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Abstract. In this paper, by using invariants of Riemann and general solutions of Euler—Poisson—
Darboux—Riemann equations, a new class of exact solutions of von Karman’s equation in the
nonlinear theory of gas dynamics is given.
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In the plane of independent variables x and y, consider quasilinear von Karman’s
equation arising in a variety of physical problems such as nonlinear vibrations and
irrotational transonic flows of baritropic gas (see [1-5,7, 13])

(ux) sty — ttyy = 0. (1)

Equation (1) is considered in the class of hyperbolic solutions, which in this case is
determined by the condition

uy > 0. 2)

Let
o

" 2(at2)’
Theorem 1. [f the condition m € N := {1,2,3,...} is fulfilled, then the general
classical solution u € C? of equation (1) is given by the formulas
" F(X)-G(Y)
oxmoym  X-Y
" F(X)-G'(Y)
oxm-lgym-1 X —
m—1 m

u_m[Z(l—Zm)}zm[(zm_l 2m—1

m—1 93  F'(X)-G(Y)
2m—10Xm-29ym-1 X -y

—2# 0 ER 1= (—o0, +00). (3)

= (X o Y)2m+l

y=m[2(1 —2m)*"

9

Y
) 82m72 F/(X) _ G,(Y) (4)
xm-lgym-1 X —y

] for m=273...
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and
x==2[F(X)-GY)]+[F'(X)+G(Y)](X -Y),

AF'(X) - G'(Y)]

- X—Y ’ ®)
L 4[YF'(X)—XG'(Y)] for m=1.
XY

Here F,G € C"™! are arbitrary functions with respect to the variables X and Y,
respectively.

Proof. Let us find the Riemann invariants, that is, what is conserved along the cor-
responding characteristic curves of equation (1) (see [8,9]). For any u € C?, classical
solution of equation (1), introduce the designation of Monge-Ampere:

D= Uy, Gi=Uy, 7= Uy, S:=Ilyy, [1=Uy,.
In this notation equation (1) has the form
t=p%r. (6)

Due to (2), equation (1) along each regular solution is hyperbolic and therefore two
families of characteristic curves pass through any fixed point of the plane of inde-
pendent variables x and y. Along one of these curves, for example, the one whose
equation has the form

dx = 4 %dy )

by virtue of equality (6), we have
dp=rdx+sdy= (—p%r+s)dy

and
dq = sdx+tdy = (—p? s+ p*r)dy.
Whence it follows that
dqg+ p%dp =0

and hence
2 o+2
——p =C(.
at Y 1
Similarly, along the family of other characteristic curves, whose equation has the

form

dx:p%dy,
we obtain
2 o+2
——p 2 =0(,.
4 0c+2p 2

Here C;, i = 1,2, are arbitrary constants.
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Let us introduce the Riemann invariants of equation (1) as independent variables

— 2 92
{X‘q+aﬂﬂi’ )
2

in terms of which equation (1) can be rewritten in the form of a system of equations
of the first order [5, 8, 9]
X, + X3 =X, —p2X, =0, ®)
Y, +Y =Y, +p?Y, =0,
In system (8), we choose X and Y as independent variables, while x(X,Y) and y(X,Y)
as unknown functions. Applying the formulas of differentiation of implicit functions
of two variables

XX :DYy) Xy = _DXya Yx = _DYX7 Yy :DXX7

where D := g&“% is the Jacobian of transformation, from system (8) we obtain
Xy + % Y — 07
P ©)
xx —p2yx =0.
Here )
a X-Y "
[ P—— 10
p [2 (= 2m)] ; (10)

due to (2), (3) and (7).
Eliminating the function y(X,Y) from system (9), we receive that the function
x(X,Y) satisfies the Euler—Poisson-Darboux—Riemann equation (see [4, | 1])

xy =0. (11)

m
Xy —

Xy x—v

By a similar way, for the function y(X,Y) we get

m m

Xxy +

— =0. 12
YXY X T Y (12)
First, let us get the general solution of equation
n m
wxy + wx — wy =0 (13)

