the above theorem, in view of the fact that

e—1

EI,Z(Z) = )

Z
we obtain the following result.
Corollary 1.
(a) Let a,s,z be positive real numbers such that s < 1 and a > 1. Then
e —1 (a)
o SEu(z). (3.12)

Moreover, the inequality (3.12) is reversed ifa < 1 and s > 1.
(b) Leta,s,z>0be suchthata>1and 0 < s < 1. Then the following inequality

holds:
225sT(s+1/2)(eF — 1)
V(s +2)z

Theorem 4. Suppose that p,q,r,s,K and Vv are positive real numbers such that
% + L =1 with r > 1. Then the following inequality holds true:

1/r /s 1
<a>(p q > T p+ DI (g+1)
EQ(P19411.;) <
SRS )

E{(s.2)E{") (s +2,2) < EFV2s+1,2.  (3.13)

)

[EK?V(P'F I;Z)} v [EK(,IV(C]+ IQZ)] 1/3'

3.14)

Proof. Using Holder’s inequality and (1.5), we have

(a) (p q ., .. )_ 1 /°° (2+9) —ar —
E(E+241)=— | UGt e @E dt
YAr s ¢ L(2+42+1)Jo G

r

! ” —at —t " ~ —at —t
SW(/O tPe " Exy(ze )dt) /the Exy(ze™")dt

_TYr(p+1)IY5(g+1)
- T(B+4+1)

which completes the proof of the theorem. O

1 (o]
= (p_|_q_+_1)‘/0 {tpefa[EK,v(Zeit)}l/r{l‘qemeK‘rv(zeil)}l/sdt
1/s

[EKf’v(er 1;2)} v {Exf’v(qu I;Z)] "

Remark 1. Setting r = s = 2 in (3.14) of Theorem 4, we obtain the following
inequality:

+q+2 +q+2 \]?
[F (pq) El(:v <M;Z)} SF(P+l)r(‘1+1)EK?v(p+1§Z)EK7V(‘I+];Z)-
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Theorem 5. Let a,b, p,q,K and v be positive real numbers satisfying the condi-
tions p > 1 and % + é = 1. Then the following inequality holds true:

a.b a 1/p 1/q
£ () < [ES )] [E ) . (3.15)
Proof. Using Holder’s inequality and (1.5), obtain

a_ b 1 o
Elg.5+q)(5;z): / e _(;+Z) EKV(Ze Z)dt
l 0

I(s)
1 1
/ — fatEK ( z) /p t(‘vfl)efb’EK./v(ze*t) /th
I(s) I(s)
r s o0 1/q

( atEKv(Ze )dl) <1"(s)/0 t(Sl)ethKN(Zet)dt)

1/p 1/q

= [El(c ) (S;z)] [EKI,’V (S;z)} :
which proves the theorem. O

Remark 2. Setting p = g = 2 in (3.15) of Theorem 5, we obtain the following
inequality:

[EIE?") (s;Z)] ’ <Egy (s;z)E,fV (832).

4. TURAN TYPE INEQUALITIES FOR BARNES MITTAG-LEFFLER FUNCTION

In this section, we discuss the monotonicity property of the following Turan ratio,

which will be useful to establish the sharp Turédn type inequality for E,(f\a (s32):

(a) (a)
Exy(8:2)Egi(s:2)
f,g\ly(S;Z) - K7:a) = 2"
(B a2)]
Theorem 6. Let v,u,K be three distinct positive real numbers and s > 0. If

max(K,V) < u, then the function z — Z,gfl\zw(s;z) defined by (4.1) is increasing on
(0,00). Furthermore, the following sharp Turdn type inequality

a 2 a 1 u 2
B8] - BB s < (1) [BaGa) . @)

4.1)

holds for all v > 0.

