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Abstract. In this paper, we have proved certain kinds of Tauberian theorems for Norlund-Ceséro
summability methods in m-normed space X in statistically sense. We give necessary and suffi-
cient Tauberian condition for this method of summability, in statistically sense. Also, we prove
that Tauberian theorems under these summability methods are valid under oscillating slow con-
dition of Schmidt-type and Hardy-type conditions.
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1. INTRODUCTION

The notion of statistical convergence was introduced by Fast [10] and Schoen-
berg [23] independently. Over the years and under different names statistical con-
vergence has been discussed in the theory of Fourier analysis, ergodic theory and
number theory. Later on it was further investigated from various points of view. For
example, statistical convergence has been investigated in summability theory, topo-
logical groups, topological spaces, function spaces, locally convex spaces, measure
theory, fuzzy mathematics and many other areas.

Definition 1. A sequence (x;) is statistically convergent to L, if for every € > 0,
we have

k<n: —Ll>¢
lim [tk =n: b = ¢} =0,
n—soo n

where |A|, stands for cardinality of the set.

Let X be a real vector space of dimension d > m (Here d can be infinite). A

mapping ||-,...,-||: X" — R satisfying the following four properties
(1) ||x1,x2,...,%m|| =0 if and only if x;,x2,...,x, are linearly dependent;
(2) ||x1,%2,--.,%y|| is invariant under permutation for every x1,x2, ..., X, € X;
(3) |Joxy,x2, -« Xm|| = |O][|X1, %25 - - - s Xm|| fOr all x1,x7,...,%, € X and & € R;
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(4) H-x;xZa ey Xm—1 ;)"f‘ZH < HX}CQ, <oy Xm—1 7)’H + HX}CZ, <o Xm—1 7ZH
for all x;,x2,...,Xn—1,¥,2 € X,
is called a m-norm on X, and the pair (X,||-,...,-||) is called an m-normed space. A
trivial example of an m-normed space is X = R" equipped with the following m-norm
(Gunawan [11]):

X111 .- Xim
[|X1,%2, ..., Xm||g = abs
Xml oo Xmm
where x; = (x;1,...,Xxyy) € R™ for each i = 1,...,m. (The subscript E is for Euc-
lidean.)
A sequence (x;) in an m-normed space (X, ||-,...,...||) is said to be convergent to

¢ € X with respect to the m-norm if for each € > 0 there exists an positive integer myg
such that

||Xk—C,Z1,Z2,...,Zm_1H <E,

for all k > mg and for every z1,22,...,2m—1 € X.

Definition 2. A sequence (x;) in an m-normed space (X, ||-,...,...]||) is said to be
statistically-convergent to some ¢ € X with respect to the m-norm, if for each € > 0

1
tim {0 <k (o — 21220z ]| 2 €} =0
k—soo k

for each z1,22,...,2m—1 € X.

This kind of the convergence we denote by s — (x;) and with st — S(X) we will
denote the set of all statistically convergent sequences in m-normed space X.

In what follows we give the concept of the summability method known as the
generalized Norlund summability method (N, p,q) (see Borwein [1], Stadtmiiller
and Tali [30]). In the recent years the Norlund summability methods, are studied
intensively, for more information see([15, 24, 25,27, 28]). Given two non-negative
sequences (p,) and (g, ), the convolution (p*g) is defined by

n n
Ri: =(P*@)n =Y, Pkdn—k = Y, Pnk4i-
k=0 k=0
In this paper, we suppose R, — oo as n — co. With (C;1)— we will denote the
Cesédro summability method. Let (x,) be a sequence. When (p*q), # 0 for all
n € N, the generalized Norlund-Cesdro transform of the sequence (x;,) is the sequence
1 . .
N, ,C, obtained by putting
1

N .C) =
pqn p*qnl{zkan kk—l—lzxv
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We say that the sequence (x,) is generalized Norlund-Cesaro summable to L de-

termined by the sequences (p,) and (g,) or briefly summable NI’,f’qC,l to L if

limN" C! =L. (1.1)

nseo PG

Definition 3. N;,’ﬂC,ll, is said to be statistically-convergent to some ¢ € X with

respect to the m-norm if for each € > 0

lim
n—e (D% q)n

k 1 i
Piqk—i- ZXV_L7Z17Z27"'7Zm—1
=0 i+175

{k < (P*q)n:

(p*Q)ki

foreach z1,22,...,zu—1 € X.

