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Abstract. In this work, two different boundary value problems of fractional g-difference equation
are discussed. The first one is fractional g-difference equation with integral boundary conditions
and the other one is three point boundary value problem of fractional g-difference equation with
p-Laplacian. By using fixed point theorems, some sufficient conditions that guarantee the exist-
ence and uniqueness of solutions are given.
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1. INTRODUCTION

The quantum calculus deals with quantum derivatives and integrals, and has proven
to be relevant for quantum mechanics. It allows to deal with continuous functions,
which do not need to be smooth. There are several types of quantum calculus: A-
calculus (also known as the calculus of finite differences), the g-calculus and Hahn’s
calculus. In this paper we are concerned with the g-calculus. The g-derivative and
the g-integral (also known as Jackson derivative and Jackson integral, respectively)
were first defined by Jackson [12, 13] and had proven to have important applications
on many subjects, like in hypergeometric series, complex analysis, particle phys-
ics and quantum mechanics. For a general introduction to the g-calculus we refer
the reader to the books [10, 14]. Fractional calculus, on the other hand, generalizes
integer-order analysis, by considering derivatives and integrals of non-integer order,
and found many applications in several fields of applied sciences and engineering
such as physics, chemistry, biology, economics, signal and image processing, calcu-
lus of variations, control theory, electrochemistry, electrical networks and many other
fields for example [3,7,9,21]. Several definitions of fractional derivatives are avail-
able in the literature, including the Riemann-Liouville, Grunwald-Letnikov, Caputo,
Riesz, Riesz-Caputo, Weyl, Hadamard, and Chen derivatives. In this paper we are
concerned with the Riemann-Liouville type fractional derivative. For an excellent
book on the theory of fractional calculus we refer the reader to [17].
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The natural extension, which we investigate here, is to consider a quantum frac-
tional calculus, which unifies these two theories by considering quantum derivatives
of non-integer order. Nowadays, fractional g-difference calculus has been given in
wide applications of different science areas, which include basic hyper-geometric
functions, mechanics, the theory of relativity, combinatorics and discrete mathemat-
ics. Therefore, fractional g-difference calculus has been of great interest and many
good results can be found in [2,4—6] and references therein. For different problems of
fractional g-difference equations, the existence and the uniqueness of solutions have
been always considered in literature. To solve these boundary value problems, some
techniques have been applied, such as the monotone iterative technique, the lower-
upper solution method, the Schauder fixed point theorem and the Krasnoselskii fixed
point theorem. For details, one can see [19,20,23,24].

By using Schauder fixed point theorem and the Banach fixed point theorem, Yang
[22] discussed a fractional g-difference equation with three-point boundary condi-
tions:

Dyx(t)+ f(t,x(t),x (1)) +g(t,x(1)) =0, 0<t<1, 2<a<3,
x(0) = Dyx(0) =0, Dyx(1) =BDgx(n),
where 0 < pn® 2 <1, 0 < ¢ < 1 and DY is the Riemann-Liouville fractional g-
derivative of order «.

In [25], Zhao studied the existence of positive solutions for the folowing g-fractional
boundary value problems with p-Laplacian

DP (¢, (DSu (1)) = f(t,u(t)), t€(0,1),
u(0) =0, u(l)—/olh(t)u(t)dqt, Dgu(0) =0, Dgu(1)=bDgu(n),

where Dg‘, Dg are the fractional g-derivative of Riemann-Liouville type with
1<, B<2,0<b<1,0<n <1, 0,(s)=|s]" s, 0, =0, p'+rl=1,
p>1,r>1and f€C([0,1] xR"R"), he C([0,1],R").

In the light of the studies mentioned, in this paper firstly we investigate the
existence and uniqueness of positive solutions for the following g-fractional bound-
ary value problem

Dyx(t)+f(t,x(t)) =0, 1€(0,1) (1.1)

1 1
x(0) :a/o A@OxOdg,  x(1) = b/o £ (0)x(0)dyt, (12)
where Dy is the fractional g-derivative of Riemann-Liouville type with
l<a<2,a,beR"and f €C([0,1] xR",R"), f1,f, €C([0,1],RT).
Secondly, we will give the existence result for the following g-fractional boundary
value problems with p-Laplacian

DE (9, (D%x(1))) = f (1,x(t)) (1.3)
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—a/ AOx0)dyt, x( ):b/olfg(t)x(t)dqt

D%x(0) =0, D%x(1)=cD%(n), (1.4)

where Dg‘, Dg are the fractional g-derivative of Riemann-Liouville type with
l<oa, B<2 abeRT0<c<l1l 0<n<l, @,(s) = |s|P~s such that
0,' =0, with p7'+r =1, p>1, r>1and f€C([0,1] xR",RY), fi,fr€
C([0,1],RT).