X-Y X-Y
for all n,m € N.
Denote by z(c, ) a solution of equation

o
— :O
W oy T x oy Y

then we have
2(0,B) = (X —¥)'"* Pz(1 B, 1 —a). (14)
(see, for example, [10, 1 1]).
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Putting o = o +m, p = ' +n in (14) and taking into account the equality

& rz(ol, B)
! !/ 9
o +m B n) =~ Do
we get
;o aernZ((xl B,)
1—m—n—o/—B / / _ )
X-y) ™" z(l—B—n,l—oc—m)—iaXmaYn .
Let us use again formula (14), then we have

(X o Y)lfmfn—(x/,ﬁ/z(l . [3/ —n, 1— (X/ _m) —

"t Tz(1-f\1-o)
OXmIY" | (X —y)¥+B -1 |’

Replacing o/, B/, m, n, respectively, by 1 —p/, 1 — o/, n, m, we obtain

g O™ z(o/,B)
I I _ yyntnt+l—o'—B )
Z(a m?B Yl) (X Y) dXmoyn |:(X _ Y)lf(x/fﬁ/ ’

Putting o = B’ = 0, we get the solution of equation (13) by the formula
omtn [Fl (X)—Gi(Y)

— o —p) — _ y\mtn+l

}, 15)

where Fi(X) and G| (Y) are the arbitrary functions of its arguments.
Let us now get a general solution of equation

n m
— =0. 16
wxy X—YWX+X—YWY (16)

First, we obtain a general solution to the equation

(X—Y)ny—VX +vy =0. (17

Proposition 1. The general solution of equation (17) can be represented by the
Sformula
R (X) - Gy(Y)
X-Y ’
where F>(X) and G, (Y) are the arbitrary functions of its arguments.

v(X,Y) = (18)

Proof. Indeed, let us introduce the function X := (X —Y)v. Then by (17), the
function  satisfies the equation xxy = 0, from which (18) immediately follows. [J

Proposition 2. The general solution of equation (16) has the form
o2 B(X)—Gy(Y)

X,Y)= 19
W( ’ ) oxm—lgym—1 X—-Y (19)
Proof. It is easy to show that the following equalities are valid:

" o1y My
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and |
d" "y "
Indeed, let us prove equality (20) by induction. For m = 1, we have that
0 ov
—|X=Y)|= X—-Y)s=
is true.
Suppose that (20) is true for m, and show for m 4 1. We have
am-‘rl 9 am—l v My
a1 (X VM= 5 It + X =Y 55
My oMy am+1v
=maxn T axm T X T g
"y oty

and therefore (20) is true. The validity of (21) can be shown analogously.

Differentiating equation (17) (m — 1) times with respect to the variable x and
(n—1) times with respect to the variable y, respectively, by virtue of (20) and (21),
we have

am+n72
0= W[(X—Y)VXY_VX+VY]
anfl am72v amflv am+n72v am+n72v
= ot | M= D) gy + (X = ¥) S | = o + 2
yn1 axm2 axm-1 |~ xm-Tgyn-1 " gxm-Tgyn-1
- | am+n—3VXy . am+n—3vXY vy am—i-n—ZVXy
==y~ (= Dygagpes T XY sp
am+n—2vX am+n—2vY
T axmigynT T gxm-Tgyn-i
am+n72vY am+n72vX am+n72vXY
= mamelaYnfl B namelaYnfl + (X B Y) amelaYnfl :
Introduce the notation
orn=2y

Due the last equality, it is easy to see that the function w(X,Y), taking into account
(18), can be represented by formula (19) and satisfies equation (16).

Finally, considering (15), (18) and (22) for n = m, we get that the general solutions
of equations (11) and (12) under the conditions of Theorem 1 have the following form

(see [10,12])
" F(X)—G(Y)
oXmoym X-Y ’

x= (X —y)mt! (23)
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" B(X)-Ga(Y)
YT oxmTgym—1 x_y

(24)

respectively. Here F1,G; € C"? and F>,G, € C"™! are arbitrary functions. O

The following statement is true.

Proposition 3. For equalities (9) to hold, it is necessary and sufficient that the
equalities

B (X) =m2(1-2m)"F{(X), Gy(Y)=m[2(1-2m)"G|(Y)  (25)
were satisfied.