This convergence we will denote by st — lim,,Nl’,"qC,i = L. Suppose throughout
the paper we assume that the sequences (g,) and (p,) are satisfying the following
conditions:

qn > 1, Zpk'\“na neN,
k=0

‘M,,—kfz%fka k:07172737"'7 I’l,}\.>1,
Qn—kﬁzq}m—k? k:07172737"'77\4n; 0<7\'<17

where A, = [A-n], a, ~ b,, means that there are constants C,C such that a, < Cb, <
Cay.
If
limx, =L (1.2)

n—oo

implies (1.1), then the method N, qC}l is called to be regular. However, the converse
is not always true.

Notice that (1.1) may imply (1.2) under a certain condition, which is called a
Tauberian condition. For further results of Tauberian type theorems, a reader is re-
ferred to the following references: Braha [2—5,7], Canak, Braha and Totur [8], Canak,
Erikli, Sezer and Yarasgil [9], Kiesel [16], Kiesel, Stadtmiiller [17], Loku, Braha, Et,
Tato [18], Loku, Braha [19]. Very recently, Savas, Sezer [21] and Braha, Loku [6],
have studied the Tauberian Theorems in the 2-normed spaces. It is also worth men-
tioning that the papers Srivastava, Jena, Paikray and Mishra [29], Srivastava, Jena,
Paikray [26], Jena, Paikray, Mishra [13], Jena, Pairay, Parida and Dutta [14], and
Parida, Paikray, and Jena [20] are relevant in the context of our research.

In this paper, we present necessary and sufficient conditions under which the exist-

ence of the limit s¢™ —1im,, ;e x, = L follows from that of s¢™ —lim, , N;; ,C, =L,
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in m-normed spaces. These conditions are one-sided or two-sided if (x,) is a se-
quence of real or complex numbers, respectively. In what follows we will mention
some concepts and definitions which we need in the sequel.

Theorem 1. If (xx) converges statistically to L € X, in m-normed space X, such
that ||xx — L,z1,22, .. zm—1|| < M, for every k € N, z1,22,...,2m—1 € X. Then the
sequence (Nl]; qC,i) is statistically convergent to L in m-normed space X . Conversely
is not true.

Proof. Let us suppose that st —limy x; = L, in m-normed space X. For every € > 0,
we get

lim {n<k:|x,—L,z1,22,---,2m—1]| > €}|
k—eo k
for each z1,22,...,zu—1 € X. Let us denote by

B = {ke N: ||xk—L7Z17Z27"'>Zm71|| > 8}

=0,

and

Be ={k € N: [y — L,z1,22,. -, Zm-1]| <€}
Then
1 1 ¢
o> iQk—i— —L e T
Ri i;oplqk li—l—l‘;)xv ,21,32, s Zm—1

i

ZPzCIk ll—i—l Z )521,225 -+, Tm—1

=0

1 & J
< — 7 — —L,z1,20,. .., Zm—
=R igépzchc li—I—lv;)”xv »Z1,22 »Zm 1||

i€Be
1 k i
- i9k—iT 1 _L7 982y ey lm—
+Rk ;)szk i+ 1 ‘;)Hxv Z1,%2 Im 1||
i€Bg
M k
S]TZ szl“‘ Zthkl
k =0
i€Be lGBg
< M|Be| M|B;|
< — oo,
<R Orr<1a<xk{plqk i}+e< T Orgagck{p,qk i}+e—0+e, as k—

To show that converse is not true we will use into consideration this

Proposition 1 (Gunawan [11]). A sequence in a standard m-normed space is con-
vergent in the m-norm if and only if it is convergent in the standard (m— 1)-norm and,
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by induction, in the standard (m — r)-norm for all r = 1,...,m — 1. In particular, a
sequence in a standard m-normed space is convergent in the m-norm if and only if it
. . 1
is convergent in the usual norm || - ||s = (-,-)2.

Based on this fact we will give example which proves that converse does not holds,
in the 2-norm.