2. PRELIMINARIES

In this section, we list some useful definitions and preliminaries, which will be
used in the proofs of the main results.
Let g € (0,1) and define

The g-analogue of the power function (a — b)* , k € Ny = {0,1,2,...}is

k—
(a—b)O:I, a bq keN, a,beR.
0

=l

—_

More generally, if o € R, then
e ~ a—>bq"
H Ga— bqOH-n
Note that, if b = 0 then a(®) = a®.

The g-gamma function is defined by

N1
Ly (x) = 7(1 )

T xeR\{0,~1,-2,...}

then
Ly (e 1) = BT, ().
The g-derivative of a function f is here defined by
_ S () = flgx)
(Dqf) (x) = W
and g-derivatives of higher order by
(Dyf) (x)=f(x) and (Dyf)(x) =Dy (Dy'f)(x), neN.

The g-integral of a function f defined in the interval [0, b] is given by

:/Oxf(t)dqt:x(l—q) i)f(an)qn’ xe0,b].

;(Dgf) (0 )—hm( of) (x) for x#0
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If a € [0,b] and f is defined in the interval [0, b], its integral from a to b is defined by

b b a
/ ft)dgt = /0 f(t)dyt — /0 f(t)dyt.
a
Similarly as done for derivatives, an operator /; can be defined, i.e.,

(I0f) (x)=f(x) and (If)(x) =1, ("' f) (x), nEN.

The fundamental theorem of calculus applies to these operators I, and Dy, i.e.,

(Dglyf) (x) = f (%)

and if f is continuous at x = 0, then

(I4Dqf) (x) = f (x) = f(0).
We now point out two formulas that will be used later (,D, denotes the derivative
with respect to variable f)

Dy(t — ) =[od (1 —5) 7Y,
(xDq /O i f(x,t)dqt> (x) = /0 "Dy f (v, )dgt + f (g ).

Remark 1. Ifa>0anda < b <t , then (t —a)'® > (r— b)*.

Definition 1 ([1]). Let o > 0 and f be a function defined on [0, 1]. The fractional
g-integral of the Riemann-Liouville type is

(Tof) (x) = f(x)

and

00 = g a0 s, xe o)

Definition 2 ([16]). The fractional g-derivative of the Riemann-Liouville type of
order 0.>0 is defined by
(DZf) (x) = f(x)
and
(DGf) (x) = (DJIF~*f) (x), >0,
where p is the smallest integer greater than or equal to aL.

Next, we list some properties about g-derivative and g-integral that are already
known in the literature, which are helpful in proofs of our main results.

Lemma 1 ([15]). (1) If f and g are g-integral on the interval [a,b], & € R, ¢ €
[a, D), then
() fy (f(0)+g(0)dgt = [ f (1) dgt + [ (t)dyt
@) fyof () dyt = o[} f()dgt
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@) [P f(t)dyt ;fl F@O)dgt+ [ f(1)dyt

) [x%dgs = [oc+1] , (o —1);
(2) If | f| is g-integral on the interval |0,x], then

[ s < [C1r0ldy

(3) If f and g are g-integral on the interval [0,x], f (1) < g(t), Vt € |[0,x], then

[ rwae< [ e,

Lemma 2 ([8]). Let o > 0 and p be a positive integer. Then, the following equality
holds:

p—1

(D5 f) ) = (PG ) = X m k= p i 1)

o—p+k

(D1)(0).

Now, we will give the existence theorems used in our main results.

Theorem 1 ([11]). Let T: X — X be a map on a complete non-empty metric space.
If some iterate T" of T is a contraction, then T has a unique fixed point.

Theorem 2 ([18]). (Schauder Fixed Point Theorem) Let (X,|.||) be a Banach
space and S C X is compact, convex and nonempty. Then any continuous operator

A: S — S has at least one fixed point.

Theorem 3 ([16]). (Nonlinear alternative for single valued maps) Let E be a
Banach space, C a closed, convex subset of E, U an open subset of C and 0 € U.
Suppose that F: U — C is a continuous, compact (that is, F(U) is a relatively com-
pact subset of C) map. Then either

(1) F has a fixed point in U, or
(2) There is a u € AU (the boundary of U in C) and A € (0,1) withu =\ F (u).

