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Abstract. In this article, inspired by Berinde (Approximating fixed points of enriched nonex-
pansive mappings by Krasnoselskii iteration in Hilbert spaces, Carpathian J. Math. 35(3), 2019,
293-304), we define and study a new enriched class of mappings which includes many other
contractive type mappings. We prove an existence result for the fixed point of newly introduced
mapping. We also estimate fixed points of the proposed mapping via newly modified Mann it-
eration. In the process, some convergence results are also obtained for the proposed class of
mappings in Uniformly convex Banach space.
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1. INTRODUCTION

Fixed point theory is a fascinating subject, with an enormous number of applic-
ations in various fields of mathematics, especially in the existence and uniqueness
theory. It includes classical results to form the existence and uniqueness theorems
in ordinary differential equations, random differential equations, integral equations,
functional equation, partial differential equations, variational inequalities, etc. In
metric fixed point theory, Banach contraction [3] is one of the crucial results, which
ensures that in a complete metric space every contraction mapping always have a
unique fixed point. Banach theorem has been advanced and extended in many direc-
tions. This result is a very operative and common tool for guaranteeing the existence
and uniqueness of the solution of certain nonlinear problems arising within and out-
side mathematics. Since the applications of Banach contraction principle are restric-
ted to contraction mappings. Because of its limitation, we need other appropriate and
nice mappings to study more nonlinear problems.

Throughout this paper, R denotes the set of all real numbers and Z+ denotes the set
of all nonnegative integers. Let U be a nonempty subset of a Banach space (X , || · ||),
T : U →U a mapping and F(T ) = {t ∈U : Tt = t}. A self map T on U is called
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nonexpansive if ‖T p−Tu‖≤ ‖p−u‖, ∀p,u∈U . It is said to be a quasi nonexpansive
if F(T ) 6=∅ and ‖T p− t‖ ≤ ‖p− t‖, ∀ p ∈U and ∀ t ∈ F(T ).

In 2009, Chumpungam [7] studied Berinde’s nonexpansive mappings and proved
existence result for their fixed points. Furthermore, many authors approximated com-
mon fixed points and proved existence and convergence results for multivalued Ber-
inde nonexpansive mappings (1.1) in linear spaces, e.g. [5, 6].

Let X be a Banach space and U a nonempty closed convex subset of X . A self
mapping T on U is said to be Berinde nonexpansive if there exists λ≥ 0 such that for
all p,u ∈U ,

‖T p−Tu‖ ≤ ‖p−u‖+λ‖u−T p‖. (1.1)

Recently, Berinde [4] coined the notion of enriched nonexpansive mappings which is
also a generalization of nonexpansive mapping and is defined as follows:

Definition 1. [4] Let X be a normed linear space. A mapping T : X → X is said to
be an enriched nonexpansive mapping if there exists η ∈ [0,∞) such that

‖η(p−u)+T p−Tu‖ ≤ (η+1)‖p−u‖, ∀ p,u ∈ X . (1.2)

It can easily be seen in [4] that every nonexpansive mapping is enriched nonex-
pansive, but the reverse is not true in general. Moreover, if T has at least one fixed
point, then T need not be quasi nonexpansive mapping. The following interesting
example is available in [4].

Example 1. Let X = [1
2 ,2] be a normed space endowed with usual norm and T :

X → X a mapping determine as T (p) = 1
p for all p ∈ X . Then

(i) T is 3
2 -enriched nonexpansive mapping,

(ii) T is not nonexpansive,
(iii) F(T ) = {1} but T is not quasi nonexpansive.

Remark 1. It can be easily seen that any enriched nonexpansive mapping becomes
nonexpansive when η = 0.

Inspired by the above, one can raise the following question:

Question. Does there exist a class of mappings which contains the mappings
defined in (1.1) and (1.2)?

Here, we have a partial answer to this question, affirmatively. In fact, we propose
a new class of mapping called enriched Berinde nonexpansive mapping. Further, we
prove existence and convergence results for such mappings. We have also provided
some numerical examples to substantiate the facts and results.