Example 1. Let us consider that X = R? and ||x, y|| = max{|x;y> —xoy1|, |x1y3 —
x3y1, [x2y3 —y2x3|}, where x = (x1,x2,x3),y = (y1,y2,y3). Define the sequence (x,) €

X as follows:
2 - 2 2(=1)"
Xn:<2—|—(_1)",_|_( ) ?§+ ( ))7

3 3 3

andy: (yly)’Z;)B) €X.
The sequence (N['iqC,l,) is

el :<2+2(n1+1) {1n2+ (_21)” <‘P (Z+§) —‘P(Z+l)> +lnn+C] ,
§+6(n1+1) [an—l— (_21)” (lp <Z+§> —‘P(Z+1>> +1nn+c],
2y [ G ((53) (340 ] ).

where ¥ (z) = d%{logl"(z)} = 11:(—(5)), C-Lebesgue constant and it is valid for all y =

(y1,2,¥3) € R?. Let us denote by L = (2, %, %) , then

lim [[N7,C! — L.yl|
n—soo

:mmax{ i 2+ S (v (3+3) - w (3 1)) +mnc]
s 2+ 55 (2 (543) - w (3 +1) ) 4]

sy 2+ 55 (2 (543) ~# (3 +1)) +iun ] o
o w2 S (v (5+3) e (5 1) ) +mnec] )

i o2+ 2 (0 (342) w5 41)) s
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3(n1+1) [an—i— (_21)n (‘P (;—1—;) —‘P(;—H)) —Hnn—i—C] 2

}

So (x,) is N Ci-summable to (2,%,%) in 2-normed space X. Now we will prove

3
that (x,) does not converges to (2,%,%) in 2-normed space X. Let y = (0,1,1) € R?
then

=0.

tim b~ Lol = fim | (=107 S 25 1)
= s C) 20
’(—1)3"% C2(=1)"x } #0,

sequence (x,) is not convergence.

2. TAUBERIAN THEOREM, FOR st™ _N; qC,i-SUMMABILITY METHOD

In this section, we will show the Tauberian Theorem for st™ — N, qCA—summability
method.

Theorem 2. Let (p,) and (g,) be two sequences of real numbers defined as above
and
m .. Ry
st™ —liminf =2 > 1, A>1 2.1
n R,
where A, = [An|, denotes the integral parts of the [An] for every n € N, and let
(N;"qC,E) be a sequence of real numbers such that limnN;,’7qC,1 = L, in m-normed
space X . Then (x,) is convergent to the same number L in m-normed space X , if and
only if the following two conditions holds:

inf limsup ————
A>1 n Rxn—Rn
Ak 1 i
k<(p*q)n: Dihhg—iT )Xo =Xk, 21,22,y Zm—1|| < —€
( )i’l (p*q)k l:él l k ll-'—l‘;) v m
:0’

(2.2)
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and

m msup R

0<i<l n n_Rk,,
1 .
k<(pxq)n: 221522, - 1) L€
{ —(p Q)n [9 q l;+IPIQk i +12xk XyyZ1522y -5 Zm—1|| = }‘

2.3)
forany z1,22,23,...,Zm—1 € X, and € > 0.

Remark 1. The symmetric counterparts of conditions (2.2) and (2.3) are the fol-

lowing
sup liminf
A>1 " A, — Rn
k<(p*q)n: Dihhg—iT )Xo =Xk 21,225y Zm—1 || < —€
( )I’l (p*q)k l:él l k ll-'—l‘;) vV m
:O’
and
sup liminf
0<A<1l n — 1),
|
{kg(p*CI)n: Z Pidk—i— Zxk Xvy 21,225+ 33m—1 SE}‘
i+1%5=
l 7\.k+1
:()7

for any z1,22,23,---,2Zm—1 € X, and € > 0.

Remark 2. The sequence (x,) € X is slowly oscillating (see Schmidt [22]) in m-
normed space if:

inf lim sup max ||xx —x,,21,22,23,- -, Zm—1]| =0,
ASIn—e0  p<k<h,

forall z1,22,23,...,2m—1 € X, or equivalently

inf lim sup max Hx,,—xk,zl,@,zg, Zm—1]] =0,
0<A<ln—oe A <k<
forall z1,22,23,...,2m—1 € X.
If we denote by Ax,, = x,, — x,,—1, then we can obtain the following form of the above
conditions

n
- Y Ax,z1,22,28, 57w =0

i=k+1

inf lim sup max
A>1n—e n<k<A,
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and

inf lim sup max =0,

O<A<l h—po0 M<k<n

n
Z A-xi7Z17Z27Z37"'7Zm—1
i=k+1

forall z;,22,23,...,Zm—1 € X.

In what follows we will show some auxiliary lemmas which are needful in the
sequel.