Suppose that the following condition is satisfied.
1 1
(H):1=b | f (t)t“_qut—a/ fi(t)t*2dyt > 0.
t=0 t=0

Lemma 3. Let h(t) € C[0,1] and 1 < o < 2, then the boundary value problem
(Dgx) (t)+h(t) =0, 0<r<l, 2.1)

0)=a /0 ) K0dgt, x(1) —b /0 (1) (1), 2.2)

has a unique solution

x(t) = [iOG(t,qs)h(s) dgs
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such that
ar®2 (1—1)

6(1.9) =59+ = ion [t pwag| [[esnwas
#b [ 0y [ 20900t}

b[(xfl

A {[1_“/01t°“2(1—t) fi (t)dqr] /Olg(t,s)fz(z)dqt
+a/01toc—2(1 —1)f2 (t)dqt/ol g(t,9)fi (t)dqt}

_|_

and
1 t(1=s) @V _(r—g)l | s<t
g(t,S)Zw{ (t(1—s5))@D ’ s>t
Proof. From Lemma 2, since Dx(t) = —h(t) we have
x(t)=—ISh(t) + it + o2 e, €R
=t ) a0 R e e

Using the first boundary condition

x(O):a/O]fl (6)x (1) dyt

we get

& —a/olfl (£)x (1) d,t.

So we have

x(t) = _Fql(oc) /Ot (t—qs)(a_l)h(s) dqs—i—clt‘)‘*1 —i—at“z/olf] (1)x(t)dyt.

Then using the second boundary condition

x(1) :b/olfz(t) x(t)dyt
1 t

!
) /0 (1 —QS)(afl)h(S)dqs—Fm +a/0 fi(t)x(t)dyt

3 1 1
Fq(OC)/o (1—615)( l)h(s)dqs—a/0 fi (t)x(t)d,,H—b/0 () x(t)dyt.
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Therefore, we have

1 t o—1 t
_ _ (a—1) _ (a—1)
0= /0 (1=a5) () dgs + /0 (1= g5)® Dh(s)d,s
at®~ 1/ fi(t)x(t)dgt + bt™ 1/ () x(t)dgt +ar™ 2/ fi(t dyt
(a-1) ot (a-1)
= — _— —_— 1_ -
Fq(OL)/o (t—gs) h(s)dqs—l—rq((x)/o( qs) h(s)dgs
aazt—l/fl dt+bta1/f2 )qt
—/ g(t,qs) h(s)dys+at®( / fi(t)x(¢)dgt +bt* 1/ fr(t )dgt.
(2 3)
At first, multiply both sides of (2.3) by fj (¢), then take the integral from O to 1, we
get
/fl dt—/ f1t)/ g(t,gs) h(s)dys dyt
o (AOE20-0 [ A Ox0dt )
0
1
+b/ (f1 % 1/0 fz(t)x(t)dqt>dqt
and so

/fl t)dyt [l—a/ fi(e 0‘Z(I—t)dt}
—b/o fg(t)x(t)dqt/o fl(t)to‘*ldqt:/t filt / g(t,qs) h(s)dys dyt.

Similarly, multiply both sides of (2.3) by f> (¢), then take the integral from O to 1, we

have
/fz )dgt = / le)/ 8(t,qs) h(s)dys dgt
o (Aorea- /O 100 dy )
o (s [ 0
and so

/fl t)dt [—a/ "2 (1—1)d, t]
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+/ falt dt[l—b/ fo(t aldqz] /f2 / g(t,qs) h(s)dysdyt.

If we define

el RO D bR 0
—afo f2 () 1972 (1= 1) dyt 1—bf01f2(f)f°‘71dqt

=(1 —a/o fi()t*2(1—1)dyt )(1 —b/olfz (£)t* 'd,r)
—ab/olfz (£)t* 2 (1 —1)dt /Olfl (£)t* d,t,

we have

/0 ' O)x () dyt

ft1:0f1 (t)fslzog(fv s) h(s)dgs dgt _bfo Ji(0) 1y
Lofa () [Log(t,gs) h(s)dys dyt L=bfy fo(t)t* \dyt

{(l—b/fz ‘“dt)// g(t,qs) h(s) fi(r) dyt dys
+b/f1 0‘ldz‘/so/t_ (t,qs) h dtdqs}

and
1
/fztxtdt
0

L 1=afy i) 2 =t)dgt  [iLofi (1) [io8(t,q5) h(s)dys dgt
TA| —afd (U =t)dt Lo £ (1) [Log(t,qs) h(s)dys dyt