It is well known that by using Picard iteration process [15] we can approximate
the fixed points of contraction mappings where the iteration {ξn} is developed by an
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arbitrary point ξ0 ∈U as follows:

ξn+1 = T ξn, n ∈ Z+. (1.3)

But in case of nonexpansive mappings, if we take initial guess different from fixed
points of mapping then Picard sequence may fail to converge to the fixed points of
such mappings.

Therefore, in 1953, Mann [11] introduced an iteration process to approximate fixed
point of nonexpansive mappings which is defined by an initial guess ξ0 ∈U as fol-
lows:

ξn+1 = (1−θn)ξn +θnT ξn, n ∈ Z+, (1.4)
where {θn} is a control sequence in (0,1). In case of Pseudocontractive mappings
Mann iteration need not converge to the fixed points of such mappings. Then, to
approximate the fixed points of different non-linear mappings several authors intro-
duced and studied remarkable iteration processes. However to approximate the fixed
points of enriched class of mappings by Picard and Mann iterations or any other
iteration present in the literature is a very difficult task.

2. PRELIMINARIES

Definition 2. A Banach space X is said to have Opial’s property [12] if for each
weakly convergent sequence {ξn} to p ∈ X , the following inequality

lim
n→∞

inf‖ξn− p‖< lim
n→∞

inf‖ξn−u‖

holds, for all u ∈ X with u 6= p.

Lemma 1. [16] Let X be a uniformly convex Banach space and 0 < a ≤ ωn ≤
b < 1 for all n ∈ N. Assume that {ξn} and {σn} are two sequences in X such that
lim
n→∞

sup‖ξn‖ ≤ ω, lim
n→∞

sup‖σn‖ ≤ ω and lim
n→∞

sup‖ωnξn +(1−ωn)σn‖ = ω holds,

for some ω≥ 0. Then lim
n→∞
‖ξn−σn‖= 0.

Definition 3. [10] (Condition(∗)) A self map T on a nonempty subset U of a
Banach space X is said to satisfy Condition(∗) if there exists a constant λ ≥ 0 such
that

‖T p−Tu‖ ≤ ‖p−u‖+λ‖p−T p‖ ∀ p,u ∈U. (2.1)

Lemma 2. [10] Assume that T : U →U is a Berinde nonexpansive mapping sat-
isfying condition (∗), where U is a nonempty closed convex subset of Banach space
X that satisfies the Opial’s condition. Then, I−T is demiclosed at zero.

3. ENRICHED BERINDE NON-EXPANSIVE MAPPING AND NEW ITERATIVE
SCHEME

In this section, we define enriched Berinde nonexpansive mapping and modified
Mann iteration, and also prove some basic results for such mapping.
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Definition 4. Let U be a nonempty subset of Banach space X . A mapping T :
U →U is said to be an enriched Berinde nonexpansive or η-enriched Berinde non-
expansive if there exist constants η ∈ [0,∞) and λ≥ 0 such that

‖η(p−u)+T p−Tu‖ ≤ (η+1)‖p−u‖+λ‖(η+1)(u− p)+ p−T p‖ ∀ p,u∈U.
(3.1)

Now we mention some facts and basic properties of enriched Berinde nonexpans-
ive mapping.

Remark 2.

(1) If λ= 0 in inequality (3.1), then it reduces to enriched nonexpansive mapping
(1.2).

(2) If λ = 0 and η = 0 in inequality (3.1), then it reduces to nonexpansive map-
ping.

(3) If η = 0 in inequality (3.1), then it reduces to Berinde nonexpansive mapping
(1.1).

It can be easily seen that every nonexpansive mapping, Berinde nonexpansive
mapping and enriched nonexpansive mapping are enriched Berinde nonexpansive
mapping. The following examples show the converse is not true in general. An en-
riched Berinde nonexpansive mapping need not be quasi-nonexpansive.