Lemma 1. For the sequences of real numbers (p,) and (q,), condition given by
relation (2.1) is equivalent to this one:

, O0<A<l.

n M
Proof. Tt is similar to the Lemma 2.4 in Braha [5], and we omit it. ]

Lemma 2. Let (py,) and (q,) be the sequences defined as above and relation (2.1)
is satisfied. If x = (x,) is st™ — NI’,’_’qC,l-convergent to L, in m-normed space X. Then
for every A > 0,

m_hm Z kaX k7, 4 ZXV_L7Z17Z27Z37“'7ZW!*1 :Oa (24)
n 7»" R Lo k+17=
for A > 1and
st™ —lim x,—L,21,22,23, ..., Zm—1]| =0, (2.5
m % Rknk;ﬂpkqn kk—l-lz‘{)v 1,225,723 m—1 (2.5)

for0 <A< 1, foreveryz1,22,23,...,Zm-1 € X.

Proof. Let us suppose that A > 1. After some calculations we obtain:

Z kak k7 1 ! ZXV_L7Z17Z27Z37"')Zm71
k+1 =

M nk n+1
ZPk% kT ! va L,z1,22,23,. -, Zm—1

Rx— k+1 45
o B peappy L

— X

R, —R, P4y, kk+1 v L,21,22,235 -5 Zm—1
Rx— ZPk% kk_Hva L,z1,22,23,. -, Zm—1

‘- 1

S _ =t —— —L.20,22,23, -+ 12

+ R R, ];)Pk(qn kt Gr,—k —qn k)k+1v;0xv 21,225,235+ 5 Zm—1
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1 1
_— —L R S
R _R Zpqu kk+1 ZOXV 7<15,22,23, s Zm—1

1 1
— —L e Zm—
+ R _Rnkzopkqn kk—i—l Zoxv ,21,22,33, y Zm—1
o [—— )li L 2.6)
erl_R’lk Opk Ghn—k — 4n—k k-l—l 381,225,235+ -+ yZm—1 .
We know that
R R -1
st™ —lignsupﬁ_"Rn =st" — <li£ninflg“n” — 1> < oo, 2.7

Now from relations (2.6) and (2.7), we get relation (2.4).
Case where 0 < A < 1. In this case we have:

1

D p Z Pkdn—k7 7 ! ZXV LZ17Z27Z37 -y Zm—1
Rn—R;Wk il k+1 %=

_1 21 52” k 1 E Xy LZ o V4
Rl’l Rkn —0 k+1 341542543, ;Zm 1

_l’_

!
R —R. K7 1 Xy — . _
R, _Rk,, k:()pkqn kk-i- 1 fr v 115425235+« 5 Zm—1

1 1 1 k
R, —Ry k77 —L . T
R, _Rl,, kg()pkqn kk+ 1 lg)xv 121,522,435 ym—1

An 1 k

1
D D —k)7 | 1 _L7 3&29435 ooy Adm—
+ R Ry, Zpk D~k +Gn—k — 9, k)k_HV;)XV 21,22,23 Zm—1

1 1 1 k£
R, —R, k1 —L N A
Ry _Rl,, kg()pkqn kk+ 1 lg)xv 1215225235+« » Zm—1

1 n 1 k
P _p —k7 T —L,21,22,23, -+ y Zm—
+ Rn_Rk,, kgopkqxn kk—i-ll;)xv 21,22,23 Zm IH
1 M 1 k
R _R. —L R S
+ R R Zpk qn k= q}‘ k)k+l Z ;Z1,%2,43, yZm—1

(2.8)

Knowing that

R R !
limsup——=— = (liminf =% — 1) < oo, (2.9)
n R” - R}\«n n An



1448 N. BRAHA, V. LOKU, AND R. MOHAPATRA

Now from relations (2.8) and (2.9), we get relation (2.5). ]
In what follows we will prove the Theorem 2.

Proof of Theorem 2. Necessity. Let us suppose that st — lim, x, = L, and st —
lim, N ,C, ! = L, in m-normed space X. For every A > 1 following Lemma 2 we
get relatlon (2.2) and in case where 0 < A < 1, again applying Lemma 2 we obtain
relation (2.3).

Sufficient: Assume that st — lim, N;,qC,l = L, in m-normed space X and condi-
tions (2.1), (2.2) and (2.3) are satisfied. In what follows we will prove that st —
lim, x, = L, in m-normed space X. Or equivalently, st” — lim,, (N;},qull —x,) =0, in
m-normed space X.