Proof. Necessity. Obviously, the equalities
*"  Fi(X)—Gi(Y) > F(X) > Gy(Y)

= 26
XY XY XrrnX—y armaxny—x 20
and
o/ 1 (=1 k(k+1)---(k+j—1) .
- = _ 2
AXi (X 1)k (X —Y)c+i VikeN 27
are valid.
In particular, from (27) it follows that for j =m, k=1,
am 1 (=1)"m!
= 2
oXmx -y (X-y)mt! (28)
andfor j=m—i,k=m+1,
()" )t 2) - 2m i) 09)
oxm—i (X_y)m+1 o (X_Y)zm—iﬂ )
Further, due to (28) and (29), we obtain
" Fi(X) o o1 o 1
=— X =m! X)———
IXmY"m X —Y axm[ i )aY’"Y—X] " axm[ 1) oy
SO AR
=m!) CF" (X .
m ,:ZO m” 1 ( )axm,, (X_Y)m+1
m (i)
~ _~ N FOX)
= C (=) 2m— )
i:ZOC’n< ) ( m l) (X _ Y)Zm—l-H (30)
Analogously,
aZm Gl (Y) m G(’) (Y)
= (=1)"*! L (2m— ) 1
Symaxmy —x — D ;Cm( m—i) IR 31)

=0
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Therefore, due to (23), (24), (26), (30) and (31), we have

ZG 1™ i2m— i) 1F(X) (X - Y)’

+(=1)mt! Z Ci 2m—iNGY (Y)(x —v)
i=0

and
B (X)
(X _ Y)meifl

(i)
Gy (Y)
E 1 2m_l_2)!—(X_Y>2mfi71'

Y)= "f C (=)™ om—i—2)!

Differentiating equalities (32) and (33) with respect to the variable X, we get
m—ZU "™ m— i) FY (X)) (X =)
+ Z CH (=1 i+ D) (@2m—i— )F (X)X - Y)

Y G ) m - - G ) x - v

i=0
and
v m—i— , B x)
yx = Zcmfl(_l) 1(2m—l—2)!m
(i)
F (X
Z )" (2m—i—1)! (XiY()ZI)n—i
(@)
o G, (Y)
+IZ ~1@m—i-1)! (X_zy)szw
respectively.

Substituting (34) and (35) in the second equality of (9), we obtain

203

(32)

(33)

(34)

(35)
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ic,"n(— 1) (2m —inFY (x) (X — v

Jr”ij C£'1+1(—1)m*i71(i+ 1 (2m—i— l)lFl(iH)(X)(X —Y)i
+(_1)m+1’ni“lc,i1+l(i+ )(2m—i— 1)!G§i+l)(Y)(X_y)i
i=0

= [2(1—2m)] " Y=Y (2m — i — )Y (x) (X — v )it
m 1 2

+ Z yni@2m—i— DIFY (X)(X = Y)!
1)m+! Z i em—i— NG () (x -Y)|. (36)

First, equating in (36) the expressions before the functions F; and F, and their deriv-
atives, we obtain

i%—wmﬂ'(zm—i>!Ff"“><x><X—Y>"
Z CHL (=11 (i 1) (2m— i — )TV (X) (X —v)

= [2(1—2m)] " Z{C,’;;_ll (=)™ @m—i— NE) (X)X —Y)
+le ot (1) ’2m—z—1>vF“<X><x—Y>f]
From here
Ch(=1)" @m— i) Y (0 + G (=1 i 1) (2m— i = 1)1 (x)
= 201 2m)] 2" [Ci (= 1) am— i = D)1E (x)
+ Gyt (~ 1) 2m =i = 1)1F (),

fori=1,2,....m—1.
Consequently,

B (X) = m2( - 2m)P"FY (), =12, m - 1. 37)
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Let us now equate together the present members for i = 0 and i = m, we get

CO(—1)"(2m)1F{(X) + Cm! F" ™V (X) (X =YY"+ C) (—=1)" ' (2m — 1)1F(X)
= 2(1—2m)] 72" | (m— DIE™ (X)(X —Y)" +CO_ (~1)"(2m — 1)!F(X) |

Hence
F(X) =m2(1—2m)*"F/(X) and F"™(X)=m[2(1—2m))>"F" ™ (x).