Example 2. Define a self mapping T on [0,3] by

T (p) =
{

0, if p 6= 3
1.9, if p = 3.

Here T is enriched Berinde nonexpansive mapping for λ > 0 but not Berinde nonex-
pansive.

Verification.
Case I. If p ∈ [0,1.1) and u ∈ [0,3), then condition (4) reduces to

|η(p−u)+T p−Tu|= |η(p−u)|
≤ (η+1)|p−u|+λ|(η+1)(u− p)+ p−T p|.

Case II. If p ∈ [1.1, 3], u = 3 and consider p < u, then condition (4) reduces to

|η(p−u)+T p−Tu| ≤ η|p−u|+ |T p−Tu|= η|p−u|+1.9

≤ (η+1)|p−u|+λ|(η+1)(u− p)+ p−T p|

≤ (η+1)|p−u|+λ

(
(η+1)|u− p|+ |p|

)
≤ (η+1)|p−u|+λ

(
(η+1)|p−u|+ |p|

)
.
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Thus T is enriched Berinde nonexpansive mapping for λ > 0. Now take p = 3,u =
1.9, then condition (1.1) reduces to

‖T p−Tu‖= 1.9 > 1.1 = ‖p−u‖.
Thus T is not Berinde nonexpansive mapping, hence not nonexpansive.

Example 3. Let U = [0,1]⊂ R= X and a map T : U →U defined by

T (p) =

{
p2 if p ∈ [0, 1

2),

1 if p ∈ [1
2 ,1].

(a) T is enriched Berinde nonexpansive mapping (3.1) with λ = 4.
(b) T is not enriched nonexpansive mapping (1.2), hence not nonexpansive.
(c) T is not quasi nonexpansive.

Verification.
(a) To show that T is enriched Berinde nonexpansive mapping, we have the fol-

lowing cases.
Case I. If p,u ∈ [0, 1

2), then we have,

|η(p−u)+(p2−u2)| ≤ |η(p−u)|+ |(p2−u2)| ≤ (η+1)|p−u|,
which is true for all η≥ 0 and λ≥ 0.
Case II. If p ∈ [0, 1

2) and u ∈ [1
2 ,1], then we have,

|η(p−u)+ p2−1| ≤ η|p−u|+ |p2−1| ≤ (η+1)|p−u|+1

= (η+1)|p−u|+4.
1
4

≤ (η+1)|p−u|+4|(η+1)(u− p)+ p−T p|.

Case III. If p,u ∈ [1
2 ,1], then we have,

|η(p−u)+0| ≤ (η+1)|p−u|+4|(η+1)(u− p)+ p−T p|.
Case IV. If p ∈ [1

2 ,1] and u ∈ [0, 1
2), then we have,

|η(p−u)+1−u2| ≤ η|p−u|+ |1−u2| ≤ (η+1)|p−u|+1

= (η+1)|p−u|+4.
1
4
≤ (η+1)|p−u|+4.

1
2

≤ (η+1)|p−u|+4|(η+1)(u− p)+ p−T p|.
Hence T is enriched Berinde nonexpansive mapping with λ = 4.

(b) Assume T is enriched nonexpansive mapping. Then

|η(p−u)+T p−Tu| ≤ (η+1)|p−u|, ∀ p,u ∈U.

For p = 0.50 and u = 0.49, leads to a contradiction
η

100
+0.7599≤ η

100
+0.01.
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Hence T is not enriched nonexpansive mapping.
(c) Assume that T is quasi nonexpansive mapping and F(T ) = {0,1}. Then

|T p− t| ≤ |p− t|, ∀ p ∈U, t ∈ F(T ).

Now take p = 1
3 and t = 1, then

|T p− t|=
∣∣∣1
9
−1
∣∣∣= 8

9
>

2
3
=
∣∣∣1
3
−1
∣∣∣.

Which is a contradiction. Hence T is not quasi nonexpansive mapping.