:i{(l—a/o f (t)to‘_z(l—t)dqt> /io t_log(t,qs)h(s) Fo(t) dyt dys
+a/01 f2 ()% 2 (1 —1t)dyt /siO /t_log(t,qs) h(s) fi(t) dgt dqs}-

Because of the condition (H; ), we can easily see that A > 0. Therefore, we have

x (1) :/Olg(t gs) h(s) dys

+ar®*2(1 {( b/fz “la’t)// (t,qs) h (1) dt dgs

—l—b/o fi (t)totla’qt/S:O tzog(t,qs) h(s) f(t) dt dqs}
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1 1 1l
4ol { (1 —a / A2 —t)dqt> / / 2(t,q5) h(s) fo(t) dyt dys
A 0 s=0J1=0
1 1 1
ta /0 B0 1—1)dyt / 0 / 8(0.99) h(s) i (0) d dqs}
s=0Jr=
or

x(t) = /Olg(t,qs) h(s) dgs
ra -0 [ ewa {0 (1-0 [ poea)

t=0

+bf (t)/olfl (t)taldqt}dqt] h(s)dys

o [ e {no (1-a [ A0 -0a)
+afi (t)/olfg () 1*2(1 —t)dqt}dqt} h(s)d,s
:/OIG(t,qs)h(s)dqs.

Consequently, we can write

at®*2(1—1)

A {[1 b/0le (l‘)l‘a_ldqt] /Olg(t,s)fl(t)dqt
+b/01f1 (t)ta_ldqt/olg(t’s)fz(t)dqt}

btocfl

A { [1 _a/olfl ()" (1 —t)dqz] /Olg(t,s)ﬁ(z)dq;
—i—a/olfz )% 2(1 —t)dqt/olg(t,s)fl(l)dqt}.

G(t,s)=g(t,s)+

+

0

Using the definition of the Green’s function for our problem, we get the following
inequality

Gt,5) < Fqia) {1+“SZ_2 [Bl /0 )yt + By /0 1 fz(t)dqt]
+bsz_1 [Al/Olfz(t)dqt"‘AZ/Olfl(f)dqt] } (Y(l _S)a_l)'

So, if we define
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Fql(a) {H_Z [Bl/olfl (t)dqt—l—Bz/Olfz (t>dqt]

1 1
+§ [Al/o b (t)dqt+A2/0 il (l‘)dqt:|}: =M, 24)

we get G (t,s) <M

3. MAIN RESULTS

In this section, primarily, we will give the existence and uniqueness results for
the problem (1.1)-(1.2). Let B = C([0,1],R) is the Banach space with the norm

[1x]| = max;cpo, 1) [x(2)] -
We define the operator T: B — B by

1
Tx(r): = /0 G (1,qs) f(s,x(s))d,s.

Let x € B, in view of the continuity of G (¢,s) and f(¢,x(¢)), we have T: B — B is
continuous. Let Q C B be bounded, it is easy to see that 7(Q) is uniformly bounded.
On the other hand, since G (¢,s) is uniformly continuous on [0, 1] x [0, 1] we can get
that 7(Q) is equicontinuous. By the Arzela-Ascoli theorem, we have T: B — B is
completely continuous.

Theorem 4. Assume that f (t,0) # 0 and there exist k,h € L' [0, 1] such that
0l <K@ +hE) . (x) €[0,1] xR
and 1
M /0 k(s)dys < 1,

where M is defined by (2.4). Then the boundary value problem (1.1)-(1.2) has at least
one solution x* € C|0, 1] which is different from 0.

Proof. Let we define the numbers

1
/ k(s)dys =K
0
and

1
/0 h(s)dgys = L.
Thus we get MK < 1, since f(z,0) # O there exist such [a,b] C [0,1] that
min,<,;<p | f(¢,0)| > 0 . Moreover h(t) > |f(¢,0)| then L > 0.
Assume that A = ML(1—MK) ' and Q = {x € E: ||x|]| <A}. Let x € 9Q and
A>1with T (x) = Ax.
In that case, we have

M =] = 7] = max [7+(0)
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/01 G(t,qs) f(s,x(5))dys

< max
t€[0,1]

1
< G t, , d
< max 16 (1.a9) 5.5(5) s

1
< max]/o M -{k(s) |x(s)|+h(s)}dys

t€l0,1
= MK - ||x|| + ML.
Therefore, we get
ML ML
A<MK+—=MK+———— =1
A ML(1—MK)