Let us equate the expressions before the functions G; and G, and their derivatives,
we obtain

m—1 . ,
Y CiHl i+ 1)2m—i— 116 (V) (x —Y)
i=0

=[2(1— 2m)]—2mmi1 C2m—i— )GV (Y) (X —Y),
i=0

this immediately implies that
GV(v) =m2(1 —2m)>"G\" (), i=0,1,....m—1.
Consequently, taking into account (37) and the last equality, (25) is shown.

Remark 1. We obtain the same equality if we differentiate equalities (32) and (33)
with respect to the variable ¥ and substitute them in the first equality of (9), and
equate the expressions before the functions Fi,F, and G,G, and their derivatives,
respectively.

Sufficiency. Let conditions (25) be fulfilled and show that equalities (9) hold. In-
deed, by virtue of the obvious equality

F{(X) - G(Y) _iFl(X)_Gl(Y)_'_iFl(X)_Gl(Y)
X-Y X X-Y Y X-Y

(10) and conditions (23)—(25), we have

" F(X)-G(Y)

XY™ X—Y

P RX)-GY) @ FX)-Gy()
axmHgym  x—y  oxmoym1  X_y

Xx —p%yx = (X—Y)Z’" (2m—+1)

(X —Y)
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*" F(X)—G(Y)
oxXmaym X-Y
o Fi(X)—G(Y) " R (X)—Gyi(Y)
“maxmrigynt x—y T YV ammgre T x—y

:(X—Y)Zm[(m—i—l)

0 0% "2 F(X)-G(Y)
_ _yv\2m _ 1 1
=X-7) oX [(X Y) 0XoY oxm-lgym-1 XY
0 "2 R(X)-Gi(Y)
Mox axm-Toym1 Xy
0 "2 FR(X)-G|(Y)
Y axmoyn T X~y
= 0’

by virtue of equality (24), if we replace there formally the functions F; and G, with
the functions F| and G1, respectively.

The first equality in (9) can be proved in a similar way. Thus Proposition 3 is
proved. O

Further, to obtain the final form of the function u, due (3), (7), (9) and (10), we
have

du = pdx+ qdy = (pxx + qyx)dX + (pxy +qyy)dY

— (g+p" T )yxdX + (q—p™F )yrdy

m—1 m m m—1
- X Y )yxdX X Y |yydy
<2m—1 o1 >yX +<2m—1 T >yY ’

whence

U= (" lxs ™y o= (" xy ™y (38)
XZ\ =1 T om0 YT\t T o1 )

By virtue of the first equality of (38), we obtain

m—1 m

UX,Y)= XyxdX Y Y
0¥) = 2 XX+ 5 vy ()
m—1 m
- Xy— [ ydx Y Y
2m—1< y /yd >+2m_1 y+o(Y), 39)

where @ is an arbitrary function.
According to the second equality from (38), for definition of the function ¢, we
get

m=1(x / ax )+ =" vy o) = (x4 "Ly
I\ T T T =\ A T T P
(40)
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By virtue of (12), we receive

m/yde:/{(Y—X)YXY +myx]dX: (Y—X)yy+/yde+my.

Thus

Y—-X
/yde: Yy + i y, for m=2,3,....
m—1 m—1

Taking into account the latter equality, from (40) we obtain
o' (Y)=0,= ¢=const for m=273,.... 41
Analogously, from (39) for m = 1, we get
UX,Y)=Yy+o(Y). 42)

According to the second equality from (38), in this case, for definition of the function
@, we receive

¢'(Y)=(X=Y)yy —. (43)
Since
{(X —Y)yy fy}x =yr + (X =Y)yxy —yx =0,
by virtue of equation (12) for m = 1, from (43) implies that

¢'(Y) =—Gy(Y),
therefore

oY) =—G(Y). (44)
Now, introducing the notation F' := Fj, G := G and taking into account (23)—(25),
(41), (42), (44), we obtain (4) and (5), respectively. ]

Remark 2. In the case m = 1, i.e., for o« = —4, solution (5) of equation (1) has
been obtained in [6] by the method of Lee’s group.
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