Definition 5. [2] Given a map T : X → X , where X is a Banach space, the κ-
Krasnoselskii map or averaged mapping is defined for κ ∈ (0,1] as Tκ : X → X ,

Tκ(p) = (1−κ)p+κT p ∀ p ∈ X .

Remark 3. For a self mapping T on a convex subset U of a Banach space X and
for any κ ∈ (0,1], we have

F(Tκ) = F(T ).

Theorem 1. Let X be a Banach space and T : X → X an enriched Berinde nonex-
pansive mapping. Then, κ-Krasnoselskii map Tκ : X → X is a Berinde nonexpansive
mapping.

Proof. Since T is an enriched Berinde nonexpansive mapping, so for all p,u ∈ X ,
we have

‖η(p−u)+T p−Tu‖ ≤ (η+1)‖p−u‖+λ‖(η+1)(u− p)+ p−T p‖.

Using κ = 1
η+1 , we have

‖
(1

κ
−1
)
(p−u)+T p−Tu‖ ≤ 1

κ
‖p−u‖+λ‖1

κ
(u− p)+ p−T p‖

‖(1−κ)(p−u)+κT p−κTu‖ ≤ ‖p−u‖+λ‖u−Tκ p‖.

This gives
‖Tκ(p)−Tκ(u)≤ ‖p−u‖+λ‖u−Tκ p‖.

Hence Tκ is a Berinde nonexpansive mapping with λ≥ 0. �

Theorem 2. Let T : X → X be a Berinde nonexpansive mapping satisfying con-
dition (∗), where X is a Banach space. Then T is quasi nonexpansive, i.e. for each
p ∈ X and t ∈ F(T ), we have

‖T p− t‖ ≤ ‖p− t‖.

Proof. Since T is a Berinde nonexpansive map satisfying condition (∗), therefore
there exists λ≥ 0 such that

‖T p−Tu‖ ≤ ‖p−u‖+λ‖p−T p‖, ∀ p,u ∈ X .
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Now, for a fixed point t of T , we have

‖T p− t‖= ‖T p−Tt‖ ≤ ‖p− t‖+λ‖t−Tt‖ ≤ ‖p− t‖.

�

Lemma 3. Let T :U→U be an enriched Berinde nonexpansive map and U ⊂X be
a nonempty closed and convex satisfying Opial’s condition. Then, I−T is demiclosed
at zero.

Proof. From Theorem 1, we know that Tκ is a Berinde nonexpansive map for
κ = 1

η+1 . Now, let {ξn} be a sequence that converges weakly to p ∈U and let (I−
T )ξn→ 0 (strongly). This would mean lim

n→∞
‖ξn−T (ξn)‖= 0. However

‖ξn−Tκ(ξn)‖= κ‖ξn−T (ξn)‖,

so that
lim
n→∞
‖ξn−Tκ(ξn)‖= κ lim

n→∞
‖ξn−T (ξn)‖= 0.

By Lemma 2, I−Tκ is demiclosed at zero. So we have

Tκ(p) = p.

Using the definition of Tκ and simplifying, we get

κ(p−T (p)) = 0.

However κ 6= 0, therefore T (p) = p. In other words, I−T is demiclosed at zero. �

In some past years, many authors gave the generalizations and comparison of non-
expansive mappings such as Hardy and Rogers, Suzuki [18], Karapinar and Taş [9],
Pant and Shukla [14], Pandey et al. [13], Ali et al. [1] etc. As Berinde [4] enriched
the class of nonexpansive mappings and proved existence results on fixed points. But
approximation of the fixed points of enriched class of nonexpansive mappings is very
complicated by using the iteration schemes available in the literature, namely Picard,
Mann, Ishikawa [8] and some others. Therefore, one can modify or define a new it-
eration to approximate the fixed points of such enriched mappings. To overcome this
problem, we modify Mann iteration to approximate fixed points of enriched class of
mappings. For any initial guess ξ0 ∈U and η ≥ 0 the modified Mann iteration can
be determine as follows:

ξn+1 =
1

η+1
[ηξn +T (ξn)], n ∈ Z+. (3.2)

4. EXISTENCE RESULT

Theorem 3. Let U be a bounded convex closed subset of a uniformly convex
Banach space X and T : U → U be a η-enriched Berinde nonexpansive mapping.
Then the set F(T ) is nonempty.
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Proof. Since T is a η-enriched Berinde nonexpansive mapping, by Definition 4, it
follows that there exist constants η ∈ [0,∞) and λ≥ 0, such that

‖η(p−u)+T p−Tu‖≤ (η+1)‖p−u‖+λ‖(η+1)(u− p)+ p−T p‖ ∀ p,u∈U.