Proof. By means of the Cauchy product, we have

E](ca\z(sz Wsz ZZAjkz,

k=0 j=0
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ok

EY a2 =Y Y Bud,
k=0 j=0
where
Ajk = =— . 1 . , ,
Tk +VT(k(k— j) +p)(j+a) (k— j+a)*
Bj,k = 1

L(icj+ (v+u)/2)T(k(k = j) + (v +p)/2)(j+a) (k= j+a)

Now, we define the sequence (C;x) by Cjx = Aj/Bj k. Therefore,

Civik

Cie
L)+ (v +u>/2+K>F<Kj+v>} [F(K(k—j) (k= )+ (v +u)/2-K) ]
L(j+v+w1)I(cj+ (V+u)/2) | | T(x(k—j) +u—x)L(k(k—j)+ (V+u)/2)

(4.3)
In virtue of the following inequality for the gamma function
Fx+a)'(x+b) <T(x)I'(x+a+b),a>0,b>0,x>0, 4.4
and choosing x = k(k— j) + (V+u)/2 —x,a = (u—Vv)/2 and b = Kk, we obtain
r —J r —J 2—
(k(k—j) +)l(k(k = j)+ (V+u)/2-%) _ @5)

L(k(k = j) +u— 0T (k(k—j)+ (v+u)/2) ~
On the other hand, uppon setting x = xj+Vv,a = (u—Vv)/2 and b = x in (4.4), we get

I(kj+(v+u)/2+x)0(Kj+V)
F(Kj+V+K)F(Kj+(V+/1)/2) > 1. (4.6)

Combining (4.3), (4.5) and (4.6), we deduce that the sequence (C;) ;>0 is increas-
ing and consequently the sequence (Si)x>0 defined by Sy = (ZﬁzoA k] lezo B.,-Jc) is
increasing too, by means of Lemma 1. Further, using Lemma 2, we deduce that the
function z — Eg’“\}’#(s;z) is increasing on (0, ). Moreover,

2
@ (52)> 29 (5:0)= LV TH/2)
‘Z:K,V,,u(s’z) = Z:K,V,,Ll(s7 ) F(V)F(‘U)
Finally, putting 4 = v+ 2 in the above inequality, we get (4.2) for all v > 0, which
completes the proof of the theorem. U

Corollary 2. The following assertions are true.

(a)
. . E ; .
(1) Let x>0, s >0, a> 0 and z > 0, then the function v — (;‘)‘V(s ) , is convex

k411852
on (0,00).
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E&(si21)
Eéav(s 22)

(i1) Under the hypothesis of Theorem 6, the function v — is log-convex

on (0,00), forall 0 < 75 < zj.

Proof. (i) From Theorem 6, we deduce that the function z — log Z,Eflv)yy(s;z) is
increasing on (0,0). We have,
9 r(a) .
azEga)( ;2) J E1(<,13(s 2) ) FZEK,(V+M)/2(S’Z)

v
E)(5:2) Eu(cﬁ (s:2) Eif?w,,) /2(8:2)

d (a)
3% log By u(s:2) = >0,

and consequently, the function v — “ is convex on (0,00). In view of (4.9),

we get
aainv)H(S;Z) _ ES)(s:2) v

ES)(s:2) KBS (7))

(@
E}
which implies that the function v — — 29 i convex on (0,00).

kv+11852

(ii) Again, by means of Theorem 6, we have E,Eflv),y(s;zl) > f,g?v)’y(s;m) for
0 < zp < z1, which yields

=

a) .
1(<f2<5§11) > [Ey (V) /2 2 (83 1))
1&?2(5;22) [EK‘,Z()V+/J)/ (s ’22)]2
EQ(sa)
E) (s322)

ES
E.

(s321) E

(S Zz) E

<<

which implies that the function v — is log-convex on (0, ). O

Theorem 7. Suppose that u,vi,vo and a are positive real numbers and s > 0.
a) (..
E
If Vi < Va2, then the function z — —2 (5:2)
EK V1 (S 4

is decreasing on (0,00). Moreover, the
following Turdn type inequality
[EI(C?\ZJrI(S;Z)]Z E1(<\2(s Z)Eé v)+2(5 7) < (x+ 1)[E](< \2+1 (s:2)]%, 4.7
holds true for all z > 0.
Proof. From (1.3), we have

a7’
(s32) ,;)F Kn+V1 (n—}-a)s Z "

= =0 (4.8)
Elgl\az (S;Z) Z Z ann
n:OF Kn+V2 )(n+a)s =
where . |
a, = b, =

F(Kn+vl)(n+a)“" F(]{n{-vz)(n_i_a)s'
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Now, we define the sequence (c;),>0 by ¢, = a@,/b,. Therefore,

C(kn+vo+x)I(kn+vy) —T(kn+vi + ) (kn+vy)
I(kn+vi +1x)T(kn+vyp) ’

Cnt1 —Cp =

Setting z=xn-+Vv;,a=xand b =v, —v; in (4.4), we get
[(xkn+vy+x)[(kn+vy) >T(kn+ vy +x)(kn+vy).