This conflicts with A > 1.
Consequently, by the nonlinear alternative of Leray Schauder type, we deduce that
T has a fixed point x* € Q which is a solution of ((1.1)-(1.2). O

Now, we will give the uniqueness of solution for our problem, using the follow-
ing well-known contraction mapping theorem named also as the Banach fixed point
theorem. Let B be a Banach space and S a nonempty closed subset of B. Assume
A: S — Sisacontraction, i.e., thereisaA (0 <A < 1) such that ||Ax — Ay|| < Aljx—y||
for all x,y in S. Then A has a unique fixed point in S.

Theorem 5. Suppose that (H) holds. Also, we assume that
(Ha): Let the function f(t,x) satisfy the following Lipschitz condition: there is a con-
stant L > 0 such that |f (t,x) — f(t,y)| < L|x—y|, fort € [0,1] for all x,y € C[0,1].
Moreover, LM < 1 where M is defined in (2.4). Then the problem (1.1)-(1.2) has a
unique solution in C [0, 1].

Proof. For x,y € C[0,1] and ¢ € [0, 1], we have

T30 =101 = [ 6009 (560 (5361
< [[160,49)1 17 (5,3(6)) — 1 (5.6) s

1
<M [ Lex() - (5)ldys
0
<ML-|x—y].
Then, we obtain

|75~ Ty]) = max [Tx(e) ~Ty(0)] < ML- =y = llx 1]

where A= ML € (0, 1). Hence, T is a contraction mapping and the theorem is proved.
O
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We are now in a position to state and prove the existence result for the problem
(1.3)-(1.4).

Lemma 4. Suppose that (Hy) holds. Let g € C[0,1], 1 <o, B <2
0<c<1,0<n< 1. Then

D} (9, (D§x(1))) = g (1)

1

x(0) = a/o AOx0dt,  x(D)=b [ f0)x)dt,
D§x(0) =0, Dgx(1)=cDgx(m),

is equivalent to

where
cP— 1Bt
H(t,s) =m(t,s) 1 Cp_lnﬁ_lm(n,s),
i) — | { (t(1 —s))(B:l) (-5 o<s<r<i
T,B) | (t(1—5)PFD, 0<r<s<l.
and G (t,s) is as given in Lemma 3.
Proof. This lemma can be proven similarly to Lemma 2.6 in [25]. g
Remark 2. We can easily get
0<H/(tqs) < Fql(ﬁ)tﬁ_l(l —qs)(Bfl) < ths) , t,s€][0,1]x]0,1].

Theorem 6. Assume that the function f(t,x) is continuous with respect to x € R.
IfN > 0 satisfies M-Q" ' <N - (Fq(B))Fl, where Q > 0 satisfies

0> max |f(t,x)|, for te]0,1]
[l <N

then the problem (1.3)-(1.4) has a solution x(t).

Proof. Let K = {x € B: ||x|| <N}. Note that K is closed, bounded and convex
subset of B to which Schauder fixed point theorem is applicable. Define A: K — B
by

a0y = [ Gtasye. [ Hoansex(ae)ds

for r € [0, 1]. Obviously the solutions of problem (1.3)-(1.4) are the fixed points of
operator A. It can be shown that A: K — B is continuous.
Claim that A: K — K. Let x € K. Consider

ol = | [ 6090 ([ Hs.arax(@)are) s
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1
< [ 16.09) dys

1 1 r—1
S/ M[/ H(s,q’c)dq’c-Q] dgs
0 0
r—1

for every 7 € [0, 1]. This implies ||Ax|| < N.
It can be shown that A: K — K is a compact operator by the Arzela-Ascoli the-
orem. Hence A has a fixed point in K by Schauder fixed point theorem. U

o [ Hs.avsex(o)ae)

Corollary 1. If f is continuous and bounded on [0, 1] X R, then the problem (1.3)-
(1.4) has a solution.

Proof. Since the function f(z,x) is bounded, it has a supremum for ¢ € [0, 1] and
x € R. Let us choose P > sup{|f(t,x)|: (¢t,x) € [0,1] x R}. Pick N large enough
such that P < N. Then there is a number Q such that P > O, where
Q> max{|f(t,x)|: t €[0,1], |x| <N}. Hence
N N
1 < = g aY)
P =0
and thus the problem (1.3)-(1.4) has a solution by Theorem 6. ]
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