By putting η = 1
κ
−1 for η > 0, it follows that κ ∈ (0,1] and the previous inequality

is equivalent to

‖(1−κ)(p−u)+κT p−κTu‖ ≤ ‖p−u‖+λ‖(u− p)+κp−κT p‖ ∀ p,u ∈U.
(4.1)

Denote Tκ(p) = (1−κ)p+κT p. Then inequality (4.1) expresses the fact that

‖Tκ(p)−Tκ(u)‖ ≤ ‖p−u‖+λ‖u−Tκ p‖ ∀ p,u ∈U

i.e. Tκ is Berinde nonexpansive. So, by Chumpungam [7], it follows that F(Tκ) 6=∅.
By Remark 3, we can see that F(T )=F(Tκ)6=∅. Hence T has at least one fixed

point. �

In support of Theorem 3, one can see Example 3.

5. CONVERGENCE RESULTS

Throughout this section, we presume that T : U→U is a η-enriched Berinde non-
expansive mapping, where U is a nonempty convex and closed subset of a uniformly
convex Banach space X . Now, we prove the following useful lemma which will be
used to prove the next results of this section.

Lemma 4. Let {ξn} be a sequence developed by the iteration process (3.2). As-
sume that F(T ) 6=∅. Then,

(i) lim
n→∞
‖ξn− t‖ exists for all t ∈ F(T ).

(ii) lim
n→∞
‖ξn−T (ξn)‖= 0.

Proof. (i) Let t ∈ F(T ). Form Theorem 1, we know that for κ = 1
η+1 , Tκ is a

Berinde nonexpansive map. Also from Theorem 2, we have ‖Tκ(p)− t‖ ≤ ‖p− t‖,
for all p ∈U . Therefore we have

‖ξn+1− t‖= ‖ 1
η+1

[ηξn +T (ξn)]− t‖= ‖κ[(1
κ
−1)ξn +T (ξn)]− t‖

= ‖(1−κ)ξn +κT (ξn)− t‖= ‖Tκ(ξn)− t‖ ≤ ‖ξn− t‖. (5.1)

Thus the sequence {‖ξn− t‖} is bounded below and decreasing for all t ∈ F(T ).
Hence lim

n→∞
‖ξn− t‖ exists.

(ii) Define Tκ : U → U , for κ = 1
η+1 . Then from Theorem 1, we know that Tκ

is Berinde nonexpansive. Also from Remark 3, we know that F(T ) = F(Tκ) 6= ∅.
Moreover, for the same initial guess ξ0 ∈U , the sequence generated by the modified
Mann iteration process using T is the same as that generated by the Mann iteration
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process using Tκ. Hence by Theorem 3.2 in [10], we have lim
n→∞
‖ξn−Tκ(ξn)‖= 0. By

using the definition of Tκ, we get

κ‖ξn−T (ξn)‖= 0.

Since κ 6= 0, then lim
n→∞
‖ξn−T (ξn)‖= 0. �

Now, we prove that iteration process (3.2) converges weakly for the proposed map-
ping.

Theorem 4. Let {ξn} be defined by (3.2) and X satisfying Opial’s property. Then,
{ξn} converges weakly to a fixed point of the mapping T .