Given any € > 0, by relation (2.2) we can choose some A; > 1 such that

L
liminf o s
n R}\’ _ nl;‘rlplqlnl +1 Z v n,Zl,ZZ, ,Z;n 1 =
where A, = A; - n. From above relation and Lemma 2, we get:
1 i
liminf Z Pih,, i Y XX 21,22zt ||| 2 €,
" Ry i=n+1 i+ =0

respectively

‘L—limsupxn,zl,ZZ,...,zm1 > —& = liminf||L—x,,21,22,--,2Zm—1]| > —€.
n n

From relation (2.3), there exists a 0 < A, < 1, such that 210
, TR .
IIPSUP ml %1])[%"1_[ 1 an X03215225- -1 Zm—1]|| <€,
where A, = A; - n. From above relation and Lemma 2, we get:
Ay 1
lirrlnsup< Z Pidh,, —i +1 an Xyy 215225+« y Zm— 1) <e,

”l n+1

respectively

limsupx, —L,21,22,---,Zm—1|| > € = limsup ||x, — L,z1,22,---,Zm—1]| < €.
n n

(2.11)
From equations (2.10) and (2.11), we get

—e< li}gninf”x,, —L,z1,22, -y Zm—1]| < liznsup |y — L,z1,22, -y Zm—1]] < €.
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Hence, we have obtain that
lirgn l%n —L,z1,22,---,2Zm—1]| = 0.
O

In what follows we will show that under conditions that (x,) is slowly oscillation

sequence, and st — N}, qC,IL summability, it converges st to the same limit.

Theorem 3. Let (x,) € X be st™ —N;;,"qq -summable to L. If (x,) slowly oscillating

in m-normed space X , then (x,) converges st"— to L.

Proof. First case, A > 1.

Let us suppose that st — N;‘qu}, converges to L in m-normed space X. To prove

that st — (x,) — L in m-normed space X, it is enough to prove that
: A 1
st —lim [Ny Cy — Xn, 21,22, -+ Zm—1]| = 0,
n

for every z1,22,...,zZm—1 € X. Let us start from

1 & 1 ¢
1 _
[N Co = Xn21,22,- s Zm1 || = E/&)pkqn_kk+ . ;)xv—xn,zl,zg,...,zm_l

1 & 1 ¢

= E/&)kan—kmg(xv—xn)721,Z2,---,Zm—l
LY pari= Y ¥

=5 ) Pkdn-ki— AXj,21,225 -+ Zm—1
Ru ;=0 k+17=,50

n
<max || Y Axjzi,22, 0 Zmet
0<v<n||.*
Jj=v+1

Taking limit superior in both sides of the above relation and then infimum, we get:

. . n 1 o
if;ﬁ}}grolosupHNp,an — Xny 21,225+, Zm—1|| = 0.
Hence, it is proved that (x,) converges to L in m-normed space X . And from it follows
it s#'— convergence.
Second case, 0 < A < 1. This case is similar to the previous one and for this reason
we omit it. U

Next result show that if (x,) satisfies Hardy[!2] conditions, and is st — NI’,’qu,ll
summable, then (x,) converges st — to same limit.

Theorem 4. Let (x,) € X be st™ —NI’,’ﬂC,ll-summable to L. If (x,) satisfies the
following relation:
nAx, = 0(1),
then (x,) st™— convergent to L.
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Proof. It is enough to prove that
st —hmH g Cl —xp,21,22,- s zm1|| =0
for every z1,22,...,2m—1 € X. Let us consider that A > 1. From
nAx, =0(1),

it follows that for every € > 0, there exists a ny such that for every n > ng we have

|nAx,| < €.
Let us start from
1 k
[N Co — X,y = Zpkqn Teup) Z( —Xn),215225- 2 Im-1
g gL
= Prq 98152325+« yZm—
knkk‘i‘lv()j:wrl J1<1,42 m—1

n
< max || Y AXxj,z1,22,- 0, Zme1
j=k+1

From above relations, we get:

n
H i n — Xp, 21522y -+ s Zim— 1H< rgai( Z Axj,z1,20,. . zm—1]| <€ (2.12)
0<k<n fharatt

Hence, it is proved that (x,) converges s to L in m-normed space X.
The second case where 0 < A < 1, can be proved in similar way. O
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