This yields that the sequence (c,),>0 is increasing, and consequently the function

Q)
Ef,‘ff E”; is decreasing on (0,0) if vo > v;. Now, setting v =v+2and v; =v+1,

vy (532

(a)
E .-
we deduce that the function z —> M

is increasing on (0,0). This implies that
KV+2 (S 2z

J ZEéa\z-s-l(S;Z)
az El(cav+2( ;2)

Using the recurrence formula

0 E VE §,Z
?ZE](:\E I(S;Z) = KN( ) oy 1( ) y (49)

we obtain

(a) .
a a ZE I(S’Z) 1 a
[El(<7\2+2(S;Z)]2 o =|1+= E1£\3+1(S Z)El(€\2+2(s z)
0z K
EKV+2(S z)

| BB 60~ B2l

K
(4.10)

which yields
B, ()P ~ B (s EE) o (5:2) < (4 DES, (5B (5. (A1)
Moreover, we observe that
E1(<7\2+2(5§Z) < E1(<3+1 (s;z) for all z > 0.

Combining the above inequality with (4.11), we obtain (4.7). O

5. FURTHER INEQUALITIES FOR BARNES MITTAG-LEFFLER FUNCTION

This section is devoted to study further new inequalities for Barnes Mittag-Leffler
function.
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Theorem 8. Letv >0, u>0ands > 0. If u < v, then the following inequality

| s(v—p) |

o] <R Bl e

holds true for all 7 > 0.

Proof. Suppose that 0 < u < v and s > 0 and the function F,c(ﬁ,),p :[0,00) = R is
defined by

a

U - _
FK(N)W(S;Z) Y logngv)H (s:2) —log El((flp)l+1 (s:2),

where
a

Elgav) (5:2) =a’T(V)Egy(s:2).

In view of the recurrence relation (4.9), we have

u Efsiz)  EY)(si2)
A%

|V B (52) EY). \(s:2) .

i (si2)  ES(si2)

el
K B9 (ss2) B (s:2)

0 (@) oy _ 1
&FK.V,y(syz) = @

Moreover, the function v — ](W)(s;z) is log-convex on (0,0). Indeed, for conveni-
ence, let us write

a

a’T'(v)

> 0.
Tkntv)(ntay "=

~1(<av) (832) = Z a,(v)Z", where a,(v) =
n=0

Using the fact that the sum of log-convex functions is log-convex too, we just need
to prove the log-convexity of a,(Vv). Hence, for all n > 0, we have

2
J 108(a,(v)) =W () ¥k V),

I'(z)

where y(z) = ) is the digamma function. Since W is concave, we deduce that
% log(a,(v)) > 0, and consequently v — a, (V) is log-convex on (0,0), which im-

plies that the function v — Eﬁ“v) (s32) is log-convex on (0,c0). Therefore, the function

Vi logﬁg L1(s52) — logE,(f\} (s3z) is increasing on (0, ) and consequently the func-
pla) (.
tion v — E‘f‘g)'(.s’z) is increasing on (0,e). Combining this fact with (5.2), we obtain

a%FK(flV)_’H(s;z) < 0. Therefore, FK(flV)_’u(s;z) < Flc(i/),p(S;O) = 0, which proves the desired
result. g
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Corollary 3. Under the assumption of Theorem 8, the following inequality

(=1 v v gl
a [T+ T B (852)

E ; el > 53

o] L2 TE (570 e

holds true for all 7 > 0.

Proof. Using (5.1), we obtain
S (et 1) ; 1
a” H (@ (. N\*|p@ N
C(v+1)] [EK?#H(S’Z)} ' [EK?V“(S’Z)} 21
With the help of the above inequality and the arithmetic-geometric mean inequality,
we get

r®I<

s(v—p) v Ve .
U W D (w15, B (59
2 C(v+1) [EK=H+1(S;Z)} @
EK,erl(S;Z)
s(v—p) v [E(a) (SZ)}%
R [C(u+ D)]# [Fepr1\S .-
T e
which proves (5.3). O
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