Proof. Let s and q be two weak sub-sequential limits of {ξn j} and {ξnk}, respect-
ively, where {ξn j} and {ξnk} are two subsequences of {ξn}. From Lemma 4(i), we
get lim

n→∞
‖ξn− t‖ exists. Now our aim is to show that s = q in F(T ). From Lemma

4(ii), lim
n→∞
‖ξn− T (ξn)‖ = 0 and by Lemma 3, I − T is demiclosed at zero. Thus

(I−T )s = 0, that is, s = T s. Similarly, q = T q.
Now it is enough to show that s = q. If s 6= q, then applying Opial’s property, we

obtain

lim
n→∞
‖ξn− s‖= lim

n j→∞
‖ξn j − s‖< lim

n j→∞
‖ξn j −q‖= lim

n→∞
‖ξn−q‖

= lim
nk→∞

‖ξnk −q‖< lim
nk→∞

‖ξnk − s‖= lim
n→∞
‖ξn− s‖,

which is a contradiction, Hence s = q. It concludes that {ξn} converges weakly to a
fixed point of T . �

Theorem 5. The sequence {ξn} developed by the iteration process (3.2) con-
verges strongly to a fixed point of T if and only if lim

n→∞
infd(ξn,F(T )) = 0, where

d(ξn,F(T )) = inf{‖ξn− t‖ : t ∈ F(T )}.

Proof. First part is trivial. Now, we prove the converse part. Presume that
lim
n→∞

infd(ξn,F(T )) = 0. From Lemma 4(i), lim
n→∞
‖ξn− t‖ exists, for all t ∈ F(T ) and

by hypothesis lim
n→∞

d(ξn,F(T )) = 0. Now our assertion is that {ξn} a Cauchy se-

quence in U . As lim
n→∞

d(ξn,F(T )) = 0, for a given ρ > 0, there exists N ∈N such that
for all n≥ N,

d(ξn,F(T ))<
ρ

2
=⇒ inf{‖ξn− t‖ : t ∈ F(T )}< ρ

2
.

Specifically, inf{‖ξN− t‖ : t ∈ F(T )}< ρ

2 . So, there exists t ∈ F(T ) such that

‖ξN− t‖< ρ

2
.
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Now, for m,n≥ N,

‖ξn+m−ξn‖ ≤ ‖ξn+m− t‖+‖ξn− t‖
≤ ‖ξN− t‖+‖ξN− t‖= 2‖ξN− t‖< ρ.

Thus, {ξn} is a Cauchy sequence in U , so that there exists an element ` ∈ U such
that lim

n→∞
ξn = `. Now, lim

n→∞
d(ξn,F(T )) = 0 implies d(`,F(T )) = 0, hence we get

` ∈ F(T ). �

In 1974, Senter and Dotson [17] defined a condition on mappings called condition
(I), using which we can get strong convergence.

Definition 6. [17] Let ψ : [0,∞)→ [0,∞) be a nondecreasing function with ψ(0) =
0 and ψ(z) > 0, ∀ z > 0. A self map T on U is said to satisfy condition (I), if
d(p,T p)≥ ψ(d(p,F(T ))), ∀ p ∈U .

Theorem 6. Let condition (I) be satisfied by mapping T . Then strong convergence
is achieved by iteration process (3.2) to a fixed point of T .

Proof. We already proved in Lemma 4(ii) that

lim
n→∞
‖ξn−T (ξn)‖= 0. (5.2)

By equation (5.2) and condition (I), we obtain

0≤ lim
n→∞

ψ(d(ξn,F(T )))≤ lim
n→∞
‖ξn−T (ξn)‖= 0

=⇒ lim
n→∞

ψ(d(ξn,F(T ))) = 0.

=⇒ lim
n→∞

d(ξn,F(T )) = 0.

By Theorem 5, the sequence {ξn} converges strongly to a fixed point of T . �

6. CONCLUSION

In this paper, we enriched the class of Berinde nonexpansive mapping and ap-
proximated the fixed points of proposed mapping by using modified Mann iteration
process in uniformly convex Banach space. Our results are new and generalized sev-
eral results in literature, in particular the results of Chumpungam [7].
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